On Discretization as a Preprocessing StepFor Supervised Learning ModelsA ThesisPresented to theDepartment of Computer ScienceBrigham Young UniversityIn Partial Fulfillmentof the Requirements for the DegreeMaster of SciencebyDan VenturaApril 1995 iiThis thesis, by Dan Ventura, is accepted in its present form by theDepartment of Computer Science of Brigham Young University assatisfying the thesis requirement for the degree of Master of Science.

Tony R. Martinez, Committee Chairman

William A. Barrett, Committee Member

J. Kelly Flanagan, Committee Member

DateDavid W. Embley, Graduate Coordinator iiiTable of ContentsAcceptance Page....................................................................................................... iiTable of Contents....................................................................................................... iiiList of Figures, Tables, and Algorithms.............................................................. v1. Introduction.............................................................................................................. 11.1. Related Work........................................................................................... 31.1.1. K-means..................................................................................... 41.1.2. Maxi-min.................................................................................... 41.1.3. Bayes.......................................................................................... 41.1.4. K-nearest neighbor................................................................. 51.1.5. Equal-width- and Equal-frequency-intervals.................. 61.1.6. UNIMEM.................................................................................. 61.1.7. D2................................................................................................. 71.1.8. STAGGER................................................................................ 81.1.9. Decision Trees......................................................................... 91.1.10. ChiMerge................................................................................ 92. BRACE:Boundary Ranking And Classification Evaluation...................... 132.1. The BRACE Paradigm......................................................................... 132.2. VALLEY:An Instantiation of BRACE............................................ 142.2.1. An Example.............................................................................. 182.3. SLICE:An Extension of VALLEY................................................... 212.4. Empirical Results.................................................................................... 232.5. Analysis..................................................................................................... 252.5.1. Complexity Analysis.............................................................. 262.5.2. Pros and Cons.......................................................................... 263. A Comparison of Six Discretization Methods.............................................. 273.1. Description of Supervised Learners Used...................................... 273.1.1. ID3............................................................................................... 273.1.2. CN2............................................................................................. 283.1.3. Bounded Order Critical Feature Sets............................... 283.2. Empirical Results.................................................................................... 293.3. Problems with Discretization as a Preprocessing Step.............. 363.3.1. The Independence Problem................................................. 363.3.2. The Higher Order Correlation Problem........................... 37 iv4. Statistical Prototypes............................................................................................ 394.1. Introduction.............................................................................................. 394.2. Creating Statistical Prototypes........................................................... 414.2.1. An Example.............................................................................. 434.2.2. Empirical Results..................................................................... 454.3. Extension to Multiple Prototypes Per Class (MSP).................... 474.3.1. An Example.............................................................................. 504.3.2. Empirical Results..................................................................... 524.4. Analysis..................................................................................................... 534.4.1. Complexity Analysis.............................................................. 584.5. SP/MSP and Nominal Data................................................................. 584.5.1. An Example.............................................................................. 594.6. Parallel Implementation of SP/MSP................................................. 614.6.1. Analysis...................................................................................... 645. Conclusion and Future Research...................................................................... 675.1. Future Research..................................................................................... 675.1.1. Using d as a Confidence Measure.................................... 675.1.2. Improved Metric for Number of Prototypes.................. 685.1.3. Combining SP/MSP with M................................................. 685.1.4. Extending SP/MSP to Handle Nominal Data................. 705.2. Conclusion................................................................................................ 71Bibliography.................................................................................................................. 73Abstract......................................................................................................................... 78 vList of Figures, Tables, and AlgorithmsFigure 1.1. Discretizing continuously valued data............................................ 3Figure 2.1. Arrows indicate several valleys....................................................... 16Figure 2.2. Area of a valley (shaded).................................................................. 16Figure 2.3. (a) Histogram H (b) 1 valley (c) 2 valleys (d) completeset V........................................................................................................ 19Figure 2.5. Dashed lines indicate several slices................................................ 22Figure 2.6. Continuously valued variables from hepatitis data setdiscretized by VALLEY................................................................... 24Figure 2.7. Continuously valued variables from hepatitis data setdiscretized by SLICE........................................................................ 25Figure 4.6. Number of prototypes created by MSP........................................ 57Figure 4.7. Initial c-ary tree after running SP.................................................... 62Figure 4.8. A temporary subtree for one input of one prototype................. 63Figure 4.9. Prototype for class o1 has been split into two newprototypes............................................................................................. 64Table 1.2. Desirable attributes of a discretization method............................. 11Table 2.4. Calculating scores for each classification in C using theCOF........................................................................................................ 20Table 3.1. Performance and ranking of six discretization methods asa preprocessor to ID3....................................................................... 31Table 3.2. Performance and ranking of six discretization methods asa preprocessor to CN2..................................................................... 32Table 3.3. Performance and ranking of six discretization methods asa preprocessor to Bounded Order Critical Feature Sets....... 33Table 3.4. Best, worst, and average performance for nine learningalgorithms over the data sets [Zar94].......................................... 34Table 3.5. Preprocessing vs. direct handling of continuously valueddata......................................................................................................... 35Table 3.6 ID3 with (best) preprocessing vs. C4.5........................................... 35Table 4.2. Using single statistical prototypes to classify the datasets.......................................................................................................... 46Table 4.4. Using multiple statistical prototypes to classify the datasets.......................................................................................................... 53Table 4.5. Relative ranking of the models......................................................... 56Algorithm 4.1. Single prototype per output class (SP).................................... 43Algorithm 4.3. Multiple prototypes per output class (MSP)......................... 49Algorithm 4.10. Parallel implementation of MSP.............................................. 66

Chapter 1IntroductionMany machine learning and neurally inspired algorithms are limited,at least in their pure form, to working with nominal data, where nominaldata is defined as data from a small, finite, unordered domain. Examplesinclude CN2 [Cla89], ID3 [Qui90], AQ* [Mic90][Mic83], COBWEB[Fis90], and ASOCS [Mar91a][Mar91b][Mar90][Mar88][Mar86]. Formany real-world problems, some provision must be made to supportprocessing of continuously valued data. The main effort of this research isto investigate the feasibility of developing an effective and efficient methodfor discretization of continuously valued data as a preprocessing step forsupervised learning systems. Discretization is the process of convertingcontinuously valued data into nominal data by assigning ranges of realvalues to one nominal value (see Figure 1.1). Discretizing continuouslyvalued data produces inherent generalization by grouping data into severalranges, representing it in a more general way. It has been shown that forsome learning algorithms, efficient discretization as preprocessing resultedin significant speedup [Cat91]. Further, discretization has somepsychological plausibility since in many cases humans apparently performa similar preprocessing step representing temperature, weather, speed,etc., as nominal values. However, this thesis presents evidence thatsuggests machine learning algorithms should directly incorporatehandling of continuously valued data rather than relying on adiscretization preprocessing step.It should be noted that from a pattern recognition and/or signalprocessing standpoint, this may be a somewhat unconventional use of theterm discretization. In those disciplines, discretization refers to assigning adiscrete value to a continuous one. For example, the real (continuous)value 93.39 might be discretized to 93 or 90 depending on the resolution ofthe A/D converter or discrete integer (or binary) representation available.In this context, discretization is a method for forcing �unrepresentable�values into the chosen representation. Discretization in this sense issimply a rounding off or truncation operation. For example, real-valuednumbers are forced into 32-bit approximations so that computers can dealwith them.Discretization as used in this thesis, and in the machine learningliterature in general, is an extension of this idea in which therepresentation that the continuously valued data will be discretized intoneed not be chosen in advance. Instead, a discretization method isexpected to discover the best representation as well as the correctmapping between the continuously valued data and that representation.Thus discretization becomes a much more challenging problem. In the

2pattern recognition world, this is considered a classification problem andthe representation is the set of classes discovered. However, in thecontext of machine learning and of this thesis, the term class refers to anoutput class and has no connection with the interval representationdeveloped during discretization. During discretization, no classification istaking place.These are subtle differences in usage and interpretation but theyare important to note if the two fields of machine learning and patternrecognition are to coexist meaningfully.

Tropical

Length

Color

TypeYes7.5BluefiPoisonousNo1.2RedfiNonpoisonousYes4.5GreenfiNonpoisonousYes9.2GreenfiPoisonousYes2.2RedfiNonpoisonous...fl

Discretizer flTropical

TypeYesLongBluefiPoisonousNoShortRedfiNonpoisonousYesMediumGreenfiNonpoisonousYesLongGreenfiPoisonousYesShortRedfiNonpoisonous...

Figure 1.1. Discretizing continuously valued data1.1. Related WorkMany methods for general clustering of data suggest themselves forthe purpose of discretizing or grouping continuously valued data. Methodsconsidered include K-means, Mini-max, Bayes, and K-nearest neighbor

3[Eve74][Jai88][Jar73][Spa80][Tou74]. These methods solve manygeneral clustering problems. However, each of these methods has beenempirically evaluated (except Bayes for the reason given below) on real-world applications, and none of them are particularly suited to this specifictask of acting as a preprocessor for discretizing real data into nominaldata. A short discussion of each follows.1.1.1. K-means. K-means depends on user input for the number of desiredclasses, which is often unknown. Ideally, the "best" number of classesshould be discovered through the discretization process. Also, K-meansuses Euclidean distance as the metric for determining class membership.Typically, when considering each variable independently, this is not areasonable metric because higher order correlations necessary for properclustering are ignored. Also, there is no method for automaticallydetermining which value of K is most appropriate.1.1.2. Maxi-min. Maxi-min is somewhat the antithesis of K-means. Itdiscovers a "best" number of clusters, depending on a user-definedthreshold, which is usually problem dependent. In some cases combiningMaxi-min with K-means improves performance, but again the metric fordetermining class membership is Euclidean distance, which is often notacceptable for the reason given above. Like K-means, there is no methodfor determining the best value for the threshold.1.1.3. B a y e s . Bayes guarantees minimization of error under theassumption of normally distributed classes (or the ability to functionallyapproximate the distribution) and knowledge of a priori probabilities.However, in discretizing data there initially exist no intervals for which toassume distributions and therefore no a priori probabilities for thoseintervals either. Bayes is a supervised clustering technique and thereforedoes not readily meet the requirements for automatic discretization,although some applications such as Cheeseman�s AUTOCLASS do makeuse of Bayesian statistics in their classification schemes (see chapter 4).It is therefore more natural to compare the Bayesian approach with othersupervised learning models (which models may or may not usediscretization as a preprocessing step). Just such an empiricalcomparison is made in chapter 4.1.1.4. K-nearest neighbor. K-nearest neighbor performs well if the user-defined parameters K (size of neighborhood) and T (number of sharedneighbors) are properly defined. Unfortunately, "good" values for theseparameters seem to be application dependent. Performance is alsoaffected by initial ordering of data.

4It is important to note that perhaps the main reason for the poorperformance of the methods discussed above is due to the nature of thetask (that of a preprocessor to a supervised learning system). In thissituation, only first order correlations may be considered because thehigher order correlations are to be explored by the supervised system.The methods discussed above depend on examining higher ordercorrelations in order to make a classification and so in this context are notappropriate for consideration.In the past, various methods using local minima-type approaches fordetecting modes in first order data such as histograms have been used[Doy62][Gon87][Wes78][Whi83]. However, these suffer from the usualproblems associated with local minima (i.e., Should the data be smoothed?If so, how much? What constitutes a local minimum?, etc.) As a result,these methods are often inadequate [Cho72]. As an alternative, statisticalapproaches that attempt to fit the data to a particular distribution havebeen proposed [Cho72]. However, these methods� statistical solutions toovercoming the problems associated with the local minima approachesare also their downfall whenever the data are such that they cannot befitted to a particular known distribution.Several methods specifically for discretization also exist includingthe equal-width-intervals and equal-frequency-intervals methods [Won87],Lebowitz�s UNIMEM [Leb85], Catlett�s D2 [Cat91], Schlimmer�sextension to STAGGER [Sch87], Fayyad and Irani�s extension todecision trees [Fay92], and Kerber�s ChiMerge [Ker92]. These generallyoutperform the methods mentioned above since they are designedspecifically for the task of discretization. However, these too haveinherent weaknesses that limit their usefulness.1.1.5. Equal-width- and Equal-frequency-intervals [Won87]. Equal-width-intervals is a generic method that simply divides the data into somenumber of intervals all with equal width. This is completely arbitrary anddoes not seek to discover any information inherent in the data. Its mainadvantage is its simplicity. Equal-frequency-intervals approaches the taskfrom the opposite end, dividing the data into some number of intervalseach of which contains the same number of data points. The samecomments apply to this method as to the equal-width method.1.1.6. UNIMEM [Leb85]. Lebowitz�s UNIMEM system employs threedifferent approaches to discretization: use of domain information, �lookingfor gaps�, and generalization-based categorization. The first takesadvantage of available domain-specific knowledge to help identify goodcutpoints. For example, if a Federal law is effective only in those states

5with a legal drinking age of 21, then it may be expected that the age 21would be a logical cutpoint in discretizing the age attribute. This type ofinformation is used whenever possible, but in many cases such domain-specific knowledge may not exist. The second is basically a collection ofnumber heuristics that employs the same approach that a teacher useswhen grading on a curve--look for the natural breaks. Defining a break isthe difficult part, and this is never explicitly addressed but is rather afunction of subjective and somewhat arbitrary heuristics. The thirdmethod, generalization-based categorization, uses a testbed node that is ageneralization (with respect to its nominal attributes) of several other sub-nodes. The testbed node examines its sub-nodes and looks for naturalstratification of the attribute in question. This stratification is then used todiscretize that attribute. This allows different discretizations of the sameattribute for different testbed nodes (that is, different discretization of thesame attribute for different concepts or output classes). However, thismethod assumes that at least some of the attributes are nominal to beginwith so that generalization of the testbed node can take place. Somediscussion is also given to the idea of changing discretizations over time(similar to the idea of concept drift) and to different discretizations fordifferent contexts.1.1.7. D2 [Cat91]. Catlett presents a method called D2 whose mainemphasis is the speeding up of some tree-based learning algorithms. Foreach attribute to be discretized, the following is applied. Choose the firstcut-point as in ID3, that is, by maximizing gain. Next, instead ofreapplying the gain criterion to choose the next attribute to split on, applyit to the same attribute to determine whether on not it should be splitagain. This continues recursively until one of four stopping conditions ismet:1. The number of examples in an interval is smaller than the systemparameter S;2. The number of intervals is larger than the system parameter L;3. The gain for all intervals is equal;4. All examples in the interval are in the same class.Cases 1 and 2 prevent the creation of too many trivial intervals (S and Lare system parameters) and cases 3 and 4 handle the situation whenfurther splitting is unnecessary. D2 assumes two output classes so thatproblems with more than two classes must be considered as a set ofbinary classed problems where each class in turn is considered as thepositive class with all others being considered as negative.

61.1.8. STAGGER [Sch87]. Schlimmer extends his STAGGER model tohandle continuously valued attributes by using a statistical utility functionthat is applied to each potential cutpoint. The simplest approach would beto simply choose the cutpoint with the highest utility; however, in an effortto obtain improved results, a local smoothing function is first applied to thedata and then all cutpoints that are locally maximal are selected. Theutility function is calculated from all the examples seen so far and can beupdated as new examples are observed. It is calculated as

U endpoint ( ) = odds iclass( ) i=1 classes

∏ × p^iclass < endpoint ( ) p_i

class > endpoint ( )

.1.1.9. Decision Trees [Fay92]. Fayyad and Irani present a method fordiscretization of continuously valued attributes in decision tree generationthat is based on a measure of class entropy. Class entropy is defined as

Ent S( ) = − P iC ,S( )

i=1k∑ log P iC ,S( ) ( )

,where S is a set of examples, C i i s a n o u t p u t c l a s s , k i s t h e n u m b e r o f o u t p u t c l a s s e s , a n d P ( C i , S ) i s t h e p r o p o r t i o n o f e x a m p l e s i n S that haveclass C i . T o d i s c r e t i z e a n a t t r i b u t e A , c o n s i d e r a l l p o s s i b l e c u t p o i n t s , T,calculating the class information entropy induced by T:

E A,T;S ( ) = 1SN Ent 1S( ) + 2SN Ent 2S( )

,where N = ‰S‰, S1 = { s ‰s˛S and A-value < T }, and S2 = { s ‰s˛S and A-value ‡ T}. The cutpoint for which E(A,T;S) is minimal is chosen and thisprocess may be applied recursively, with an appropriate stopping criterionto create more than two partitions of an attribute. They also provide aproof that cutpoints chosen in this manner are �good� in the sense thatthey always have values between two examples of different outputclasses.1.1.10. ChiMerge [Ker92]. Chimerge is based on the statistical c2 t e s t . A l l e x a m p l e s a r e s o r t e d a n d i n i t i a l l y e a c h i s p l a c e d i n i t s o w n i n t e r v a l . T h e n i n t e r v a l s a r e m e r g e d i t e r a t i v e l y i n t h e f o l l o w i n g m a n n e r . T h e c2value is computed for each pair of adjacent intervals and the pair ofintervals with the lowest c2 v a l u e a r e m e r g e d . T h i s p r o c e s s i s r e p e a t e d

7until all pairs of adjacent intervals have a c2 v a l u e t h a t e x c e e d s s o m e t h r e s h o l d . T w o a d j a c e n t i n t e r v a l s w h o s e c 2 v a l u e e x c e e d s t h i s t h r e s h o l d are considered to be significantly different and thus should not be merged.The c2 value for two adjacent intervals is calculated

2χ = 2 ijA − ijE ( )ijE j=1k∑ i=1m∑

wherem = 2 (the number of intervals being compared),k = the number of output classes,Aij = the number of examples in the i th interval, j th class,R i = the number of examples in the i th interval =

ijA j=1k∑

,Cj = the number of examples in the j th class =

i=1m∑

,N = the number of examples =

jC j=1k∑

,Eij = expected frequency of A i j =

iR × jCN

.The threshold is determined by selecting a significance level (usuallysomewhere between .9 and .99) and using a standard c2 table to look upt h e t h r e s h o l d v a l u e . T o d o t h i s a l s o r e q u i r e s k n o w i n g t h e d e g r e e s o f f r e e d o m w h i c h w i l l b e o n e l e s s t h a n t h e n u m b e r o f o u t p u t c l a s s e s . F o r example, if there are 3 output classes and a significance of .9 is desired, as t a n d a r d c2 table gives the threshold value as 4.6. This means that if thea t t r i b u t e u n d e r c o n s i d e r a t i o n a n d t h e o u t p u t c l a s s a r e i n d e p e n d e n t , t h e n there is a 90% chance that c2 < 4.6. Conversely, if c 2 > 4 . 6 t h i s i m p l i e s t h a t t h e a t t r i b u t e a n d o u t p u t c l a s s a r e n o t i n d e p e n d e n t . C h i M e r g e i s r o b u s t a n d m a k e s u s e o f a priori knowledge. However, it cannotdiscretize unsupervised data (data not represented as an instance with anoutput class). It performs only pairwise evaluation of neighboringintervals rather than evaluating the whole classification, and it depends onuser-defined parameters. Study of these methods has resulted in the compilation of aneclectic list, summarized in Table 1.2, of desirable attributes for adiscretization method.

8¥ Measure of interval set �goodness�¥ No specific closeness measure¥ No user-defined parameters¥ Globality rather than locality¥ Simplicity¥ Use of feedback¥ Use of a priori knowledge¥ Higher order correlations¥ Fast

Table 1.2. Desirable attributes of a discretization methodChapter 2 presents an approach to discretization that attempts toincorporate the above attributes into a new and cohesive paradigm forgeneral discretization as a preprocessing step. Chapter 3 then comparesthe methods presented in chapter 2 against several of the conventionalmethods discussed above. This comparison provides evidence thatdiscretization as a preprocessing step may be improved upon if it is notconsidered as a completely autonomous step but rather as a more integralpart of the supervised learning process. Therefore, chapter 4 presentswork on attacking the problem from a different point of view, that ofallowing the discretizer to perform as much learning as possible, yet stillact in concert with other learning systems in many cases. Algorithms,analysis, and empirical results are included. Chapter 5 provides directionfor future work and conclusions.

9Chapter 2BRACE: Boundary Ranking And Classification EvaluationThis chapter attempts to support models which naturally work withnominal data by presenting a method of quickly and intelligentlydiscretizing continuously valued data into several useful ranges that canthen be handled as nominal data. The method concentrates on finding thenatural boundaries between ranges and creates a set of possibleclassifications using these boundaries. All classifications in the set areevaluated according to a criterion function and the classification thatmaximizes the criterion function is selected.2.1. The BRACE ParadigmBoundary Ranking And Clustering Evaluation (BRACE) is aparadigm designed to meet the objectives presented above. A high-leveldescription of the paradigm consists of the following 4 steps:1. Find all natural boundaries in the data;2. Calculate the rank of each boundary;3. Construct a set of possible classifications;4. Evaluate all classifications in the set and choose the best one.Each specific algorithmic instantiation of the BRACE paradigm usesa unique boundary definition (BD) for finding boundaries, boundaryranking function (BRF) for measuring each boundary and classificationoptimization function (COF) for evaluating classifications. Aclassification is defined as a grouping of the data into two or morediscrete intervals. The definition and functions are based on someheuristic or bias and depend on the specific algorithm. One suchalgorithm is presented in section 2.2. Other algorithms that follow theBRACE paradigm may introduce other methods of finding boundaries inthe data, measuring those boundaries, and evaluating the classifications inthe set.A set C of possible classifications is constructed which consists ofthe most likely 2-interval classification, the most likely 3-intervalclassification, etc. up to the most likely B+1-interval classification, whereB is the number of boundaries identified. The first classification consists ofdividing the data into two intervals by using the boundary with the highestrank as a division. The second classification is obtained by dividing thedata into three intervals using the first two highest ranked boundaries.This continues until the data has been split into B+1 intervals and Ccontains B different classifications.

10Once a set of possible classifications has been created, one of themmust be selected for use in discretizing the data. Each of theclassifications in the set are evaluated according to the COF and the oneclassification that maximizes it is selected. All values placed into thesame range by the chosen classification are assigned the same nominalvalue.2.2. VALLEY: An Instantiation of BRACEDefine:H: as a histogram of the continuously valued data points. The range ofthe data is defined as the interval on the real numbers from thesmallest data point to the largest. This range is broken up into aninitial number of intervals, and the height of each interval is thenumber of data points that appear in it. It must be noted that theinitial number of intervals may be considered a parameter.However, it is more a parameter of the physical implementationrather than a parameter of the logical algorithm. Any reasonablylarge number of intervals (~50) will reveal roughly the same profilefor the data. Of course, the greater the number of intervals created,the greater the number of valleys that must be processed.valley: as a local minimum in H.V: as the set of all valleys.rank(valley): as the rank (measure of "goodness") of a given valley.C: as the set of possible classifications to be considered by the COF.instance: as a set of attribute values (Left Hand Side) implying a set ofoutput values (Right Hand Side). For example,YES 7.5 BLUE --> TRUEtraining set: as a set of instances. For example,YES 7.5 BLUE --> TRUENO 1.2 RED --> FALSEYES 4.5 GREEN --> FALSE¥¥¥VALLEY: as an instantiation of the BRACE paradigm defined by itsspecific Boundary Definition, Boundary Ranking Function, andClassification Optimization Function:

11BD (Boundary Definition): as a valley (local minimum) in a histogram.See Figure 2.1.

Figure 2.1. Arrows indicate several valleysBRF (Boundary Ranking Function): as the area of a valley under theimaginary line between the valley�s two bounding local maxima(figure 2.2.)

Figure 2.2. Area of a valley (shaded)COF (Classification Optimization Function): as the number ofconsistent output class predictions minus the number of inconsistentoutput predictions. These predictions are made considering thediscretization of the attribute currently being processed as the entireleft-hand side of each instance. This definition depends on the databeing part of an instance and is designed to minimize the intraclassdistance and maximize the interset distance.For example, consider the simple training set:

122.5fiYes5.3fiYes9.6fiNo1.9fiYes4.3fiNo.A discretization that categorizes values smaller than or equal to 5 asSmall and those larger than 5 as Large would result in the modifiedtraining set: SmallfiYesLargefiYesLargefiNoSmallfiYesSmallfiNo.Since the value Small predicts two instances of Yes and one of No, andthe value Large predicts one instance of Yes and one of No, the COF forthis discretization is (2-1)+(1-1) = 1. However, a discretization thatcategorizes values 3 or less as Small, values 7 or less as Medium, andvalues greater than 7 as Large results in the modified training set: SmallfiYesMediumfiYesLargefiNoSmallfiYesMediumfiNo.Now Small predicts two Yes, zero No, Medium predicts one of each andLarge predicts a single No. Therefore, the COF is (2-0)+(1-1)+(1-0) = 3.Inserting BD, BRF, and COF into BRACE results in the VALLEYalgorithm, which consists of five basic steps:1. Order the data and build histogram H.2. Find the set V of all valleys.3. For each valley v ˛ V, rank(v) = area of v.4. Construct the set C of possible classifications.5. Evaluate C and chose max{COF(c)}, c ˛ C.The first three steps are relatively straightforward. Once the valley sizesfor all valleys have been calculated, the set C of possible classifications isbuilt using the biggest (in terms of area) valley, then the 2 biggest valleys

13and so on until we have split the histogram into |V|+1 intervals andobtained |V| classifications in C (i.e. using BD and BRF.)Since the data is being discretized for a supervised learning system,knowledge of the output value for each instance in the training set isassumed. It is important to note that this is an assumption made by theVALLEY algorithm and not by the general BRACE paradigm.Using this knowledge, each classification in C is evaluatedaccording to its ability to correctly predict output values for the trainingset, using only the current attribute under consideration. The number ofinconsistent predictions is subtracted from the number of consistentpredictions, and the result is the score for that classification. Theclassification with the highest score is selected (i.e. using COF.)2.2.1. An Example. Consider the following training set of instances, onlythe first five of which are actually shown.YES7.5BLUE--> TRUENO1.2RED--> FALSEYES4.5GREEN--> FALSEYES 9.2GREEN--> TRUEYES2.2RED--> FALSE¥¥¥Since the second attribute is continuously valued it must bediscretized. Assume that H for attribute 2 ranges from 1 to 10 and looksas in Figure 2.3a. Finding all the valleys proceeds as in Figure 2.3b-dwhere the numbers above the various valleys indicate their relative rank.

14...(c)10

1 21

(b)110

1(a)110

10(d)

19 4 1 10 6 8 2 7 5 3Figure 2.3. (a) Histogram H (b) 1 valley (c) 2 valleys (d) complete set VRecall that the set C includes the classification shown in Figure2.3b, the classification shown in Figure 2.3c, and all the classificationsimplied between steps c and d in Figure 2.3. Each of these classificationsin C are evaluated as shown in Table 2.4. A simplified copy of thetraining set is �constructed� considering only attribute 2. The table isinterpreted as follows: dividing the data into two intervals (as in Figure2.3b), value 7.5 is in interval 2 and implies TRUE, value 1.2 is in interval 1and implies FALSE, and so on. The score for column one is calculated byfinding the number of consistent output predictions minus the number ofinconsistent predictions.

152 int.3 int.4 int.5 int.11 int.2fiT3fiT4fiT4fiT1fiF1fiF1fiF1fiF2fiF2fiF3fiF3fiF...2fiT3fiT4fiT5fiT1fiF1fiF2fiF2fiF...

3 5 5 5

Table 2.4. Calculating scores for each classification in C using theC O F F o r t h e t w o i n t e r v a l c a s e , i n t e r v a l 1 p r e d i c t s F t w i c e a n d i n t e r v a l 2 p r e d i c t s T t w i c e a n d F o n c e . T h e t o t a l s c o r e f o r 2 i n t e r v a l s i s t h e r e f o r e 4 - 1 = 3 . T h e o t h e r c o l u m n s o f t h e t a b l e a r e c a l c u l a t e d s i m i l a r l y . F o r t h e p u r p o s e o f i l l u s t r a t i o n , s u b s c o r e s c a l c u l a t e d u s i n g o n l y t h e 5 i n s t a n c e s shown are used as the total column score.B r e a k i n g t h e d a t a i n t o 3 i n t e r v a l s g i v e s t h e m a x i m u m s c o r e . N o t e t h a t e v e r y c l a s s i f i c a t i o n t h e r e a f t e r a l s o g i v e s t h e m a x i m u m s c o r e . T h i s m a y n o t a l w a y s b e t h e c a s e , h o w e v e r . S o m e t r a i n i n g s e t s ( i . e . t h o s e c o n t a i n i n g n o i s e ) m a y s h o w s l i g h t i m p r o v e m e n t w h e n t h e n u m b e r o f i n t e r v a l s i s h i g h e n o u g h . I t i s t h e r e f o r e n e c e s s a r y t o f i n d a b a l a n c e b e t w e e n m a k i n g t h e c l a s s i f i c a t i o n t o o g e n e r a l a n d l e a r n i n g r a n d o m n o i s e or insignificant variations in the training set. Therefore, in an atempt to dos o a n d ( h o p e f u l l y ) t o f a c i l i t a t e g e n e r a l i z a t i o n t h e s m a l l e s t n u m b e r o f intervals with the maximum score is selected.T h e d a t a i s d i s c r e t i z e d i n t o t h r e e i n t e r v a l s a s s h o w n i n F i g u r e 2 . 3 c . Values 1.2 and 2.2 are in class 1, 4.5 is in class 2, and 7.5 and 9.2 are inclass 3. The modified instance set now looks like:YES3B L U E --> TRUEN O 1RED- - > F A L S E YES2G R E E N - - > F A L S E YES 3G R E E N --> TRUEYES1RED- - > F A L S E ¥¥¥

16As a final comment, it should be noted that although the output inthe preceding example is binary, VALLEY and BRACE can handle anynominal output. They are not limited to the binary case.2.3. SLICE: An Extension of VALLEYOf course a valley as defined above may not be the best or onlynatural division in the data. In fact, valleys may not be good divisions atall in some cases. Therefore, a generalization of VALLEY may be toconsider all possible boundaries in a histogram H. This extension of theVALLEY algorithm is called SLICE and is defined below.Define:H: as above.slice: as a division between intervals in H.S: as the set of all slices.C: as the set of possible classifications to be considered by the COF.instance: as above.training set: as above.SLICE: as an instantiation of the BRACE paradigm defined by itsspecific Boundary Definition, Boundary Ranking Function, andClassification Optimization Function:BD (Boundary Definition): is a slice in a histogram. See Figure 2.5.

Figure 2.5. Dashed lines indicate several slicesBRF (Boundary Ranking Function): is not used in SLICE since allboundaries are considered to have equal rank.COF (Classification Optimization Function): again depends on thedata being part of an instance and is defined as above.SLICE is a simple generalization of valley in which every divisionbetween intervals, instead of just local minima, is considered a candidate

17for splitting an interval. The main difference being that all slices areconsidered to have the same ranking so the BRF is unnecessary.SLICE�s operation is identical to VALLEY�s. The data is sortedand used to create a histogram. Then for each continuously valuedattribute, the data is classified using only that attribute as the lefthand sideof the instance. All possible slices are then evaluated by temporarilydiscretizing the data using the slice and reclassifying the instances. If theslice with the best results does a better job of classification than no slices,that slice is made permanent and the process is repeated. 2.4. Empirical ResultsVALLEY and SLICE were tested on various data sets from the UCIrvine machine learning database [Mur92]. One example is the hepatitisdata set, which has a number of continuously valued variables with widelyvarying distributions. The results of discretizing these six continuouslyvalued variables are displayed in Figures 2.6 and 2.7. Although somediscussion follows on the performance of BRACE (in its VALLEYinstantiation), the bulk of the empirical performance results and theresulting discussion is presented in chapter 3.

18Variable: Age

7 46 78Variable: Sgot

14 94 648Variable: Biliruben

3 1.3 8Variable: Albumin

2.1 3.1 4 4.6 5.6 6.4Variable: Alk Phosphate

26 54 96 295Variable: Protime

0 10 48 68 80 95 100Figure 2.6. Continuously valued variables from hepatitis data setdiscretized by VALLEYIn a study of K-nearest neighbor clustering it was found that the K-NN algorithm performed well for discretizing real data--provided that theproper values for K and T (parameters corresponding to size ofneighborhood and number of shared neighbors) were used. Unfortunately,there is no method for finding good K and T values other thanexperimentation. Further, these good values appear to be dependent onthe initial data. Sample data from another UCI database on iris flowerswas discretized using both K-NN and VALLEY. VALLEY found thesame best clustering that K-NN did; however K-NN required repeatedattempts with various values for K and T, via interaction with the user, aswell as a manual evaluation of classification "goodness." VALLEY foundthe clustering in one iteration with no user intervention.

19Variable: Age

7 46 78Variable: Sgot

14 94 648Variable: Biliruben

3 1.3 8Variable: Albumin

2.1 3.1 4 4.6 5.6 6.4Variable: Alk Phosphate

26 54 96 295Variable: Protime

0 10 48 68 80 95 100

Figure 2.7. Continuously valued hepatitis data discretized by SLICEThe next natural step is to compare these methods with others byfeeding the respective discretizations into a supervised learning systemand noting effects on the system�s ability to learn. Results fromperforming this type of comparison over 11 datasets from the UCIdatabase are presented in the next chapter.2.5. AnalysisBecause BRACE is an abstract concept, meaningful analysis of itmust be performed upon a concrete instantiation such as VALLEY orSLICE.2.5.1. Complexity Analysis. Both algorithms have a time complexity ofO(nlogn), where n is the number of examples in the training set. Theinitial sort requires nlogn steps, the ranking of boundaries requires n stepsin VALLEY and no steps in SLICE, and the evaluation of differentclassifcations requires |V|n and |S|n steps respectively. But since |V| ˙ nand | S | ˙ n, these simplify to n and we have nlogn + n + n = O ( nlogn) forVALLEY and nlogn + n = O(n l o g n ) for SLICE.

202.5.2. Pros and Cons. BRACE and its two instantiations presented abovemeet most of the objectives of Table 1.2. The two notable exceptions arehigher order correlations and feedback. This is not, however, adisadvantage when comparing BRACE with the other discretizationmethods discussed in this work because none of them include thesecapabilities. However, it is still believed that these capabilities areimportant and should be considered in discretization.A further advantage is that of generality. BRACE may be appliedto many different types of clustering and unsupervised learning tasksbecause of its dynamic Boundary Definition, Boundary Ranking Function,and Classification Optimization Function. Performance of BRACE willdepend on the proper choice of BD, BRF, and COF for the data inquestion. Obviously, this is not a trivial task and many more instantiationsof the BRACE paradigm may be evaluated as discretizing systems. Theeventual automation of this aspect of the discretization process is a topicfor future research.

21Chapter 3 A Comparison of Six Discretization MethodsThis chapter presents and discusses empirical results obtained byusing six different discretization methods as preprocessors to threedifferent supervised learners. The discretization methods used areChiMerge, Equal Frequency Intervals, Maximin into Kmeans, Slice,Valley, and Equal Width Intervals. The supervised learners used are ID3[Qui90], CN2 [Cla89], and Bounded Order Critical Feature Sets [And93].3.1. Description of Supervised Learners UsedThe three supervised learners used were chosen because they allrequire a discretizing preprocessor and represent different approaches tosupervised learning. Two of the methods (ID3 and CN2) are fairly well-known and are successful machine learning approaches and the third is atechnique being developed at Brigham Young University.3.1.1. ID3. ID3 is a decision tree approach to learning. A decision tree isbuilt using information gain as the metric for splitting nodes. This is agreedy approach that attempts to maximize information gain at each nodeby splitting on the attribute that currently provides the most informationgain. The final hypothesis is represented by a decision tree. C4.5 [Qui93]is an extension of ID3 that, among its improvements, allows handling ofcontinuously valued data by basically testing all possible splits over therange of the attribute to be discretized. This discretization is performedindependently at each node in the tree. Therefore, discretizing the databefore giving it to ID3 is similar to giving the undiscretized data to C4.5.This is convenient in the sense that we can compare results obtained bydiscretization and ID3 directly with C4.5 which performs its own internalhandling of continuously valued data (see Table 3.6 and accompanyingdiscussion).3.1.2. CN2. CN2 is a rule induction algorithm that incorporates ideas fromboth ID3 and from AQ* [Mic90][Mic83]. Thus CN2 attempts an eclecticcombination of the efficiency and ability to cope with noisy data that ID3exhibits, with the flexible search strategy and if-then rule format of AQ*.The algorithm attempts to build good if-then rules by considering differentcombinations of variables and assessing how well each rule properlyclassifies the training instances. The search space is exponential and,therefore various heuristics are used to limit search time and space. Thehypothesis is represented as an ordered list of if-then rules.

223.1.3. Bounded Order Critical Feature Sets. This is an experimentalapproach that assumes that most interesting attribute correlations(features) are of a relatively low order. Thus, even though examining allhigher order correlations is an exponentially expensive proposition interms of both time and space, according to the assumption mostinteresting correlations or features may be examined by brute force inbounded time. Therefore, the algorithm first considers all first orderfeatures and evaluates their ability to correctly classify the training set. Itthen considers all second order features and so on up to some relativelysmall kth order. Some subset of the features are then chosen to representthe hypothesis.3.2. Empirical ResultsTables 3.1-3.3 summarize the results obtained by using each of thediscretization methods as a preprocessor for each of the supervisedlearners. The data sets used were all obtained from the UC IrvineMachine Learning Database [Mur92], and each data set consists entirelyof continuously valued inputs and has a single nominal output variable. Abrief summary of each follows.Glass. 9 inputs, 7 output classes. This is a collection of data fromcrime lab reports. The nine inputs are measures of mineral content (Mg,Al, etc.) and refractive index of different samples of glass. The problem isto determine what the glass was used for--windows, container, headlamp,etc.Wine. 13 inputs, 3 output classes. These data are the results of achemical analysis of wines grown in the same region in Italy but derivedfrom three different cultivators. Analysis determined the quantities of 13constituents found in each of the three types of wines and these constitutethe 13 input variables. The problem is to determine which of the threecultivators produced the wine.Vowel. 10 inputs, 11 output classes. Speech signals from 15different speakers were low pass filtered at 4.7kHz and then digitized to12 bits with a 10kHz sampling rate. Twelfth order linear predictiveanalysis was carried out on six 512 sample Hamming windowed segmentsfrom the steady part of the vowel. The reflection coefficients were usedto calculate 10 log area parameters, giving a 10 dimensional input space.Based on the ten inputs, the problem is to determine which vowel soundwas spoken.Sonar. 60 inputs, 2 output classes. Each of the sixty inputsrepresents a measure of the energy within a particular frequency band.Given these inputs, determine whether the sonar image is a rock or amine.

23Iris. 4 inputs, 3 output classes. Given sepal length and width andpetal length and width, determine which type of iris the flower is.Bupa. 6 inputs, 2 output classes. The six inputs represent theoutcome of five blood test results and number of drinks (half-pintequivalents of alcoholic beverages consumed per day) for a group of maleBupa Indians. The problem, given the input data, is to determine which oftwo �selector� classes the individual is in, where the selector classesattempt to divide the group as to likelihood of contracting a liver disorder.Pima. 8 inputs, 2 output classes. The inputs include age, number oftimes pregnant, and the results of various medical tests and are takenfrom a population of female Pima Indians. Given these, determine if theindividual tests positive for diabetes.Vehicle. 18 inputs, 4 output classes. The inputs represesentsilhouette features extracted by the HIPS (Hierarchical Image ProcessingSystem) extension BINATTS at the Turing Institute. Given these inputsthe problem is to determine which of four vehicles the silhouetterepresents.Results were obtained over ten runs by using 70% of the data fromthese data sets as a training set for learning and the remaining 30% as atest set. The results reported in the tables are percent accuracy on thetest set.

Chi 61 92 61 74 95 62 73 67 73Freq 53 88 62 65 93 52 67 62 68Kmmm 64 89 62 68 93 58 73 61 71Slice 59 93 36 78 95 61 73 62 70Valley 65 81 47 65 96 60 74 66 69Width 58 92 64 77 95 51 70 62 71Rankings: Chi 3 2 4 3 2 1 2 1 2.3Freq 6 5 2 5 4 5 6 3 4.5Kmmm 2 4 2 4 4 4 2 6 3.5Slice 4 1 6 1 2 2 2 3 2.6Valley 1 6 5 5 1 3 1 2 3.0Width 5 2 1 2 2 6 5 3 3.3

Glass

Wine

Vowel

Sonar

Iris

Vehicle

Bupa

Pima

Avg.Table 3.1. Performance and ranking of six discretization methods as apreprocessor to ID3

24In each of the tables the data sets are represented in columns andthe discretization methods are represented in rows. The tables are splitinto two sections. The top matrix of each gives the percent accuracy ofthe supervised learner on a given data set using a particular discretizationmethod. For example, Table 3.1, which gives results for ID3, shows thatID3 achieved an accuracy of 61% on the vowel data set when ChiMergewas used as the preprocessor. Table 3.2 shows an accuracy of 48% forCN2 for the same data and discretization method and Table 3.3 show anaccuracy of 81% for Bounded Order Critical Feature Sets.The bottom matrix of each table shows the relative rank of eachdiscretization method for each data set. Continuing the example above,Table 3.1 shows that for ID3�s learning of the vowel data set, ChiMergewas the 4th best discretization method. Table 3.2 shows that for CN2,ChiMerge was again the 4th best choice, but Table 3.3 shows that forBounded Order Critical Feature Sets, ChiMerge was the bestdiscretization method of the six.

Glass

Wine

Vowel

Sonar

Iris

Vehicle

Bupa

PimaChi 64 75 48 78 95 63 71 45 67Freq 51 83 57 79 64 57 69 53 64Kmmm 64 88 57 78 93 56 72 59 71Slice 59 72 33 80 96 62 74 55 66Valley 53 75 35 74 92 61 72 43 63Width 49 85 58 75 92 54 71 57 68Rankings: Chi 1 4 4 3 2 1 4 5 3.0Freq 5 3 2 2 6 4 6 4 4.0Kmmm 1 1 2 3 3 5 2 1 2.3Slice 3 6 6 1 1 2 1 3 2.9Valley 4 4 5 6 4 3 2 6 4.0Width 6 2 1 5 4 6 4 2 3.8

Avg.Table 3.2. Performance and ranking of six discretization methods as apreprocessor to CN2Examining the data in all three tables yields some interesting results.First, a perusal of the rankings for each discretization method shows noclearly best method. Although overall ChiMerge appears to be a littlemore robust than the others, the best method of discretization appears tobe data dependent. Also, the best discretization method may depend on

25the supervised learner for which the preprocessing is being performed.To see this, notice that ChiMerge does quite well for Bounded OrderCritical Feature Sets but not nearly so well for CN2. K-means combinedwith Maxi-min (Kmmm) seems to perhaps be the most robust choice inthis case.

Glass

Wine

Vowel

Sonar

Iris

Vehicle

Bupa

PimaChi 62 71 81 90 94 68 72 72 76Freq 46 69 4 78 93 63 64 65 60Kmmm 48 68 3 73 89 58 69 60 59Slice 52 71 23 86 95 49 72 72 65Valley 57 67 67 85 94 59 68 63 70Width 39 65 8 78 94 53 70 65 59Ranking: chi 1 1 1 1 2 1 1 1 1.1freq 5 3 5 4 5 2 6 3 4.1kmmm 4 4 6 6 6 4 4 6 5.0slice 3 1 3 2 1 6 1 1 2.3valley 2 5 2 3 2 3 5 5 3.4width 6 6 4 4 2 5 3 3 4.1

Avg.Table 3.3. Performance and ranking of six discretization methods as apreprocessor to Bounded Order Critical Feature SetsTable 3.4 summarizes the best, worst, and average accuraciesobtained on the data sets by nine learning algorithms currently underresearch. For details on the algorithms and methods of obtaining theseresults see chapter 4 section 4 (p.53) and [Zar94]. A second result ofinterest is obtained by comparing accuracy results from Tables 3.1-3.3with the results in Table 3.4. Although each supervised learner performswell on some of the datasets (at least assuming discretization done by thebest method), each one also performs quite poorly on others even usingthe discretization method with the best results.

26Glass 68.6 66.4 61.6Wine 93.8 92.6 90.5Vowel 92.6 81.8 73.3 Sonar 78.9 75.7 72.5 Iris 95.3 94.7 94.0Bupa 67.0 62.8 56.5Pima 74.1 71.1 68.3Vehicle 77.6 70.1 59.2

Dataset

BestAverage

WorstTable 3.4. Best, worst, and average performance for nine learningalgorithms over the data sets [Zar94]Table 3.5 supports this claim by comparing the three supervisedlearners� best results with the average and best results of the ninealgorithms just mentioned. AvgC is the average percent correct for allnine algorithms and MaxC is the maximum percent correct for any ofthem (these values are taken directly from table 3.4). Bold table entriesindicate relatively poor performance -- ID3 does comparatively poorly onthe glass, vowel, bupa, and vehicle data sets; CN2 does comparativelypoorly on the glass, wine, vowel, and vehicle datasets; and BoundedOrder Critical Feature Sets performs comparatively poorly on the glassand wine data sets.

ID3 65 93 64 78 96 62 74 67CN2 64 88 58 80 96 63 74 59BOCFS 62 71 81 90 95 68 72 72AvgC 66 93 82 76 95 63 71 70MaxC 69 94 93 79 95 67 74 78

Glass

Wine

Vowel

Sonar

Iris

Vehicle

Bupa

PimaTable 3.5. Preprocessing vs. direct handling of continuously valued dataThe claim that discretization as preprocessing is usually detrimentalto performance is further substantiated by comparing the performanceresults of ID3 and the best preprocessor for each data set with C4.5(Table 3.6). As may be seen from the table, for all data sets except

27sonar, discretization as a preprocessing step did not significantly improveperformance. Again, for the same four data sets -- glass, vowel, iris, andvehicle -- the discretization was actually detrimental.

Glass 65 68Wine 93 93Vowel 64 80 Sonar 78 75Iris 96 95Bupa 62 65Pima 74 73Vehicle 67 70

Dataset

ID3C4.5Table 3.6 ID3 with (best) preprocessing vs. C4.5It should be noted that the three algorithms examined here -- ID3,CN2, and BOCFS -- were designed to explore the idea of conceptlearning. Concept learning in general does not address the issue ofcontinuously valued data and often deals exclusively with nominal data.Therefore, the lower performance results for these algorithms on datasets comprised entirely of continuously valued attributes is not surprising.This observation further strengthens the position that consideration ofcontinously valued data should not be ignored in design of a learningalgorithm.These two results together, namely that 1) the best discretizationmethod is dependent both on the application as well as on the supervisedlearner and that 2) in general, discretization as a preprocessing step canlead to severe performance degradation, provide evidence thatdiscretization as a preprocessing step independent of the supervisedlearning system is not the appropriate approach to machine learning.3.3. Problems with Discretization as a Preprocessing StepThere are at least two inherent problems in using discretization as apreprocessing step for a supervised learner. One of these problemsresults in the best discretization method being dependent on theapplication and supervised learner used. The other results in thesometimes poor overall performance observed.3.3.1. The Independence Problem. This has to do with the fact that ageneral method of discretization has no idea what sort of information thesupervised learning method requires to do its learning. Therefore, the

28discretizer may unwittingly eliminate some valuable (to the particularsupervised learner in question) information in the preprocessing stepthereby hampering its ability to learn. On the other hand, the samediscretization for another supervised learner may have essentially avoidedeliminating important information (at least this time).3.3.2. The Higher Order Correlation Problem. Obviously, there are oftenhigher order correlations between input variables. That is, one inputvariable may not tell us anything interesting about the output class byitself, but in combination with one or more of the other input variables, itmay tell us a lot. The idea behind discretizing the data as a preprocessingstep has been to leave the discovery of all these higher order correlationsto the supervised learner. Unfortunately, in considering and discretizingeach of the input variables independently, the discretizer may destroy thehigher order correlation. For example, consider iris flowers. Perhapssepal lengths fall into two general categories: long (those over 2 inches)and short (those 2 inches or less); however, perhaps if the sepal width isgreater than .2 inches, then a sepal length is not considered long unless itis over 3 inches. Since the discretizer is not allowed to discover thishigher order correlation, it will place the input variable sepal length intothe �long� interval if it is over 2 inches, whether that instance�s sepal widthis greater than .2 or not. It will therefore incorrectly discretize the sepallength variable of any instance whose sepal length is between 2 and 3inches long and whose sepal width is greater than .2 inches.The empirical results of this chapter as well as the two significantproblems discussed above provide evidence that discretization as aseparate preprocessing step can lead to severe performance degradation.The remaining chapters therefore adopt a different approach, abandoningto some degree, the idea that discretization can be handled completelyindependently of the supervised learning process.

29Chapter 4Statistical PrototypesThe results of chapter 3 indicate a need for a different approach todiscretization. First, discretization must consider higher-order correlationsbetween input variables. Second, the discretization process must not, dueto its independence, destroy information valuable to the supervisedlearner. This chapter presents an attempt to rectify both of theseproblems while still maintaining the autonomy (in many cases) of thediscretization process. The basic approach is to use a standard minimumdistance classification scheme with a single prototype per class [Tou74],which works well for simple problems. However, this must be extendedto multiple prototypes per class in the general case. The MSP algorithmis a unique, nonparametric approach to creating multiple prototypes perclass.4.1. IntroductionThe idea of using prototypes to represent classes is not a new one[Aha91][Aha89][Das91][Rum86][Tou74]. It is a simple and naturalapproach to the problem of dealing with continuously valued attributes.The basic assumption is that given an m-dimensional space defined by theinput variables, there exists one or more representative points in thatspace for each output class. These representative points are termedprototypes. Statistical prototypes (SP) are a simple variation on this idea.They assume that all input variables are continuously valued and thateach output class can be represented by one or more gaussian functionsover these input variables. This assumption is not unreasonable becauseall functions may be approximated by one or more gaussian bases, theworst case being the degenerate one in which each data point isrepresented by it�s own gaussian function with mean equal to the value ofthe data point and standard deviation zero. The idea of using statisticalinformation obtained from a training set in the formation of prototypes isnot a novel idea, either. Two examples of similar systems are radial basisfunction networks [Hay94] and CLASSIT [Gen90].CLASSIT is an unsupervised concept learning system based on thesame model as Fischer�s COBWEB [Fis90][Gen90]. Both CLASSIT andCOBWEB create a hierarchy of concept descriptions in an attempt todiscover natural classes in the training data. Basic learning begins withthe presentation of an instance to the system, which then chooses fromfour possible operations: incorporate the instance into a given concept,create a new concept, split an existing concept, or merge two existingconcepts. All four possibilities are tried with their respective successesbeing measured by a concept utility function:

P_kC( ) 1_{ik}σ − 1_{ip}σ_i^I∑ i I ∑ k K ∑ K

where I is the number of attributes, K is the number of classes (concepts)in the partition, sik is the standard deviation for a given attribute in a givenc l a s s a n d s i p i s t h e s t a n d a r d d e v i a t i o n f o r a g i v e n a t t r i b u t e i n t h e p a r e n t n o d e . T h e o p e r a t i o n t h a t m a x i m i z e s t h e u t i l i t y i s i n c o r p o r a t e d a n d t h e p r o c e s s i s r e p e a t e d f o r t h e n e x t i n s t a n c e . T w o p a r a m e t e r s , acuity andcutoff, control the breadth and depth, respectively, of the concepthierarchy. The concepts are described by an attribute vector thatrepresents the mean values for instances that belong to the concept.Radial basis function (RBF) networks are a connectionist approachto learning concepts that may employ supervised or unsupervised learningtechniques or a hybrid of the two. RBF networks are multi-layer nets inwhich the hidden layer of nodes represent a set of radial basis functionsthat perform a nonlinear mapping of the inputs to a higher dimensionalfunction space and the output units then perform a linear mapping fromthat space to the output space. This nonlinear mapping to higherdimensionality is an attempt to �force� natural clusterings in the data toappear that are not readily apparent in spaces of lower dimensionality.While these functions may be any type of radial basis function, in practicethey quite often are a simple multi-variate gaussian distribution. Trainingof the network includes two parts: the learning of the correct distributionsin the hidden layer that will perform the nonlinear mapping on the input,and the training of the output units to perform a linear mapping (similar toa simple perceptron) on the result.The statistical prototypes (SP) presented here differ from CLASSITin their supervised approach to learning, their utility measure (distancemetric), and in the fact that SP does not use a merge-type operation. SPand RBF networks have significantly different representations forhypotheses, SP learning is generally faster, and SP does not employ theidea of using a non-linear mapping into a higher dimensionality.4.2. Creating Statistical PrototypesTo begin with, each output class will be assumed to be represented,roughly, with a single m-dimensional normal distribution over the inputspace. Therefore, by assumption, each output class will be representablewith a single prototype.

31Define:T as a set of training instances;n as the number of instances in T, that is n = ‰T‰;c as the number of output classes represented in T;v as the number of input variables represented in T;i as an index that ranges 0£i<c and indicates output class;j as an index that ranges 0£j<v and indicates input variable;Ti as the c subtraining sets obtained by partitioning T by output class;o i as the c output classes;m ij as the mean of the jth input variable for T i;s ij, as the standard deviation of the jth input variable for T i;pi as the prototype for class i ;x as a vector of inputs representing an instance;x j as the j t h input of an instance;d i as the normal distance between a point x and p i .T h e b a s i c a l g o r i t h m ( A l g o r i t h m 4 . 1 ) i s o u t l i n e d b e l o w a n d p r o c e e d s a s f o l l o w s . F i r s t , d i v i d e t h e t r a i n i n g s e t T by output class, creating csubtraining sets T i . For each T i and each input variable j calculate m ij ands i j . p i i s a v e c t o r o f o r d e r e d p a i r s ( m i j , s i j ) . C l a s s i f i c a t i o n o f a n e w i n s t a n c e x is accomplished by calculating all d i f o r t h e p o i n t d e f i n e d b y t h a t i n s t a n c e a n d o u t p u t t i n g z s u c h t h a t d z = m i n { d i } , w h e r e d i i s c a l c u l a t e d a s

id = jx − ijmijσ j=0v∑

.Two points are worth a brief mention here. First, this is obviously avariation of a standard minimum distance classifier [Tou74]. Thus, SP isnot a novel idea; however, it is the basis for MSP, which extends theminimum distance classifier to multiple prototypes per class in a novelway, and is thus important as background material. Second, the nameStatistical Prototypes may be somewhat misleading. SP is not a statisticalapproach to clustering/classification in the Bayesian sense of relying onthe statistical properties of the underlying distributions [Tou74]. It isstatistical only in the sense of employing the simple statistical variables ofmean and standard deviation in representing prototypes.

32Learn()Create subtraining sets TiCalculate mij and sijCreate pi as j ordered pairs, (mij, sij)Classify(x)calculate all dioutput z such that dz = min{di}

Algorithm 4.1. Single prototype per output class (SP)4.2.1. An Example. Suppose that T c o n s i s t s o f t h e f o l l o w i n g s e t o f n i n e i n s t a n c e s : P e t a l P e t a l Sepal Sepal

Wid.L e n .

Wid.L e n . 6.03.04.81.8-> virginica,6.32.55.01.9- > virginica,4.92.54.51.7- > virginica,4.63.11.50.2- > s e t o s a , 4.83.11.60.2- > s e t o s a , 5.33.71.50.2- > s e t o s a , 5.12.53.01.1- > versicolor,5.22.73.91.4 - > versicolor,5.93.04.21.5- > versicolor.Then c = 3, v = 4, and o0 is virginica, o 1 is setosa, and o 2 is versicolor. T 0consists of the first three instances, T 1 o f t h e s e c o n d t h r e e i n s t a n c e s , a n d T 2 o f t h e l a s t t h r e e i n s t a n c e s . C a l c u l a t i n g t h e m e a n s a n d s t a n d a r d deviations we get

33m00 = 5.733,s00 = .602,m01 = 2.667,s01 = .236,m02 = 4.766,s02 = .205,m03 = 1.800,s03 = .082,m10 = 4.900,s10 = .294,m11 = 3.300,s11 = .283,m12 = 1.533,s12 = .047,m13 = 0.200,s13 = .001*,m20 = 5.400,s20 = .356,m21 = 2.733,s21 = .205,m22 = 3.700,s22 = .510,m23 = 1.333,s23 = .189.* N o t e t h a t s 1 3 is really equal to 0. However, to avoid a division by 0 int h e c a l c u l a t i o n o f d i , a n y s t a n d a r d d e v i a t i o n t h a t e q u a l s 0 i s s e t t o a n arbitrarily small substitute.The notation for expressing a prototype used throughout will bepi = mi0mi1...miv-1si0si1...siv-1-> o i. T h e r e f o r e , p0 =5.7332.6674.7661.8000.6020.2360.2050.082- > virginica,p1 =4.9003.3001.5330.2000.2940.2830.0470.001- > s e t o s a , p2 =5.4002.7333.7001.3330.3560.2050.5100.189- > versicolor.N o w , s u p p o s e a n i n s t a n c e x = (5.0, 2.9, 2.9, 1.1) is presented to thesystem for classification. Distances from x to each prototype arecalculated:

34d0 =

5 - 5. 733

. 602 + 2. 9 − 2.667

. 236 + 2. 9 − 4.766

. 205 + 1.1 − 1.8

. 082

= 19.84,d1 =

5 - 4. 900 . 294 +

2. 9 − 3.3 . 283 +

2. 9 − 1.533 . 047 +

1.1− .2 . 001

= 930.84,d2 =

5 - 5. 4 . 356 + 2.9 − 2.733

. 205 + 2.9 − 3.7

. 510 + 1.1 − 1.33

.189

= 4.74.The prototype for o2 o r v e r s i c o l o r i s t h e c l o s e s t t o t h e e x a m p l e s o x isclassified as versicolor.4 . 2 . 2 . Empirical Results. The data sets described previously wereprocessed using statistical prototypes and the results are shown in Table4.2. These results represent an average taken over 25 runs. The firstcolumn shows the percentage of test instances classified correctly usingstatistical prototypes. As before, 70% of the data were used as traininginstances, and the remaining 30% as test instances. The remaining threecolumns reproduce the results of Table 3.4 as a reference.

Glass 49.3 68.6 66.4 61.6Wine 94.6 93.8 92.6 90.5Vowel 46.8 92.6 81.8 73.3 Sonar 73.3 78.9 75.7 72.5 Iris 95.0 95.3 94.7 94.0Bupa 59.9 67.0 62.8 56.5Pima 69.1 74.1 71.1 68.3Vehicle 47.5 77.6 70.1 59.2Thyroid 94.5 93.5 92.1 89.2Waveform 79.5 72.0 68.7 66.0Wavenoise 81.6 73.0 68.8 65.0

DatasetBestAverage

Worst

SPTable 4.2. Using single statistical prototypes to classify the data setsNotice that statistical prototypes do very well in comparison withother learning models on the iris, thyroid, waveform, wavenoise, and winedata sets. Since a single prototype represents each class this indicatesthat these are fairly simple data sets to learn and represent essentiallylinearly separable problems. Statistical prototypes perform fairly well onthe bupa, pima, and sonar data sets. This indicates that these problems,too, are fairly easy although not quite linearly separable, since other, more

35advanced, methods perform significantly better on them. Creatingmultiple prototypes per class could improve performance. Finally,statistical prototypes do quite poorly on the glass, segment, vehicle, andvowel data sets. It appears that these data sets are far from linearlyseparable and thus a single prototype per class representation would beexpected to perform poorly. Multiple prototypes per class are a necessityin these cases.4.3. Extension to Multiple Prototypes Per Class (MSP)In many cases a single prototype will not be sufficient forrepresenting an entire output class. Extending single-prototype minimumdistance classifiers to multiple prototypes is a difficult problem becausethere exists no accepted basis for determining how many prototypes tocreate. Various approaches to the problem include instance basedlearning [Aha89][Aha91], nearest neighbor methods [Das91], andclustering techniques such as ISODATA [Tou74]. These techniques aremainly differentiated by their heuristics for determining how to create aprototype and when the proper number of prototypes have been created.Multiple statistical prototypes (MSP) employ an error feedback heuristicto extend the simple statistical prototype described in the previous section.The extension requires two modifications. First, add the new definitions:eb a s t h e e r r o r i n c l a s s i f y i n g t h e t r a i n i n g s e t b e f o r e c r e a t i n g a n e w p r o t o t y p e ; ea as the error in classifying the training set after temporarily splitting ap r o t o t y p e ; esmall a s t h e s m a l l e s t e r r o r i n c l a s s i f y i n g t h e t r a i n i n g s e t a f t e r temporarily splitting each prototype;qi as the number of prototypes for output class i ;k as an index that ranges 0£k < q i a n d i n d i c a t e s p r o t o t y p e n u m b e r ; ismall, jsmall, k small as the values of i, j, and k during temporary splitting ofprototypes that result in the value esmall ;qsmall as q ismall, a slight abuse of notation;

ikT

as the sub-training set that contains all the instances of output classi that are closest to the k t h prototype for class i ;

ikt

as an instance in

;min{j,

} as the minimum value of input j for any in ;max{j,

} as the maximum value of input j for any

ikt

in

ikT

.Also, replace the definitions for pi and d i by the following:

ikp

as the k t h prototype for class i;

ikd

as the normal distance between a point and

ikp

.Second, a method for determining how many prototypes are required foran output class is required. This may be approached in many differentways. In this case, a simple greedy algorithm, algorithm 4.3, is applied asfollows.First, run algorithm 4.1 to generate a single prototype,

i0p

, for eachoutput class. Next, calculate eb b y u s i n g t h e p r o t o t y p e s t o a t t e m p t t o classify the training set T. Then temporarily split

0p

on input 0 as follows.Find min{0,

0T

} and max{0,

0T

} and temporarily divide

into

0min T

a n d

0max T

where

T

contains all

0t

closer to m i n { 0 ,

} t h a n t o max{0,

}, a n d

T

contains all

closer to m a x { 0 ,

} t h a n t o min{0,

} . T i e s m a y b e d e c i d e d a r b i t r a r i l y . C a l c u l a t e t e m p o r a r y p r o t o t y p e s

p

a n d

p

as before and then calculate e a b y a g a i n a t t e m p t i n g t o c l a s s i f y T , t h e o n l y c h a n g e b e i n g t h a t

0p

has beentemporarily replaced by

0min p

and

0max p

. Reunite

p

a n d

p

into

and repeat for all inputs x j a n d a l l p r o t o t y p e s

ikp

, in order to find thevalues ismall , j s m a l l , k s m a l l , and e s m a l l . Now, if e s m a l l < e b , p e r m a n e n t l y s p l i t

ismallksmallp

into

and

ismallqsmall p

, increment q small , and set e b = e s m a l l . Repeat thee n t i r e p r o c e s s u n t i l e s m a l l ‡ e b . C l a s s i f i c a t i o n o f n e w i n s t a n c e s i s performed the same as in algorithm 4.1.

37Learn()Run Algorithm 4.1Calculate ebWhile(esmall < eb)For i = 0 to c-1For k = 0 to qi-1For j = 0 to v-1Split(,j)Calculate eaIf ea < esmallesmall = eaismall = ijsmall = jksmall = kUnsplit(,j)If esmall < ebSplit(,jsmall)qsmall = qsmall+1eb = esmallSplit(,j) = {‰ is closer to min{j,} than to max{j,}} = {‰ is closer to max{j,} than to min{j,}}calculate and replace with and Unsplit(,) = ¨ calculate replace and with Classify(x)calculate all dioutput z such that dz = min{di}

ikpikpismallksmallp ikpikminT iktikt ikTikTikmaxT iktikt ikTikTikminpikmaxp ikpikminpikmaxpikminpikmaxp ikTikminTikmaxT ikpikminpikmaxp ikp

Algorithm 4.3. Multiple prototypes per output class (MSP)

384.3.1. An Example. Suppose that T consists of the following instances:4.81.8-> negative,5.01.9->negative,4.51.7->negative,3.51.2->negative,3.61.2->negative,3.51.2->positive,3.01.1->positive,3.91.4 ->positive,4.21.5->positive.Then initial calculation of prototypes will yield

0p

=4.2801.5600.6180.301->negative,

10p

=3.6501.3000.4500.158- > positive.T h e d i s t a n c e s f r o m a l l p r o t o t y p e s f o r e a c h i n s t a n c e a r e p r e s e n t e d i n t h e followingtable:

d 0d 1 (4.8,1.8)1.6395.720(5.0,1.9)2.2956.797(4.5,1.7)0.8214.421(3.5,1.2)2.4590.966(3.6,1.2)2.2960.744(3.5,1.2)2.4590.966(3.0,1.1)3.5992.710(3.9,1.4)1.1461.411(4.2,1.5)0.3292.488.N o w , T is classified using these prototypes and the results are shownbelow with the correct classification in parentheses.

394.81.8-> negative (negative),5.01.9->negative (negative),4.51.7->negative (negative),3.51.2->positive (negative),3.61.2->positive (negative),3.51.2->positive (positive),3.01.1->positive (positive),3.91.4 ->negative (positive),4.21.5->negative (positive).Thus, with a single prototype per class, eb = 4 / 9 = . 4 4 4 . N o w ,

0p

istemporarily split on input 0 into

0min p

and

0max p

. M i n { x 0 of

0t

} = 3 . 5 a n d max{x0 of

} = 5.0. Therefore, dividing

0T

results in

0min T

containing4.81.8-> negative,5.01.9->negative,4.51.7->negative,and

0max T

containing3.51.2->negative,3.61.2->negative.Temporarily recalculating prototypes gives

0min p

=4.7671.8000.2050.082->negative,

p

=3.5501.2000.0550.001->negative,

10p

=3.6501.3000.4500.158- > positive.T h e n e w t a b l e o f d i s t a n c e s n o w i n c l u d e s d i s t a n c e s f r o m a l l t h r e e p r o t o t y p e s f o r e a c h i n s t a n c e :

d 0 m i nd 0 m a xd 1 (4.8,1.8)0.161622.735.720(5.0,1.9)2.356726.366.797(4.5,1.7)2.522517.274.421(3.5,1.2)13.4960.9090.966(3.6,1.2)13.0010.9090.744(3.5,1.2)13.4960.9090.966(3.0,1.1)17.156110.002.710(3.9,1.4)9.107206.361.411(4.2,1.5)6.424311.822.488.Now, T is again classified, this time with the modified prototypes:4.81.8-> negative (negative),5.01.9->negative (negative),4.51.7->negative (negative),3.51.2->negative (negative),3.61.2->positive (negative),3.51.2->negative (positive),3.01.1->positive (positive),3.91.4 ->positive (positive),4.21.5->positive (positive).So ea = 2/9 = .222. Since this is the first temporary split, e s m a l l is set equalto .222.

0min p

and

0max p

are now reunited into

0p

, and whole process isrepeated for

on input 1,

10p

on input 0 and

on input 1. Since e small isalready less than e b , at least one permanent split will occur. If none of theo t h e r t e m p o r a r y s p l i t s c l a s s i f y b e t t e r t h a n 7 7 . 8 % ( 7 / 9 ) c o r r e c t l y ,

0p

willbe split on input 0.4.3.2. Empirical Results. The data sets were reclassified using algorithm4.3 in order to generate multiple prototypes per class. These results areshown in Table 4.4, which is an expansion of Table 4.2 that includes thenew results.

41Glass 49.3 65.5 68.6 66.4 61.6Wine 94.6 96.2 93.8 92.6 90.5Vowel 46.8 72.7 92.6 81.8 73.3 Sonar 73.3 79.4 78.9 75.7 72.5 Iris 95.0 95.9 95.3 94.7 94.0Bupa 59.9 60.5 67.0 62.8 56.5Pima 69.1 71.3 74.1 71.1 68.3Vehicle 47.5 64.0 77.6 70.1 59.2Thyroid 94.5 95.4 93.5 92.1 89.2Waveform 79.5 79.8 72.0 68.7 66.0Wavenoise 81.6 81.1 73.0 68.8 65.0

DatasetBestAverage

Worst

SPMSPTable 4.4. Using multiple statistical prototypes to classify the data setsAs is to be expected, little improvement in performance wasachieved for the data sets on which single prototypes performed well.However, dramatic performance increases are evident on the data sets onwhich single prototypes performed poorly.4.4. AnalysisMSP was compared empirically with the following nine well-knownlearning models:ID3 - A set of instances is used to induce a decision tree whereeach node comprises a test on a single attribute and the branches out ofthe node represent the different outcomes of the test. In constructing thetree, attributes are chosen and nodes are created on the basis ofmaximizing a theoretical measure of information gain [Qui90].Ctree - C4.5 is an extension of ID3 that allows handling of noisydata and continuously valued data [Qui93].Crule - C4.5 has the ability to represent the hypothesis as anordered rule list instead of a tree. Whereas Ctree uses the traditionaltree-structured hypothesis, Crule uses the alternate rule-list-structure[Qui93].Cart - Classification and Regression Trees is a very general methodof tree-structured learning. It�s most basic ideas deal with how toconstruct a tree representation of the data provided in a training set, withthe key ingredient being how to partition the data set at each node in thetree. Various methodologies for doing so are sampled, including statisticaland Bayesian approaches as well as techniques from regression theory[Bre93].

42Bayes - This learning algorithm basically uses the standardBayesian approach of minimizing risk. That is, there is a loss associatedwith every output class with respect to every other output class, L(t, z),which is the loss or penalty associated with misclassifying class t as classz. Each decision rule, d, in the system has associated with it a risk, R(d) =expected loss of rule d. Decision rules are always chosen so as tominimize the risk, R(d) [Bre93].MML - Minimum Message (Description) Length, introduced byJorma Rissanen, approaches learning as a minimization of the number ofbits needed to write down the observed data. This written description ofthe data includes not only a description of the examples seen, but also adescription of a statistical model that explains the data--the parametersused, their values and even how they are used in the model. MMLattempts to find the simplest description (in terms of number of bits) thatexpresses the observed data [Ris83].IB3 - David Aha has introduced several instance-based learningalgorithms. This is his Instanced-Based Algorithm 3 (also referred to asNTGrowth). In particular, this approach to learning addresses the issueof noisy data. Only those instances from the training set that areincorrectly classified are stored in the concept description. In addition, acount of how well these stored instances will perform is kept and anystored instance that does sufficiently poorly is eventually dropped from theconcept description [Aha91].IB4 - Instance-Based Algorithm 4 (also referred to as Bloom) isanother of Aha�s algorithms. This extends IB3 to address the issue ofirrelevant attributes. Each target concept has a weight vector associatedwith it. The weight vector warps the function space, giving larger weightsand thus more influence to those attributes that have been found to bemost important in the function to be learned [Aha89].CN2 - This is a mixture of ideas from Quinlan�s ID3 and Michalski�sAQ* [Mic90][Mic83]. The algorithm attempts to build good if-then rulesby considering different combinations of attributes and determining howwell each rule classifies the training set. Various heuristics are employedto limit the search space to a tractable size. Rule sets may be eitherordered or unordered and for this comparison, unordered rule sets wereused [Cla89].Statistical prototypes outperform all models on six of the data sets(iris, sonar, thyroid, waveform, wavenoise, and wine) and perform near orabove average on another three (bupa, glass, and pima). The vehicle andvowel data sets, however, demonstrate that MSP is still somewhat fragile,as it performed significantly lower than average on these. Table 4.5compares multiple statistical prototypes with the other nine learning

43models by giving each a relative ranking for each data set according tohow well that model performed on the data set. For example, MSP isranked 1 on the waveform data set since it performed better than anyother learning model on this data set. On the other hand, MSP is ranked 4on the pima data set since three other models performed better in thiscase.

Ctree

Crules

Cart

ID3

Bayes

MML

IB3

IB4

CN2 MSP Glass34621491087

Wine52105535491

Vowel58934712109

Sonar56642398101

Iris44884422101

Bupa27145281096

Pima39285175104

Vehicle51062349178

Thyroid10884763421

Waveform69108753241

Wavenoise 6 9 8 2 4 3 5 7 10 14.97.16.74.54.33.85.55.08.13.6

Table 4.5. Relative ranking of the modelsThe bottom row of the table shows average relative ranking. Eventhough MSP performs relatively poorly on two of the data sets, it is stillranked the best overall. Table 4.6 shows the average number of prototypes created byMSP for each data set. The first column indicates the number of outputclasses for the appropriate data set. This may be thought of as a lowerbound on the number of prototypes required by MSP. The second columnindicates the average number of prototypes actually created by MSP.The third column indicates the number of instances in the training set (anupper bound on the number of prototypes), and the fourth column is theratio #Prototypes/#Instances. This ratio gives an indication of parsimony,indicating to what degree the training information was able to beassimilated into a concise representation. As may be seen from the table,a high degree of parsimony is achieved in all cases. For all data sets,MSP created no more than an average of three prototypes per outputclass, which always resulted in at least a 90% reduction in informationstored.

44Glass 7 13.71 150 9.1%Wine 3 5.30 125 4.2%Vowel 11 30.44 370 8.2%Sonar 2 6.04 146 4.1%Iris 3 4.56 105 4.3% Bupa 2 3.48 242 1.4%Pima 2 7.12 538 1.3%Vehicle 4 11.84 593 2.0% Thyroid 3 5.56 1960 0.3%Waveform 3 6.80 1400 0.5%Wavenoise 3 7.28 1400 0.5%

Dataset

#Classes

#Prototypes

%Ratio

#InstancesFigure 4.6. Number of prototypes created by MSPThe bold entries indicate data sets on which MSP performsrelatively poorly. Encouragingly, further testing of the statistical prototypeconcept has resulted in much better learning potential for those data setson which MSP performs poorly. For example on the vowel data set,manually forcing the creation of more prototypes (up around 40), results inperformance above 90%. The vehicle and glass data sets showed similarimprovement. This suggests that for these data sets MSP prematurelyterminated prootype splitting and that a different metric, rather than thesimple greedy one employed (esmall < e b ) m a y y i e l d e v e n b e t t e r r e s u l t s . I n t e r e s t i n g l y , o n l y t h e b u p a d a t a s e t a p p e a r e d r e s i s t a n t t o f u r t h e r p e r f o r m a n c e i m p r o v e m e n t s . T h i s i s p r o b a b l y a t t r i b u t a b l e t o t h e d a t a being less amenable to approximation using gaussian functions.4 . 4 . 1 . Complexity Analysis. Time complexity for SP, which employs asingle prototype per output class is reasonable. The calculation of allprototypes requires two passes over the data set. During the first pass, allmij a r e c a l c u l a t e d . D u r i n g t h e s e c o n d p a s s , a l l s i j a r e c a l c u l a t e d . S i n c e there are n instances in the training set and each instance contains v inputvariables, the entire process requires 2nv steps which yields O ( n v ) .MSP, which allows multiple prototypes per output class, initiallyrequires the same 2nv steps as does SP since it actually first runs SP.Then each temporary split requires O(n+nv) steps -- O(n) steps to dividethe instances between

ikmin p

and

ikmax p

and then O ( n v ) to calculate thetemporary means and standard deviations. During each pass through the�while� loop all prototypes are split in all dimensions. This means O(nv)splits since the number of prototypes is bounded above by n, the number

45of instances. Therefore, a single pass through the while loop will requireO(nv(n+nv)) = O(n2 v + n 2 v 2 ) ) = O ( n 2 v 2 ) . Finally, since each pass throughthe while loop yields a new prototype and since the number of prototypesis bounded above by n, no more than n passes through the loop will bemade. Therefore, the entire algorithm is O(n(n2 v 2 ) ) = O ( n 3 v 2 ) .4.5. SP/MSP and Nominal DataThis work began with an attempt at handling continuously valueddata. Statistical prototypes provide this ability; however, in their presentforms, the algorithms for statistical prototypes do not employ any methodfor handling nominally valued data. Obviously, the statistical methodspresented cannot have any relevance to data that has no inherent linearorder. Since many data sets contain nominally valued input variables aswell as continuously valued input variables, this aspect of learning can nomore be ignored than can the continuously valued one.In the case where a data set contains only continuously valuedinput variables, statistical prototypes have performed effectively. In thecase where a data set contains nominally valued input variables, twooptions present themselves. First, statistical prototypes may still beemployed, as originally intended, as a preprocessing step to anotherlearning model, M. In this scenario, SP/MSP would handle thecontinuously valued inputs and the other model would handle thenominally valued ones.4.5.1. An Example. Suppose a training set T consisted of the followinginstances:6.0bluesometimes1.8-> toxic,6.3greenalways1.9->toxic,4.9greenalways1.7->toxic,4.6bluenever0.2->nontoxic,4.8bluesometimes0.2->toxic,5.3rednever0.2->nontoxic,5.1greensometimes1.1->nontoxic,5.2bluesometimes1.4 ->nontoxic,5.9greenalways1.5->nontoxic.Since the second and third inputs are nominally valued (the third may beconsidered ordered), SP/MSP can only use the first and fourth input.Using these, SP/MSP creates its own modified training set T’ that containsonly continuously valued inputs:

466.01.8-> toxic,6.31.9->toxic,4.91.7->toxic,4.60.2->nontoxic,4.80.2->toxic,5.30.2->nontoxic,5.11.1->nontoxic,5.21.4 ->nontoxic,5.91.5->nontoxic.SP/MSP then runs normally and creates its prototypes. Assume that asingle prototype for each class is created. Then o0 i s t o x i c a n d o 1 i s nontoxic andp0 =5.5001.4000.6600.697- > toxic,p1 =5.2200.4170.8800.571- > nontoxic.Meanwhile, M performs its learning on the modified training set T’’:bluesometimes-> toxic,greenalways->toxic,greenalways->toxic,bluenever->nontoxic,bluesometimes->toxic,rednever->nontoxic,greensometimes->nontoxic,bluesometimes ->nontoxic,greenalways->nontoxic.Now, when an unknown instance x = (5.0, blue, sometimes, 1.1) ispresented to the system, classification proceeds as follows. SP/MSPtakes the modified instance x’ = (5.0, 1.1) and classifies it using p 0 and p 1 .In this case,d0 =

5 - 5. 5 . 66 + 1.1 − 1.4

. 697

= 1.19,d1 =

5 - 5. 22 . 88 + 1.1− .417

. 571

= 1.45.Since d0 < d 1 , S P / M S P c l a s s i f i e s x ’ as toxic. However, since this is atentative classification that uses only part of the available information,

47SP/MSP passes its guess along to M which uses this information alongwith the modified instance x’’ = (blue, sometimes) to make a finalclassification.This may prove to be a viable approach even when M has theability to process continuously valued data itself. The justification for thisclaim lies in the fact that many learning models are originally developed tohandle nominal data and were later extended for the continuous case (cf.C4.5 and CN2). Often, the learning model is naturally better adapted tohandling nominal data due to its development.A second option for the handling of nominal data is to relinquish theuse of other learning models altogether and extend SP/MSP to handle thenominal case itself. This approach has potential since some work hasbeen done in the area of handling multiple input domains[Aha91][Gir94][Sta86]. However, by the same reasoning used inemploying SP/MSP as a specialized processor for continuously valuedattributes, it may be argued that some learning method that �naturally�handles nominal values should be employed as a specialized processor forhandling nominally valued attributes.4.6. Parallel Implementation of SP/MSPParallel implementation of an algorithm can be of benefit if it resultsin significant speedup. In the case of the MSP algorithm, this is anecessity. O(n3 ) is an expensive time requirement for training sets ofgreater than moderate size. A c -ary tree with a broadcast and gathers c h e m e ( a l g o r i t h m 4 . 1 0 ) i s t h e r e f o r e p r e s e n t e d a s a p a r a l l e l implementation of the MSP algorithm.Create a c-ary tree of one level by creating a single node thatrepresents the initial prototype for each output class as in Figure 4.7. Theroot node contains the training set and each prototype node contains thevector of means and standard deviations for the class it represents.

48 Root

m00m01m0v...s00s01s0v...P00

m10m11m1v...s10s11s1v...P10

mc0mc1mcv...sc0sc1scv...Pc0Figure 4.7. Initial c-ary tree after running SPIncidentally, the single level c-ary tree shown in Figure 4.7 is theentire parallel structure if SP were to be implemented. However, sinceSP�s complexity is already O(n), nothing is gained from a parallelimplementation, at least in terms of speedup.Calculation of eb can now be performed as the root node broadcastseach instance to the prototype nodes and they in turn return their distancef u n c t i o n di . T h e r o o t n o d e t h e n f i n d s t h e m i n i m u m d i a n d d e t e r m i n e s w h e t h e r t h e c l a s s i f i c a t i o n i s c o r r e c t . N e x t , e a c h p r o t o t y p e n o d e c r e a t e s vsubtrees (one for each of its input variables) of three temporary nodes.See Figure 4.8.

49 Rootmc0mc1mcv...sc0sc1scv...Pc0 m10m11m1v...s10s11s1v...P10max

m10m11m1v...s10s11s1v...P10min

m10m11m1v...s10s11s1v...P10subrootP10

m00m01m0v...s00s01s0v...P00Figure 4.8. A temporary subtree for one input of one prototypeAll ea a r e t h e n c a l c u l a t e d i n p a r a l l e l a s f o l l o w s . T h e r o o t a g a i n b r o a d c a s t s e a c h i n s t a n c e t o e a c h p r o t o t y p e n o d e a n d e a c h p r o t o t y p e n o d e a g a i n s e n d s i t s di b a c k t o t h e r o o t . B u t e a c h p r o t o t y p e n o d e a l s o f o r w a r d s t h e b r o a d c a s t i n s t a n c e t o e a c h o f i t s t e m p o r a r y s u b t r e e s . T h e s e contain two temporary prototypes which calculate their distance functionsdimin and d i m a x a n d s e n d t h e m t o t h e s u b r o o t n o d e a b o v e . A l s o , t h i s t i m e t h e d i s e n t u p t o t h e r o o t n o d e f r o m t h e p e r m a n e n t p r o t o t y p e s a r e f o r w a r d e d f r o m t h e r o o t t o a l l t h e s u b r o o t n o d e s . T h e s u b r o o t n o d e s c a n t h e n f i n d t h e m i n i m u m . T h i s i s r e p e a t e d o v e r a l l i n s t a n c e s a s e a c h subroot node calculates its particular version of ea . Finally, all these e a areg a t h e r e d b y t h e r o o t a n d t h e s m a l l e s t o n e , e s m a l l , i s c o m p a r e d t o e b . Ife s m a l l < e b , t h e r o o t s e n d s a m e s s a g e t o t h e p r o t o t y p e w h o s e s u b t r e e g e n e r a t e d e s m a l l a n d t h a t p r o t o t y p e i s p e r m a n e n t l y r e p l a c e d b y t h e t w o leaves of the subtree responsible (Figure 4.9). These two new prototypest h e n c r e a t e t h e i r o w n s u b t r e e s a n d t h e e n t i r e p r o c e s s i s r e p e a t e d . W h e n

50eventually esmall ‡ e b , t h e r o o t b r o a d c a s t s a m e s s a g e t o a l l p r o t o t y p e s t o d e s t r o y t h e i r t e m p o r a r y s u b t r e e s a n d t h e p r o c e s s i s c o m p l e t e .

Root

m00m01m0v...s00s01s0v...P00

m10m11m1v...s10s11s1v...P10

mc0mc1mcv...sc0sc1scv...Pc0

m10m11m1v...s10s11s1v...P11Figure 4.9. Prototype for class o1 has been split into two new prototypes4 . 6 . 1 . Analysis. Analysis of the above algorithm yields O ( nv) steps tocreate the initial prototype nodes. To create a new prototype thenrequires O(nv) steps to calculate eb , 3 v s t e p s t o c r e a t e t h e t e m p o r a r y n o d e s , nvlog c n s t e p s t o c a l c u l a t e t h e i r t e m p o r a r y m e a n s a n d s t a n d a r d d e v i a t i o n s , a n d cnvlog c n steps to classify the training set and calculatee s m a l l . The factor of c i n t h e l a s t t e r m i s d u e t o t h e r o o t n o d e� s g a t h e r i n g of all d i a n d b r o a d c a s t i n g t h e m t o a l l t h e s u b r o o t s f o r e a c h i n s t a n c e . T o c r e a t e a n e w p r o t o t y p e , t h e n , r e q u i r e s O ( nv + 3v + n v l o g c n + c n v l o g c n ) =O ( n l o g c n ). Unfortunately, the number of new prototypes to be created isstill bounded above by n and thus the entire parallel algorithm still requiresO( n 2 ) s t e p s . H o w e v e r , a l t h o u g h t h e t h e o r e t i c a l u p p e r b o u n d o n t h e a l g o r i t h m i s n 2 due to the fact that the number of prototypes created isbounded above by n, it is encouraging to note that empirically (that is, forthe average case) that number is much lower (see Table 4.6) so thatempirically the parallel algorithm begins to approach the O(nlogn)expected from an implementation based on a tree topology.

51Parallel Learn()create root node that contains training setrun algorithm 4.1 to create c prototype nodescalculate ebroot broadcasts each instanceprototype node i calculates di and sends result to rootroot determines closestCreate Subtrees() calculate all ea root broadcasts each instanceprototype node i calculates di and sends result to rootroot forwards all di to each prototype nodeprototype node i sends instance and all di to subrootsubroot broadcasts instance to max and minmax and min calculate dimax and dimin and send results to subrooteach subroot determines closestall ea are gathered by root and esmall is foundif esmall < ebreplace prototype node that produced esmall ˚with leavesof its subtreeCreate Subtrees()Parallel Learn() Create Subtress()for all prototype nodes without a subtreecreate v children called subroots (one for each input variable)for each subroot create 2 children -- max and minmax represents instances closest to max value of variable vmin represents instances closest to min value of variable v

Algorithm 4.10. Parallel implementation of MSP

52Chapter 5Conclusion and Future ResearchThis chapter discusses ongoing research and areas for furtherinvestigation as well as summarizing the work presented in this thesis.5.1. Future ResearchAs has been suggested throughout the preceding chapters, manyfruitful avenues of inquiry still exist. These include but are not limited tousing the distance function d as a confidence measure duringclassification, improving the metric for determining the number ofprototypes in MSP (not only to improve performance but also to decreasealgorithmic complexity), combination of SP/MSP with a learning system Mthat handles nominal data, and/or extension of SP/MSP to handle nominaldata. Each of these areas is briefly discussed below.5.1.1. Using d as a Confidence Measure. Confidence measures are oftenused in learning. In many cases it is not only good to know the prototypeclosest to the input x, but also to know how close this prototype is incomparison with others. If the prototype is much closer than any of theothers, the system may be more confident that it has made a correctclassification. On the other hand, if several prototypes are almost equallynear x, the system must be less sure it has guessed correctly. Thedistances d i l e n d t h e m s e l v e s n i c e l y t o t h e u s e o f m e a s u r i n g c o n f i d e n c e i n classification correctness. One possibility is to use a weighted sum of theratios of the closest prototype to the remaining prototypes--

confidence=1− winnerd loserd

loser=0P∑ ,loser ≠ winner

,where

P = iqi=0c− 1∑

= the total number of prototypes. Other methods ofmeasuring confidence may include use of the variances or covariancesassociated with each prototype.5.1.2. Improved Metric for Number of Prototypes. It has already beensuggested that an improved metric for determining how many prototypesto create could significantly improve performance on some data sets.This is not a trivial problem however, as it is essentially the same asdetermining the modality of the data. Progress in this area could improveMSP�s performance, and may also reduce its computational complexity aswell. This approach could also be combined with the idea of confidence

53discussed above. Care must be taken, however, not to improve thismetric �too much� in the sense that it is certainly possible to improvemodeling of the training set (using Bayesian statistics, for example).However, modeling the training set too well leads to overfitting the dataand thus to poor generalization.5.1.3. Combining SP/MSP with M. This issue has already been discussedbriefly, however, it is not a trivial one. For example, some issues thatneed to be addressed include 1) Should SP/MSP precede M or viceversa? 2) Or is it problem dependent? 3) If SP/MSP is allowed to handleall continuously valued data while M handles all nominally valued data,obviously some correlations are still going to be destroyed. Is thisunavoidable? 4) How should the information produced by SP/MSP becombined with that produced by M?For example, an alternative approach to the example in 4.5.1 is touse SP/MSP as a discretizer only and not allow it to directly help classifynew instances. One way to do this is once prototypes are obtained usingT’, classify T’ using these prototypes and then recombine this informationinto T’’ before using T’’ to train M. Again using the example from 4.5.1, T’is6.01.8-> toxic,6.31.9->toxic,4.91.7->toxic,4.60.2->nontoxic,4.80.2->toxic,5.30.2->nontoxic,5.11.1->nontoxic,5.21.4 ->nontoxic,5.91.5->nontoxic,andp0 =5.5001.4000.6600.697- > toxic,p1 =5.2200.4170.8800.571- > nontoxic.N o w , u s i n g p0 and p 1 , c a l c u l a t e d i s t a n c e s f r o m a l l p r o t o t y p e s f o r e a c h i n s t a n c e :

d 0d 1 (6.0, 1.8)1.333.31(6.3,1.9)1.933.82(4.9,1.7)1.342.61(4.6,0.2)3.091.08(4.8,0.2)2.780.86(5.3,0.2)2.020.47(5.1,1.1)1.041.33(5.2,1.4)0.451.74(5.9,1.5)0.752.70.Then, reclassify each instance in T’. In this case:6.01.8-> toxic,6.31.9->toxic,4.91.7->toxic,4.60.2->nontoxic,4.80.2->nontoxic,5.30.2->nontoxic,5.11.1->toxic,5.21.4 ->toxic,5.91.5->toxic.Finally, construct T’’ using this information by replacing the continuouslyvalued input in each instance with the tentative classification produced bySP/MSP:toxicbluesometimestoxic-> toxic,toxicgreenalwaystoxic->toxic,toxicgreenalwaystoxic->toxic,nontoxicbluenevernontoxic->nontoxic,nontoxicbluesometimesnontoxic->toxic,nontoxicrednevernontoxic->nontoxic,toxicgreensometimestoxic->nontoxic,toxicbluesometimestoxic ->nontoxic,toxicgreenalwaystoxic->nontoxic.T’’ now consists of all nominally valued data and is used to train M.Classification is performed on x = (5.0, blue, sometimes, 1.1) by first usingthe prototypes of SP/MSP to discretize the instance so x’ = (toxic, blue,sometimes, toxic). M then outputs the classification it finds for x’.

555.1.4. Extending SP/MSP to Handle Nominal Data. Several approachesmay be tried here. First, some method of converting nominally valueddata into a form for which the statistical approaches of SP/MSP havesome relevance may be found. The success of this approach, of course,depends on how faithfully the conversion adapts the nominal data to acontinuously valued domain while preserving the relationships theyrepresent. A second approach would be to modify the distance function dso that it acts statistically in the continuously valued case and in ahamming distance (or related method) type manner in the nominal case.A third approach might be to attempt to develop some M specifically toact as a partner to SP/MSP. In doing so, customized interaction ofSP/MSP and M may overcome some of the difficulties that will beencountered in attempting to integrate SP/MSP and some M’ notspecifically designed to work with SP/MSP.5.2. ConclusionThe ability to handle continuously valued data is crucial to thesuccess of any general purpose learning algorithm. Discretization of thedata, in essence constraining all problems to consist solely of nominal (orat best linearly ordered) values, is one possibility.Chapter 2 presents a new approach to discretization calledBoundary Ranking and Classification Evaluation (BRACE). BRACE is aneclectic paradigm that seeks to incorporate advantages from many otherdiscretization methods. Two example algorithms, VALLEY and SLICE,when compared with other discretization methods demonstrate the utilityof BRACE as a discretization preprocessor on several real-worldproblems.The main results in chapter 3, however, indicate that in general, thechoice of which discretization method to use depends both on the problemto be learned as well as on the choice of supervised learning algorithm.As a result, none of the discretization methods clearly out-performed theothers, although ChiMerge appears to be somewhat more robust than theother methods. Also, the process of discretization as a preprocessing stepsuffered significantly when compared with algorithms that directly handlecontinuously valued data. Each of the supervised learners that employedpreprocessing performed poorly on several of the problems, evenassuming choice of the best discretization method for the combination ofproblem and learner.As a result, chapter 4 takes a different approach and develops amethod of learning from continuously valued data. The main ideas arepresented in a simple model, statistical prototypes (SP). This model isthen generalized to multiple statistical prototypes (MSP). MSP comparesfavorably with other learning algorithms, outperforming all of them on six

56of eleven of the data sets, and performing average or better on 9 of 11data sets. These promising empirical results indicate that MSP is a viableapproach to learning from continuously valued data, even with a verysimple metric for determining the number of prototypes per class. Furtherexperimentation has indicated that MSP may be further improved byimproving this metric. Because MSP was specifically designed to addressthe problem of learning from continuously valued attributes, it does not inits present form handle nominal data. Thus, by attempting to solve theproblem of how to handle continuously valued data, the inverse problem ofhow to handle nominal data has been created.Chapter 5 addresses this issue somewhat and explores severalavenues of ongoing research that hold promise. The eventual goal shouldbe a synergistic approach that does not ignore the unique challenges ofeither kind of data but rather attempts to take advantage of the salientfeatures of both.This research was supported in part by grants from Novell, Inc. andWordPerfect Corporation.

57Bibliography[Aha91]Aha, D.W.; Kibler, D.; and Albert M.K, �Instance-BasedLearning Algorithms�, Machine Learning, v6, Kluwer AcademicPublishers, The Netherlands, pp.37-66, 1991.[Aha89]Aha, D. W., �Incremental, instance-based learning ofindependent and graded concept descriptions�, Proceedings of theSixth International Workshop on Machine Learning, pp. 387-391,1989.[And93]Andersen, Timothy L. and Martinez, Tony R., "Learning andGeneralization with Bounded Order Critical Feature Sets",Proceedings of the 6th Australian Joint Conference on ArtificialIntelligence, p. 450, 1993.[Bre93]Breiman, Leo; Friedman, Jorome; Olshen, Richard; andStone, Charles,

Classification and Regression Trees, Chapman andHall, New York, 1993.[Cat91]Catlett, J., "On Changing Continuous Attributes Into OrderedDiscrete Attributes", Lecture Notes in Artificial Intelligence,Ed. J. Siekmann, Springer-Verlag, Berlin, pp. 164-78, 1991.[Cho72]Chow, C.K. and Kaneko, T., "Automatic Boundary Detectionof the Left Ventricle from Cineangiograms", Computers andBiomedical Research, v5, pp. 388-410, 1972.[Cla89]Clark, Peter and Niblett, Tim, "The CN2 InductionAlgorithm", Machine Learning, v3, Kluwer Academic Publishers,The Netherlands, pp. 261-83, 1989.[Das91]Dasarathy, Belur,

Nearest Neighbor Norms: NN Pattern

Classification Techniques, IEEE Computer Society Press, LosAlamitos, California, 1991.[Doy62]Doyle, W., "Operations Useful for Similarity-Invariant PatternRecognition", Journal of Associative Computing Machinery, v9, pp.259-67, 1962.[Eve74]Everitt, Brian,

Cluster Analysis, Halsted Press, New York,1974.

58[Fay92]Fayyad, Usama M. and Irani, Keki B., �On the Handling ofContinuous-Valued Attributes in Decision Tree Generation�,Machine Learning, v8, pp. 87-102, 1992.[Fis90]Fisher, Douglas H., "Knowledge Acquisition Via IncrementalConceptual Clustering",

Readings in Machine Learning, eds. JudeW. Shavlik and Thomas G. Dietterich, Morgan Kaufman Publishers,Inc., San Mateo, California, pp. 267-83, 1990.[Gen90]Gennari, John H.; Langley, Pat; and Fisher, Doug, "Models ofIncremental Concept Formation",

Machine Learning: Paradigms and Methods, ed. Jaime Carbonell, MIT press, Cambridge,Massachusetts, pp. 11-61, 1990.[Gir94]Giraud-Carrier, C. and Martinez, T., �An Efficient Metric forHeterogeneous Inductive Learning Applications in the Attribute-Value Language�, To appear in Proceedings of the Third GoldenWest International Conference on Intelligent Systems, 1994.[Gon87]Gonzalez, Rafael C. and Wintz, ,

Digital Image Processing,Addison-Wesley Publishing Company, Reading, Massachusetts, pp.331-88, 1987.[Hay94]Haykin, Simon,

Neural Networks: A Comprehensive

Foundation, Macmillan College Publishing Company, New York,1994.[Jai88]Jain, Anil K. and Dubes, Richard C.,

Algorithms for Clustering

Data, Prentice Hall, New Jersey, 1988.[Jar73]Jarvis, R. A. and Patrick, Edward A., "Clustering Using aSimilarity Measure Based On Shared Nearest Neighbors", IEEETransactions on Computers, vC-22, no. 11, pp. 1025-34, 1973.[Ker92]Kerber, Randy, "ChiMerge: Discretization of NumericAttributes", Proceedings of the 10th National Conference onArtificial Intelligence, pp. 123-7, 1992.[Leb85]Lebowitz, Michael, �Categorizing Numeric Information forGeneralization�, Cognitive Science, v9 no. 3, pp. 285-308, 1985.[Mar91a]Martinez, T. R. and Campbell, D. M., "A Self-OrganizingBinary Decision Tree for Incrementally Defined Rule Based

59Systems", IEEE Transactions on Systems, Man, and Cybernetics,v21, no. 5, pp. 1231-8, 1991.[Mar91b]Martinez, T. R. and Campbell, D. M., "A Self-AdjustingDynamic Logic Module", Journal of Parallel and DistributedComputing, v11, no. 4, pp. 303-13, 1991.[Mar90]Martinez, Tony R., "Adaptive Self-Organizing ConcurrentSystems", Progress in Neural Networks, vol. 1, ch. 5, ed. O.Omidvar, Ablex Publishing, pp. 105-26, 1990.[Mar88]Martinez, T. R. and Vidal J. J., "Adaptive Parallel LogicNetworks", Journal of Parallel and Distributed Computing, v5,no.1, pp. 26-58, 1988.[Mar86]Martinez, T. R., "Adaptive Self-Organizing Logic Networks",Ph.D. Dissertation, UCLA Technical Report- CSD 860093, June,1986.[Mic90]Michalski, Ryszard S., "A Theory and Methodology ofInductive Learning",

Readings in Machine Learning, eds. JudeW. Shavlik and Thomas G. Dietterich, Morgan KaufmanPublishers, Inc., San Mateo, California, pp. 70-95, 1990.[Mic83]Michalski, Ryszard S. and Stepp, Robert, E., "Learning FromObservation: Conceptual Clustering",

Machine Learning: An

Artificial Intelligence Approach, eds. Ryszard S. Michalski, JaimeG. Carbonell, Tom M. Mitchell, Tioga Publishing Company, PaloAlto, California, pp. 331-63, 1983.[Mur92]Murphy, P. M. and Aha, D. W., UCI Repository of machinelearning databases. Irvine, CA: University of California,Department of Information and Computer Science, 1992.[Qui93]Quinlan, J. Ross,

C4.5: Programs For Machine Learning,Morgan Kaufman Publishers, San Mateo, California, 1993.[Qui90] Quinlan, J. R., "Induction of Decision Trees",

Readings in

Machine Learning, eds. Jude W. Shavlik and Thomas G. Dietterich,Morgan Kaufman Publishers, Inc., San Mateo, California, pp. 57-69, 1990.

60[Ris83]Rissanen, Jorma, �A Universal Prior for Integers AnEstimation by Minimum Description Length�, Annal of Statistics,v11 no. 2, pp. 416-31, 1983.[Rum86]Rumelhart, D. E.; McClelland, J. L.,

Parallel Distributed

Processing, MIT Press, chs. 5, 8, pp.151-193, 318-62, 1986.[Sch87]Schlimmer, Jeffrey C., �Learning and Representation�,Proceedings of the Sixth National Conference on ArtificialIntelligence (AAAI87), v2, pp.511-515, 1987.[Spa80]Spath, Helmuth,

Cluster Analysis Algorithms, Ellis HorwoodLimited, West Sussex, England, 1980.[Sta86]Stanfill, C. and Waltz, D., �Toward Memory-BasedReasoning�, Communications of the ACM, v29, no. 12, pp. 1213-28,1986.[Tou74]Tou, J. T. and Gonzalez, R. C.,

Pattern Recognition Principles,Addison-Wesley Publishing Company, Reading, Massachusetts,1974.[Ven94]Ventura, Dan and Martinez, T. R., "BRACE: A Paradigm Forthe Discretization of Analog Data", Proceedings of the SeventhFlorida Artificial Intelligence Research Symposium, pp. 117-21,1994.[Wes78]Weska, J.S., "A Survey of Threshold Selection Techniques",Computer Graphics Image Processing, v7, pp. 259-65, 1978.[Whi83]White, J.M. and Rohrer, G.D., "Image Thresholding forOptical Character Recognition and Other Applications RequiringCharacter Image Extraction", IBM Journal on Research andDevelopment, v27, no. 4, pp. 400-11, 1983.[Wid88]Widrow, Bernard and Winter, Rodney, "Neural Nets forAdaptive Filtering and Adaptive Pattern Recognition", IEEETransactions on Computers, v37, no. 3, 1988.[Won87]Wong, A. K. C., and Chiu, D. K. Y., �Synthesizing statisticalknowledge from incomplete mixed-mode data�, IEEE Transactionson Pattern Analysis and Machine Intelligence, vPAMI-9, no. 6,pp.796-805, November 1987.

61[Zar94]Zarndt, Frederick, "An Empirically Derived Test Suite forMachine Learning and Connectionist Algorithms", in preparation,1994.

On Discretization as a Preprocessing StepFor Supervised Learning ModelsDan VenturaDepartment of Computer ScienceM.S. Degree, April 1995ABSTRACTMany machine learning and neurally inspired algorithms are limited, at least intheir pure form, to working with nominal data. However, for many real-worldproblems, some provision must be made to support processing of continuously valueddata. BRACE, a paradigm for the discretization of continuously valued attributes isintroduced, and two algorithmic instantiations of this paradigm, VALLEY and SLICEare presented. These methods are compared empirically with other discretizationtechniques on several real-world problems and no algorithm clearly outperforms theothers. Also, discretization as a preprocessing step is in many cases found to beinferior to direct handling of continuously valued data. These results suggest thatmachine learning algorithms should be designed to directly handle continuously valueddata rather than relying on preprocessing or ad hoc techniques. To this end statisticalprototypes (SP/MSP) are developed and an empirical comparison with well-knownlearning algorithms is presented. Encouraging results demonstrate that statisticalprototypes have the potential to handle continuously valued data well. However, atthis point, they are not suited for handling nominally valued data, which is arguably atleast as important as continuously valued data in learning real-world applications.Several areas of ongoing research that aim to provide this ability are presented.COMMITTEE APPROVAL:

Tony R. Martinez, Committee Chairman

William A. Barrett, Committee Member

J. Kelly Flanagan, Committee Member

David W. Embley, Graduate Coordinator