A Quantum Associative Memory Based on Grover�s AlgorithmDan Ventura and Tony MartinezNeural Networks and Machine Learning Laboratory (http://axon.cs.byu.edu)Department of Computer ScienceBrigham Young University, Provo, UT 84602 USAAbstractQuantum computation uses microscopic quantum leveleffects to perform computational tasks and has producedresults that in some cases are exponentially faster thantheir classical counterparts. The unique characteristics ofquantum theory may also be used to create a quantumassociative memory with a capacity exponential in thenumber of neurons. This paper combines two quantumcomputational algorithms to produce a quantumassociative memory. The result is an exponential increasein the capacity of the memory when compared totraditional associative memories such as the Hopfieldnetwork. The paper covers necessary high-level quantummechanical ideas and introduces a quantum associativememory, a small version of which should be physicallyrealizable in the near future.1 IntroductionAssume a set P of m binary patterns of length n. Weconsider the problem of pattern completion -- learningto produce one of the full patterns when presented withonly a partial pattern. The trivial solution is simply tostore the set of patterns as a lookup table or RAM.There are two reasons why this is not always the bestsolution. First, it requires that a unique address beassociated with and remembered for each pattern.Second, the lookup table requires mn bits in order tostore all the patterns. It is often desirable to be able torecall the patterns in an associative fashion, thuseliminating the need for explicit addressing. That is,given a partial pattern one would like to be able to �fillin� a reasonable guess as to the rest of the pattern.This may also be considered a form of generalization asthe partial pattern may never have been seen during thelearning of the pattern set P. Further, it would bebeneficial if a smaller representation was possible.To this end, various classical associative memoryschemes have been proposed, perhaps the most wellknown being the Hopfield network [10]. Another well-known example is the bidirectional associative memory(BAM) [11]. These neural approaches to the patterncompletion problem allow for associative pattern recall,but suffer severe storage restrictions. Storing patternsof length n requires a network of n neurons, and thenumber of patterns, m, is then limited by m £ kn,where typically 0.15 £ k £ 0.5. This paper offersimprovement by proposing a quantum associativememory that maintains the ability to recall patternsassociatively while offering a storage capacity of O(2n)using only n neurons.The field of quantum computation, which appliesideas from quantum mechanics to the study ofcomputation, was introduced in the mid 1980’s [6].For a readable introduction to quantum computation see[1]. The field is still in its infancy and very theoreticalbut offers exciting possibilities for the field ofcomputer science -- perhaps the most notable to datebeing the discovery of quantum computationalalgorithms for computing discrete logarithms and primefactorization in polynomial time, two problems forwhich no known classical polynomial time solutionsexist [13]. These algorithms provide theoretical proofnot only that interesting computation can be performedat the quantum level but also that it may in some caseshave distinct advantages over its classical cousin.Artificial neural networks (ANN) seek to provideways for classical computers to learn rather than to beprogrammed. If quantum computers become a reality,then artificial neural network methods that are amenableto and take advantage of quantum mechanical propertieswill become possible. In particular, can quantummechanical properties be applied to ANNs for problemssuch as associative memory? Recently, work has beendone in the area of combining classical artificialassociative memory with ideas from the field ofquantum mechanics. Perus details several interestingmathematical analogies between quantum theory andneural network theory [12]. [15] goes a step further byproposing an actual model for a quantum associativememory. The work here further develops this model byexhibiting a physically realizable quantum system foracting as an associative memory.This paper presents a unique reformulation of thepattern completion problem into the language of wavefunctions and operators. This reformulation may begeneralized to a large class of computational learningproblems, opening up the possibility of employing thecapabilities of quantum computational systems for thesolution of computational learning problems. Section

2 introduces some important ideas from quantummechanics and briefly discusses quantum computationalong with some of its early successes. Section 3 goesinto more detail on one particular algorithm forquantum database search due to Grover [9]. Section 4briefly describes a modification of the quantumalgorithm, detailed elsewhere [16] for initializing aquantum system to represent a set of patterns, and thetwo algorithms are combined in section 5 to producethe quantum associative memory. Section 6 concludesand provides directions for further research.2 Quantum ComputationQuantum computation is based upon physicalprinciples from the theory of quantum mechanics,which is in many ways counterintuitive. Yet it hasprovided us with perhaps the most accurate physicaltheory (in terms of predicting experimental results) everdevised by science. The theory is well-established andis covered in its basic form by many textbooks (see forexample [7]). Several necessary ideas that form thebasis for the study of quantum computation are brieflyreviewed here.Linear superposition is closely related to thefamiliar mathematical principle of linear combinationof vectors. Quantum systems are described by a wavefunction y that exists in a Hilbert space. The Hilbertspace has a set of states,

ϕ i

, that form a basis, andthe system is described by a quantum state

ψ

,

ψ = cii∑ ϕ i

.(1)

ψ

is said to be in a linear superposition of the basisstates

ϕ i

, and in the general case, the coefficients cimay be complex. Use is made here of the Dirac bracketnotation, where the ket

⋅

is analogous to a columnvector, and the bra

⋅

is analogous to the complexconjugate transpose of the ket. In quantum mechanicsthe Hilbert space and its basis have a physicalinterpretation, and this leads directly to perhaps themost counterintuitive aspect of the theory. The counterintuition is this -- at the microscopic or quantum level,the state of the system is described by the wavefunction y, that is, as a linear superposition of allbasis states (i.e. in some sense the system is in allbasis states at once). However, at the macroscopic orclassical level the system can be in only a single basisstate. For example, at the quantum level an electroncan exist in a superposition of many different energylevels; however, in the classical realm this cannot be.Coherence and decoherence are closely related to theidea of linear superposition. A quantum system is saidto be coherent if it is in a linear superposition of itsbasis states. A result of quantum mechanics is that if asystem that is in a linear superposition of statesinteracts in any way with its environment, thesuperposition is destroyed. This loss of coherence iscalled decoherence and is governed by the wave functiony. The coefficients ci are called probability amplitudes,and

ci 2

gives the probability of

ψ

collapsing intostate

ϕ i

if it decoheres. Note that the wave functiony describes a real physical system that must collapse toexactly one basis state. Therefore, the probabilitiesgoverned by the amplitudes ci must sum to unity. Thisconstraint is expressed as the unitarity condition

i∑ =1

.(2)In the Dirac notation, the probability that a quantumstate

ψ

will collapse into an eigenstate

ϕ i

iswritten

ϕ i ψ 2

and is analogous to the dot product(projection) of two vectors. Consider, for example, adiscrete physical variable called spin. The simplestspin system is a two-state system, called a spin-1/2system, whose basis states are usually represented as

↑

(spin up) and

↓

(spin down). In this simplesystem the wave function y is a distribution over twovalues and a coherent state

ψ

is a linearsuperposition of

↑

and

↓

. One such state might be

ψ = 25 ↑ + 15 ↓

.(3)As long as the system maintains its quantum coherenceit cannot be said to be either spin up or spin down. Itis in some sense both at once. Classically, it must beone or the other, and when this system decoheres theresult is, for example, the

↑

state with probability

↑ ψ 2 = 25 2 = 0.8

.(4)A simple two-state quantum system, such as thespin-1/2 system just introduced, is used as the basicunit of quantum computation. Such a system isreferred to as a quantum bit or qubit, and renaming thetwo states

0

and

1

it is easy to see why this is so.Operators on a Hilbert space describe how onewave function is changed into another. Here they willbe denoted by a capital letter with a hat, such as

Â

, andthey may be represented as matrices acting on vectors.Using operators, an eigenvalue equation can be written

Âϕ i = ai ϕ i

, where ai i s t h e e i g e n v a l u e . T h e solutions

ϕ i

to such an equation are called eigenstatesand can be used to construct the basis of a Hilbert spaceas discussed above. In the quantum formalism, allproperties are represented as operators whose eigenstatesare the basis for the Hilbert space associated with thatproperty and whose eigenvalues are the quantumallowed values for that property. It is important to

note that operators in quantum mechanics must belinear operators and further that they must be unitary sothat

Â†Â= ÂÂ† = Î

, where

Î

is the identity operator,and

Â†

is the complex conjugate transpose of

Â

.Interference is a familiar wave phenomenon. Wavepeaks that are in phase interfere constructively (magnifye a c h o t h e r� s a m p l i t u d e ) w h i l e t h o s e t h a t a r e o u t o f phase interfere destructively (decrease or eliminate eachother�s amplitude). This is a phenomenon common toa l l k i n d s o f w a v e m e c h a n i c s f r o m w a t e r w a v e s t o o p t i c s . T h e w e l l - k n o w n d o u b l e s l i t e x p e r i m e n t demonstrates empirically that interference also appliesto the probability waves of quantum mechanics.Entanglement is the potential for quantum states toexhibit correlations that cannot be accounted forclassically. From a computational standpoint,entanglement seems intuitive enough -- it is simply thefact that correlations can exist between different qubits-- for example if one qubit is in the

1

state, anotherwill be in the

1

state. However, from a physicalstandpoint, entanglement is little understood. Thequestions of what exactly it is and how it works arestill not resolved. What makes it so powerful (and solittle understood) is the fact that since quantum statesexist as superpositions, these correlations somehowexist in superposition as well. When the superpositionis destroyed, the proper correlation is somehowcommunicated between the qubits, and it is this�communication� that is the crux of entanglement andthe key to quantum computation. It follows that whileinterference is a quantum property that has a classicalcousin, entanglement is a completely quantumphenomenon for which there is no classical analog.2.1 Quantum AlgorithmsThe field of quantum computation offers excitingpossibilities -- the most important quantum algorithmsdiscovered to date all perform tasks for which there areno classical equivalents. For example, Deutsch�salgorithm [5] is designed to solve the problem ofidentifying whether a binary function is constant(function values are either all 1 or all 0) or balanced(the function takes an equal number of 0 and 1 values).Deutsch�s algorithm accomplishes the task in orderO(n) time, while classical methods require O(2n) time.Simon�s algorithm [14] is constructed for finding theperiodicity in a 2-1 binary function that is guaranteed topossess a periodic element. Here again an exponentialspeedup is achieved; however, admittedly, both thesealgorithms have been designed for artificial, somewhatc o n t r i v e d p r o b l e m s a s a p r o o f o f c o n c e p t . G r o v e r� s algorithm [9], on the other hand, provides a method fors e a r c h i n g a n u n o r d e r e d q u a n t u m d a t a b a s e i n t i m e O(

N

), compared to the classical lower bound ofO(N). Here is a real-world problem for which quantumcomputation provides performance that is classicallyimpossible (though the speedup is less dramatic thane x p o n e n t i a l ) . F i n a l l y , t h e m o s t w e l l - k n o w n a n d p e r h a p s t h e m o s t i m p o r t a n t q u a n t u m a l g o r i t h m d i s c o v e r e d s o f a r i s S h o r� s a l g o r i t h m f o r p r i m e f a c t o r i z a t i o n [ 1 3 ] . T h i s a l g o r i t h m f i n d s t h e p r i m e f a c t o r s o f v e r y l a r g e n u m b e r s i n p o l y n o m i a l t i m e , while the best classical algorithms require exponentialt i m e . O b v i o u s l y , t h e i m p l i c a t i o n s f o r t h e f i e l d o f cryptographyareprofound.3 Grover�s AlgorithmLov Grover has developed an algorithm for finding oneitem in an unsorted database, similar to finding thename that matches a telephone number in a telephonebook. Classically, if there are N items in the database,this would require on average O(N) queries to thedatabase. However, Grover has shown how to do thisusing quantum computation with only O(

N

) queries.In the quantum computational setting, finding the itemin the database means measuring the system and havingthe system collapse with near certainty to the desiredbasis state, which corresponds to the item in thedatabase for which we are searching. The basic idea ofGrover�s algorithm is to invert the phase of the desiredbasis state and then to invert all the basis states aboutthe average amplitude of all the states (for more detailssee [9] [8]). This process produces an increase in theamplitude of the desired basis state to near unityfollowed by a corresponding decrease in the amplitudeof the desired state back to its original magnitude. Theprocess is cyclical with a period of

π4 N

, and thusafter O(

N

) queries, the system may be observed inthe desired state with near certainty (with probability atleast

1− 1N

). Interestingly this implies that the largerthe database, the greater the certainty of finding thedesired state [3]. Of course, if greater certainty isrequired, the system may be sampled k times boostingthe certainty of finding the desired state to

1− 1Nk

.Define the following operators.

Îϕ = identity matrix except for ϕ ϕ = − 1

, (5)which inverts the phase of the basis state

ϕ

and

Ŵ = 12 1 11 − 1

, (6)which is often called the Walsh or Hadamard transform.This operator, when applied to a set of qubits, performsa special case of the discrete fourier transform.Now to perform the quantum search on a database

of size N = 2n , where n is the number of qubits, beginw i t h t h e s y s t e m i n t h e

0

state and apply the

Ŵ

operator. This initializes all the states to have thesame amplitude. Next apply the operator sequence

ĜÎτπ4 N

times, where

Ĝ = − ŴÎ0Ŵ

can be thought of asrotating all the states about their average amplitudeand

τ

is the state being sought (and recall thatoperators are applied right to left). Finally, observe thesystem. This algorithm will be used to associatively�fill in� a pattern by finding a basis state thatcorresponds to the partial pattern to be completed.4 Initializing the Quantum StateIn [16] we presented a polynomial-time quantumalgorithm for constructing a quantum state over a set ofqubits to represent the information in a training set.The algorithm is implemented using a polynomialnumber (in the length and number of patterns) ofelementary operations on one, two, or three qubits.Here the necessary operators are presented briefly andthe reader is referred to [16] for details.

Ŝp = 1 0 0 0

0 1 0 0

0 0 p − 1p − 1p

0 0 1p p − 1p

,(7)where 1 £ p £ m . These operators form a set ofconditional transforms that will be used to incorporatethe set of patterns into a coherent quantum state. Therewill be a different

Ŝp

operator associated with eachpattern to be stored. The interested reader may note thatthis definition of the

Ŝp

operator is slightly differentthan the original. This is because in this context, weare considering pattern memorization rather than patternclassification and therefore have no output class per se.Thus the phase of the coefficients becomes unimportantin this case.

F̂0 = 0 1 0 0 1 0 0 0

0 0 1 0

0 0 0 1

, (8)conditionally flips the second qubit if the first qubit isin the

0

state;

F̂1

conditionally flips the second qubitif the first qubit is in the

1

state (

is the same as

F̂0

except that the off-diagonal elements occur in thebottom right quadrant rather than in the top left).These operators are referred to elsewhere as Control-NOT because a logical NOT (state flip) is performed onthe second qubit depending upon (or controlled by) thestate of the first qubit.

Â00 = 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

,(9)conditionally flips the third bit if and only if the firsttwo are in the state

00

. Note that this operator canbe thought of as performing a logical AND of thenegation of the first two bits, writing a 1 in the third ifand only if the first two are both 0. Three otheroperators,

Â01

,

Â10

and

Â11

, are variations of

Â00

inwhich the off diagonal elements occur in the other threepossible locations along the main diagonal.

Â01

canbe thought of as performing a logical AND of the firstbit and the negation of the second, and so forth. Theseoperators are used to identify specific states in asuperposition.Now given a set P of m binary patterns of lengthn to be memorized, the quantum algorithm for storingthe patterns requires a set of 2n+1 qubits, the first n ofwhich actually store the patterns and can be thought ofanalogously as n neurons in a quantum associativememory. For convenience, the qubits are arranged inthree quantum registers labeled x, g, and c, and thequantum state of all three registers together isrepresented in the Dirac notation as

x,g,c

.The x register will hold a superposition of thepatterns. There is one qubit in the register for each bitin the patterns to be stored, and therefore any possibleinput can be represented. The g register is a garbageregister used only in identifying a particular state. It isrestored to the state

0

after every iteration. The cregister contains two control qubits that indicate thestatus of each state at any given time. A high-levelintuitive description of the algorithm is as follows.The system is initially in the single basis state

0

.The qubits in the x register are selectively flipped sothat their states correspond to the inputs of the firstpattern. Then, the state in the superpositionrepresenting the pattern is �broken� into two �pieces� --one �larger� and one �smaller� and the status of thesmaller one is made permanent. Next, the x register ofthe larger piece is selectively flipped again to match theinput of the second pattern, and the process is repeatedfor each pattern. When all the patterns have been�broken� off of the large �piece�, then all that is left is

a collection of small pieces, all the same size, thatrepresent the patterns to be stored; in other words, acoherent superposition of states is created thatcorresponds to the patterns, where the amplitudes of thestates in the superposition are all equal. The algorithmrequires O(mn) steps to encode the patterns as aquantum superposition over n quantum neurons. Notethat this is optimal in the sense that just reading eachinstance once cannot be done any faster than O(mn).5 Quantum Associative MemoryA quantum associative memory (QuAM) can now beconstructed from the two algorithms of sections 3 and4. Define the

P̂

operator as the operator combinationof equations (7-9) that implements the algorithm formemorizing patterns described in section 4. Then theoperation of the QuAM can be described as follows.Memorizing a set of patterns is simply

ψ = P̂ 0

,(10)with

ψ

being a quantum superposition of basisstates, one for each pattern. Now, suppose we known—1 bits of a pattern and wish to recall the entirepattern. Assuming that there are not two patterns thatdiffer only in the last bit, we can use Grover�salgorithm to recall the pattern as (t is the targetpattern)

ψ ' = ĜÎτ ψ

(11)applied recursively

π4 N

times. Thus, with 2 n + 1 n e u r o n s ( q u b i t s ) t h e Q u A M c a n s t o r e u p t o N=2 npatterns in O ( mn ) steps and requires O(

N

) time torecall a pattern.A very simple example will help clarify. Supposethat we have a set of patterns P = {000,011,100,110}.Then using equation (10) memorizes the pattern set asthe quantum state

P̂ 0 = 12 000 + 12 011 + 12 100 + 12 110

.(12)Now suppose that we want to recall the pattern whosefirst two bits were 10. Applying equation (11) gives

ĜÎτ 12 000 + 12 011 + 12 100 + 12 110

= Ĝ 12 000 + 12 011 − 12 100 + 12 110

= 100 ,

(13)and we have thus achieved our goal. We can nowobserve the system to see that the completion of thepattern 10 is 100.Using some concrete numbers, assume that n = 24and m = 21 4 ( w e l e t m b e l e s s t h a n t h e m a x i m u m p o s s i b l e 2 16 to allow for some generalization and toavoid the contradictory patterns that would otherwiseresult). Then the QuAM requires O(mn) = O ( 2 18 ) <106 operations to memorize the patterns and O(

N

) =O(

216

) < 10 3 o p e r a t o r s t o r e c a l l a p a t t e r n . F o r c o m p a r i s o n , i n [ 1 ] B a r e n c o g i v e s e s t i m a t e s o f h o w manyoperationsmightbeperformedbeforedecoherencef o r v a r i o u s p o s s i b l e p h y s i c a l i m p l e m e n t a t i o n technologies for the qubit. These estimates range fromas low as 103 (electrons in GaAs and electron quantumdots) to as high as 1013 (trapped ions), so our estimatesfall comfortably into this range, even near the low endo f i t . F u r t h e r , t h e a l g o r i t h m w o u l d r e q u i r e o n l y 2 n+1= 2*16+1 = 33 qubits! For comparison, a classicalHopfield type network used as an associative memoryhas a saturation point around 0.15n. In other words,about 0.15n patterns can be stored and recalled with nneurons. Therefore, with n=16 neurons, a Hopfieldnetwork can store only 0.15*16 » 2 patterns.Conversely, to store 214 patterns would require that thep a t t e r n s b e c l o s e t o 1 1 0 , 0 0 0 b i t s l o n g a n d t h a t t h e network have that same number of neurons.G r o v e r� s o r i g i n a l a l g o r i t h m o n l y a p p l i e s t o t h e c a s e w h e r e a l l b a s i s s t a t e s a r e r e p r e s e n t e d i n t h e s u p e r p o s i t i o n e q u a l l y t o s t a r t w i t h a n d o n e a n d o n l y o n e b a s i s s t a t e i s t o b e r e c o v e r e d . I n o t h e r w o r d s , s t r i c t l y s p e a k i n g , t h e o r i g i n a l a l g o r i t h m w o u l d o n l y a p p l y t o t h e c a s e w h e n t h e s e t P of patterns to bememorized included all possible patterns of length nand when we new all n bits of the pattern to be recalled-- not a very useful associative memory. However,several other papers have since generalized Grover�soriginal algorithm and improved on his analysis toinclude cases where not all possible patterns arerepresented and where more than one target state is tobe found [3] [2] [8]. Strictly speaking it is these moregeneral results which allow us to create a useful QuAMthat will associatively recall patterns.Finally, it is worth mentioning that very recentlyChuang et. al. have succeeded in physicallyimplementing Grover�s algorithm for the case n=2using nuclear magnetic resonance technology on asolution of chloroform molecules [4]. It is thereforenot unreasonable to assume that a small quantumassociative memory may be implemented in the not toodistant future.6 Concluding CommentsA unique view of the pattern completion problem ispresented that allows the proposal of a quantumassociative memory with exponential storage capacity.It employs simple spin-1/2 quantum systems andrepresents patterns as quantum operators. This

approach introduces a large new field to which quantumcomputation may be applied to advantage -- that ofneural networks. In fact, it is the authors� opinion thatthis application of quantum computation will, ingeneral, demonstrate much greater returns than itsapplication to more traditional computational tasks(though Shor�s algorithm is an obvious exception).We make this conjecture because results in bothquantum computation and neural networks are by natureprobabilistic and inexact, whereas most traditionalcomputational tasks require precise and deterministicoutcomes.The most urgently appealing future work suggestedby the result of this paper is, of course, the physicalimplementation of the algorithm in a real quantumsystem. As mentioned in section 5, the fact that veryfew qubits are required for non-trivial problems togetherwith the recent physical realization of Grover�salgorithm helps expedite the realization of quantumcomputers performing useful computation. In themean time, a simulation of the quantum associativememory is being developed to run on a classicalcomputer at the cost of an exponential slowdown in thelength of the patterns. Thus, association problems thatare non-trivial and yet small in size will provideinteresting study in simulation. Another obvious andimportant area for future research is investigatingfurther the application of quantum computational ideasto the field of neural networks -- the discovery of otherquantum computational learning algorithms. Further,techniques and ideas that result from developingquantum algorithms may be useful in the developmentof new classical algorithms. Finally, the process ofunderstanding and developing a theory of quantumcomputation provides insight and contributes to afurthering of our understanding and development of ageneral theory of computation.References[1]Barenco, Adriano, �Quantum Physics andComputers�, Contemporary Physics, vol. 37 no. 5,pp. 375-89, 1996.[2]Biron, David, Ofer Biham, Eli Biham, Markus Grassland Daniel A. Lidar, �Generalized Grover SearchAlgorithm for Arbitrary Initial AmplitudeDistribution�, to appear in the Proceedings of the 1stNASA International Conference on QuantumComputation and Quantum Communications,February 1998.[3]Boyer, Michel, Gilles Brassard, Peter H¿yer andAlain Tapp, �Tight Bounds on Quantum Searching�,Workshop on Physics and Computation, pp. 36-43,November 1996.[4]Chuang, Isaac, Neil Gershenfeld and Mark Kubinec,�Experimental Implementation of Fast QuantumSearching�, Physical Review Letters, vol. 80 no. 15,pp. 3408-11, April 13, 1998.[5]Deutsch, David and Richard Jozsa, �Rapid Solutionof Problems by Quantum Computation�, Proceedingsof the Royal Society, London A, vol. 439, pp. 553-8, 1992.[6]Deutsch, David, �Quantum Theory, The Church-Turing Principle and the Universal QuantumComputer�, Proceedings of the Royal Society,London A, vol. 400, pp. 97-117, 1985.[7]Feynman, Richard P., R. B. Leighton and MarkSands, The Feynman Lectures on Physics, vol. 3,Addison-Wesley Publishing Company, ReadingMassachusetts, 1965.[8]Grover, Lov K., �Quantum Search on StructuredProblems�, to appear in the Proceedings of the 1stNASA International Conference on QuantumComputation and Quantum Communications,February 1998.[9]Grover, L., �A Fast Quantum Mechanical Algorithmfor Database Search�, Proceedings of the 28thAnnual ACM Symposium on the Theory ofComputing, ACM, New York, pp. 212-19, 1996.[10]Hopfield, J. J., �Neural Networks and PhysicalSystems with Emergent Collective ComputationalAbilities�, Proceedings of the National Academy ofScientists, vol. 79, pp. 2554-2558, 1982.[11]Kosko, Bart, �Bidirectional Associative Memories�,IEEE Transactions on Systems, Man, andCybernetics, vol. 18, pp. 49-60, 1988.[12]Perus, Mitja, �Neuro-Quantum Parallelism in Brain-Mind and Computers�, Informatica, vol. 20, pp.173-83, 1996.[13]Shor, Peter, �Polynomial-Time Algorithms for PrimeFactorization and Discrete Logarithms on a QuantumComputer�, SIAM Journal of Computing, vol. 26 no.5, pp. 1484-1509, 1997.[14]Simon, D., �On the Power of QuantumComputation�, SIAM Journal of Computation, vol.26 no. 5, pp. 1474-83, 1997.[15]Ventura, Dan and Tony Martinez, �QuantumAssociative Memory with Exponential Capacity�,Proceedings of the International Joint Conference onNeural Networks, pp. 509-13, May 1998.[16]Ventura, Dan and Tony Martinez, �Initializing aQuantum State�s Amplitude Distribution�, submittedto Physical Review Letters, June 18, 1998.