iiiTable of ContentsI. Background and Motivation........................................................ 11.˚Introduction............................................................................... 21. Computational Learning.............................................................. 22. Evolutionary Computation........................................................... 23.˚Quantum˚Computation.............................................................. 34. Thesis Statement...................................................................... 35. Overview of Dissertation............................................................. 46. Publications............................................................................ 5References................................................................................. 62.˚Related˚Work............................................................................ 81. Neural Networks...................................................................... 82. Evolutionary Computation........................................................... 103. Neural/Evolutionary Hybrids........................................................ 114.˚Quantum˚Computation.............................................................. 114.1 Quantum computational learning.............................................. 12References................................................................................. 133. Concerning a General Framework for the Development ofIntelligent˚Systems............................................................... 171. Introduction............................................................................ 172. Connectionism and Symbolism..................................................... 183. Issues of Intelligence................................................................. 213.1. Formal primitives.............................................................. 213.2.˚Knowledge..................................................................... 213.2.1. Acquisition............................................................... 213.2.2. Representation........................................................... 213.2.3. Explanation.............................................................. 213.3. Complex symbols.............................................................. 223.3.1. Compositionality........................................................ 223.3.2.˚Systematicity............................................................ 223.4. Grounding...................................................................... 223.5. Learning......................................................................... 233.6. Robustness, fault tolerance, and adaptivity................................. 233.7. Duality........................................................................... 233.7.1. Continuous and discrete................................................ 233.7.2.˚Numerical and symbolic............................................... 233.7.3. Distributed and localist................................................. 243.7.4. Parallel and Serial....................................................... 243.7.5. Statistics and logic...................................................... 243.8. Multiple levels.................................................................. 243.9.˚Scaling.......................................................................... 243.10.˚What and how................................................................ 254. Toward a General Theory............................................................ 25References................................................................................. 25 ivII. A Neural/Evolutionary Hybrid System...................................... 284. Using Evolutionary Computation to Generate Training Set Data forNeural˚Networks................................................................. 301. Introduction............................................................................ 302. Problem Description.................................................................. 313. Generating the Training Set.......................................................... 314.˚Simulation............................................................................. 324.1. Generating a problem definition.............................................. 334.2.˚Creating˚a˚training˚set....................................................... 334.3. Training the NN................................................................ 344.4.˚Creating˚a˚test˚set............................................................ 344.5.˚Testing˚the˚NN˚network.................................................... 345.˚Empirical˚Results.................................................................... 346. Conclusion............................................................................. 35References................................................................................. 365. A General Evolutionary/Neural Hybrid Approach to LearningOptimization Problems.......................................................... 371. Introduction............................................................................ 372. Problem Description.................................................................. 383. Combining Evolutionary Computation with Neural Computation.............. 384.˚Simulation............................................................................. 404.1. The system Q................................................................... 404.2.˚Creating˚a˚training˚set....................................................... 414.3.˚Training˚the˚neural˚network................................................ 414.4.˚Creating˚a˚test˚set............................................................ 424.5. Testing the neural network.................................................... 424.6.˚Empirical˚Results............................................................. 425. Conclusion............................................................................. 44References................................................................................. 456. Robust Optimization Using Training Set Evolution............................. 461. Introduction............................................................................ 462. Problem Description.................................................................. 473. Combining Evolutionary Computation with Neural Computation.............. 474.˚Empirical˚Results.................................................................... 484.1. Matrix problem................................................................. 494.2. Target problem................................................................. 504.3. Training set quality vs. training set size..................................... 525. Conclusion and Future Work........................................................ 53References................................................................................. 537. Optimal Control Using a Neural/Evolutionary Hybrid System............... 551. Introduction............................................................................ 552. Problem Description.................................................................. 563. Using Evolutionary Computation to Produce a Training Set.................... 574.˚The˚Pole˚Balancing˚Problem˚--˚An˚Example................................. 595.˚Conclusions........................................................................... 61References................................................................................. 62Appendix A: Dynamics of the pole balancing problem.............................. 63Appendix B: Further experimental results............................................. 64 vIII. Quantum Computational Learning........................................... 668.˚An˚Artificial˚Neuron˚with˚Quantum˚Mechanical˚Properties.................. 691. Introduction............................................................................ 692. Some Quantum Ideas................................................................. 693. Related Work.......................................................................... 704. Quantum Neuron...................................................................... 715. Concluding Remarks................................................................. 74References................................................................................. 749. Quantum Associative Memory with Exponential Capacity................... 761. Introduction............................................................................ 762. Quantum Mechanics.................................................................. 773. Quantum Associative Memory (QuAM)............................................ 794. Discussion and Empirical Results................................................... 814.1. Generalization.................................................................. 825. Concluding Remarks................................................................. 83References................................................................................. 8310. Initializing the Amplitude Distribution of a Quantum State.................. 85References................................................................................. 9311. Quantum Associative Memory..................................................... 941. Introduction............................................................................ 942.˚Quantum˚Computation.............................................................. 962.1. Linear superposition........................................................... 962.2.˚Coherence and˚decoherence................................................. 962.3. Operators........................................................................ 972.4. Interference..................................................................... 972.5. Entanglement................................................................... 982.6. Quantum networks............................................................. 992.7. Quantum algorithms........................................................... 1003.˚Storing˚and˚Recalling˚Patterns˚in˚a˚Quantum˚System....................... 1013.1.˚Grover�s˚algorithm........................................................... 1013.1.1.˚An˚example˚of˚Grover�s˚algorithm................................ 1023.2.˚Initializing˚the˚quantum˚state............................................... 1033.2.1.˚An˚example˚of˚storing˚patterns˚in˚a˚quantum˚system........ 1053.3. Grover�s algorithm revisited.................................................. 1073.3.1.˚Grover˚example˚revisited............................................ 1084.˚Quantum˚Associative˚Memory.................................................... 1104.1. A QuAM example.............................................................. 1114.2. Probability of success......................................................... 1134.3. Extension to non-binary patterns............................................. 1145. Concluding Comments............................................................... 114References................................................................................. 11512. A Quantum Computational Learning Algorithm................................ 1181. Introduction............................................................................ 1182.˚Computational˚Learning˚Theory.................................................. 1193.˚Quantum˚Computation.............................................................. 1213.1 Linear superposition............................................................ 1213.2˚Coherence˚and˚decoherence................................................. 1213.3 Operators......................................................................... 1223.4 Interference...................................................................... 122 vi3.5 Entanglement.................................................................... 1233.6 Quantum algorithms............................................................ 1234. Fourier-Based Learning.............................................................. 1244.1˚Some˚ideas˚from˚Fourier˚analysis......................................... 1244.1.1 A Fourier example....................................................... 1254.2 Matrix formulation.............................................................. 1264.2.1˚A˚matrix˚version˚of˚the˚example................................... 1274.3 Quantum formulation........................................................... 1294.3.1 A quantum example...................................................... 1295. Finding a Large Coefficient by Quantum Fourier Sampling..................... 1315.1 A quantum quirk in estimating coefficients.................................. 1325.2 A non-classical result -- finding large coefficients in O(

2n

) time....... 1335.3 Analysis and discussion........................................................ 1346. Concluding Comments............................................................... 135References................................................................................. 136IV. Conclusion............................................................................... 13913. Concluding Comments................................................................ 1401. Summary and Contributions......................................................... 1412. Future Research Directions.......................................................... 1422.1. The Neural/Evolutionary Hybrid............................................. 1422.2. Quantum Computational Learning........................................... 144ABSTRACT................................................................................... 146

Quantum and Evolutionary Approaches toComputational LearningA DissertationPresented to theDepartment of Computer ScienceBrigham Young UniversityIn Partial Fulfillmentof the Requirements for the DegreeDoctor of PhilosophybyDan VenturaAugust 1998

iiThis dissertation by Dan Ventura is accepted in its present form by the Department ofComputer Science of Brigham Young University as satisfying the dissertation requirementsfor the degree of Doctor of Philosophy.

Tony R. Martinez, Committee Chairman

Jean-Francois Van Huele, Committee Member

Parris K. Egbert, Committee Member

Bryan S. Morse, Committee Member

John C. Higgins, Committee Member

DateScott N. Woodfield, Graduate Coordinator iii iv v vi???

viiAcknowledgmentsFirst and foremost I would like to thank my Heavenly Father for sustaining andproviding for me and my family throughout the time required to complete this work. Wehave been the recipient of so many blessings.Of course, a good deal of the credit for my progress and production goes to myadvisor, Tony Martinez, who taught me, most importantly, how to think and who has beena great friend with whom I have thoroughly enjoyed working.There have been many other faculty members and colleagues who have contributed inone way or another to my education, providing encouragement, insight, and helpfulcriticisms. For fear of excluding someone, I will not attempt to name them here;nevertheless I am grateful to each one.I am also very grateful for the financial support that I received from various agenciesduring my research. In particular, Novell Inc. and WordPerfect Corp. provided earlysupport, and the Computer Science Department has generously provided both financialsupport and access to excellent resources.Finally, I am so thankful for the love and support of my wonderful wife, Marcia, whohas put up with a lot for the past few years and has been more help to me than she will everknow.

1Part IBackground and MotivationThe most exciting phrase to hear in science, the one that heraldsnew discoveries, is not �Eureka!� but �That�s funny...�-- Isaac AsimovThe problem of computational intelligence in general and computational learning morespecifically is by nature extremely complex, multidimensional, and of necessitymultidisciplinary. One particularly difficult aspect that presents itself in many forms is theseeming unavoidability of what has been termed �the curse of dimensionality�. In essencewhat this term is meant to describe is the fact that even modest sized learning problemsseem to embody a tremendous amount of information, and that information grows at anexponential rate as the number of features associated with the problem increases linearly.Thus, computational learning approaches are usually faced with a difficult choice: ignorethe vast majority of the information inherent in the problem or face an exponentialslowdown in performance as problem size grows.This work considers both sides of the coin, with Part II making use of concepts fromevolutionary computation in an attempt to avoid looking at most of the information availablewhile being smart about what information is made use of. Part III then takes the oppositetack by considering an approach that has the capability to process an exponential amount ofinformation in polynomial time -- quantum computation. Part I introduces these ideas andmotivates the work. Chapter 1 briefly introduces the ideas of evolutionary and quantumcomputation and discusses the approach taken in the rest of the dissertation. Chapter 2goes into more detail in presenting related work on evolutionary/neural hybrid approachesto learning, quantum computation, and quantum computational learning. Chapter 3provides a high-level overview of many of the key issues involved in computationallearning in general. It has been published under the following reference.Ventura, Dan and Tony Martinez, �Concerning a General Framework for theDevelopment of Intelligent Systems�, Proceedings of the InternationalConference on Artificial Intelligence, Expert Systems and NeuralNetworks, Honolulu, Hawaii, pp. 44-47, 1996.

2Chapter 1IntroductionIt has always seemed to me that the most difficult part ofbuilding a bridge would be the start.-- Robert BenchleyThe goal of automated problem solving has been approached in a myriad of ways.Often, the strengths of one approach will address those areas that are weaknesses ofanother. Therefore, it becomes desirable to discover combinations in which the strengthsof several approaches can be combined to form an eclectic hybrid that takes advantage ofthe strengths of the various methods while avoiding their weaknesses. In this spirit, thework described in this dissertation draws on results from several areas; in particularevolutionary computation and quantum computation require some introduction.1. Computational LearningComputational learning is a broad term meant to describe the goal of developingcomputational systems that have the ability to adapt their behavior according to theinformation available to them. The field of computational learning is actually a fracturedcollection of work from many different subdisciplines including neural networks [Hay94][Was93], machine learning [Sha90] [Mit97], and symbolic artificial intelligence [Lug97][Rus95] to name a few. Researchers within the field often will not even agree on a basicgoal, but I will suggest that one appropriate goal is the discovery of computational systemsthat exhibit problem solving capability. One particular problem that is often addressed incomputational learning research is that of learning from a set of examples. In other words,given a set of examples, the goal first of all might be to produce a system that can simplyrecall the examples. Second, it would be desirable if the system were able to recall theexamples from incomplete or noisy data, and third we would like the system to behave in areasonable fashion for new situations for which it has not encountered an example. Thesethree goals are often referred to as memorization, association and generalization. Thisdissertation will address all three of these, although as is typically the case in computationallearning, the first goal is implicitly assumed as the minimum requirement for a system andas such is not explicitly considered.2. Evolutionary ComputationEvolutionary computation seeks to imitate the evolutionary processes found in nature.The basic idea of natural evolution is that over the course of time a selection mechanismdiscovers traits that are in some sense favorable for the species in question. Evolutionarycomputation seeks to mimic this behavior with algorithms designed to maximize a fitness

3function with a search mechanism that employs genetic operators such as crossover andmutation [Gol89] [Spe93].One of the strengths of evolutionary computation is its ability to guide a search throughimmense state spaces and find a reasonable candidate for maximizing some fitnessfunction. The down side to this approach is that it is often quite slow. However, in manycases, the alternatives are slower yet and worse still may not find an acceptable candidate atall. Evolutionary computation is often used in conjunction with other computationallearning methods, in an attempt to lend their excellent search capabilities to the strength ofanother approach. Some examples of such hybrid systems are discussed in Chapter 2.3. Quantum ComputationThe field of quantum computation was introduced in the early and mid-eighties whenphysicists began thinking about computation as a physical process [Ben82] [Deu85][Fey86]. A very good introduction to the field may be found in [Bar96]. The idea ofphysical computation is to consider the initial state of a physical system and then to observethe outcome of its evolution through time, perhaps as it is affected by various outsideinfluences. The smallest physical systems obey the laws of quantum mechanics, which forthe most part are extremely nonintuitive. The field of quantum computation first addressesthe question of whether or not quantum mechanical systems can perform interestingcomputation, and this question has been resolved in the affirmative. In fact, quantumsystems can process an exponential amount of information in linear space and time.However, most of that information is unavailable outside of the quantum system. In thegeneral case, no more information is available than that obtainable by classical means. Thisbrings up the next question of whether or not we can control the systems to produce usefulcomputation. The amazing aspect of quantum computation is that sometimes we can. Eventhough an exponential amount of information is never directly available, it is possible toextract extra global information about the system that is not available classically.Therefore, the trick is to recast classical computational problems in a form amenable to thisquantum approach such that the global information can be used to advantage. Finally, thereis the question of whether or not this is technologically possible, and this question is alsobeginning to be answered in the affirmative as exciting experimental results have begun tobe produced [Chu98] [Jon98]. Some of the most important quantum algorithms producedto date will also be discussed in greater detail in Chapter 2.4. Thesis StatementComputational learning problems typically have enormous state spaces that present anyalgorithm with two choices: do not consider the vast majority of the space or slow downexponentially as the number of features associated with the problem increases linearly. Ofcourse, in general, any useful algorithm must scale to large problems, so the second choiceis not realistic. The real challenge for any useful algorithm is to somehow avoid most ofthe state space while still performing useful computation. This dissertation answers thechallenge in two ways. The first is a hybrid approach for combining the thorough search

4capabilities of evolutionary computation with the speed and generalization of neuralcomputation. The evolutionary part of the hybrid is used to sample the state space�intelligently� so that the neural network can then produce good generalization. The secondapproach to the computational learning problem is a theory of quantum computationallearning that takes advantage of the unique characteristics of quantum systems. Thequantum learning algorithms developed here provide a third alternative for dealing with the�curse of dimensionality� -- take advantage of the massive state space of quantum systemsto process information in a way that is classically impossible.5. Overview of DissertationThis dissertation is divided into four parts. Part I consists of three chapters, the first ofwhich (this one) serves as an introduction and covers necessary background and motivationfor the work. Chapter 2 discusses work done by others that is pertinent to the researchproduced here. Chapter 3 presents a high-level survey of many hybrid approaches tocomputational intelligence and attempts to distill from them some key ingredients fordeveloping computationally intelligent systems. This chapter also serves as a high-levelmotivation for the rest of the work. Part II is dedicated to one particular hybrid approach to the problem of learning fromexamples. The basic hybrid system introduced in Chapters 4-7 combines the thoroughsearch capabilities of evolutionary computation with the generalization and rapid executionof neural networks. The first chapter considers the problem, often overlooked incomputational learning, of how to obtain the data needed to train a learning system.Chapters 5 and 6 then consider how the neural/evolutionary hybrid can be used as alearning optimization system. The last chapter in this part, Chapter 7, extends the idea tothe domain of automatic control, demonstrating how the hybrid may be used to produce asuccessful neurocontroller.Part III attacks the problem of computational learning from another angle, introducingideas from the field of quantum computation. This part of the dissertation should beconsidered the most important research and the greatest contribution to computationallearning. Chapters 8 and 9 are early attempts at integrating ideas from the two fields andproduce important insights into what types of approaches may be taken. Chapter 10presents a fundamental contribution to both the fields of quantum computation andcomputational learning by demonstrating how a set of classical examples can be representedin a quantum computational system. This result is a key ingredient for integrating the fieldsof quantum computation and computational learning, suggesting the promising new field ofquantum computational learning. Chapter 11 builds on the work of the earlier chapters,particularly Chapters 9 and 10, as well as on the work of other researchers in quantumcomputation to produce a physically realizable quantum associative memory with a capacityfar greater than that of classical models. This use of the term �physically realizable� is notmeant to imply that this dissertation contains work dealing with such a physical realizationof the algorithms developed here. It does not. The term simply refers to the fact that thealgorithm is carefully constructed in order to obey all of the quantum mechanical lawsnecessary to make a physical realization possible. Finally, Chapter 12 introduces a newquantum computational inductive learning algorithm, revisiting the problem of learning

5from examples. It presents a Fourier-based quantum learning model that makes use of theunique characteristics of quantum computation to find Fourier basis functions that are wellcorrelated with the known data. The algorithm presented here achieves significant speedupover any known classical algorithms. Further, it provides an important contribution toquantum computation because it does not assume a priori knowledge of a function.Part IV consists of a single chapter that concludes the dissertation by summing up thecontributions made, making some concluding remarks and suggesting areas for futureresearch.6. PublicationsChapters 3-12 are all papers that have either been published in or submitted forpublication in refereed journals and conferences. The following is a list of references forthese publications, broken up according to the parts of the dissertation in which they appear(or to which they are related). The reference for each paper is repeated at the beginning ofthe appropriate chapter.I. Background and MotivationVentura, Dan and Tony Martinez, �Concerning a General Framework for theDevelopment of Intelligent Systems�, Proceedings of the InternationalConference on Artificial Intelligence, Expert Systems and NeuralNetworks, Honolulu, Hawaii pp. 44-47, 1996.II. A Neural/Evolutionary Hybrid SystemVentura, Dan, Tim Andersen and Tony Martinez, �Using EvolutionaryComputation to Generate Training Set Data for Neural Networks�, Proceedingsof the International Conference on Artificial Neural Networks and GeneticAlgorithms, Ecole des Mines d�Ales, France, pp. 468-471, 1995.Ventura, Dan and Tony Martinez, �A General Evolutionary/Neural HybridApproach to Learning Optimization Problems�, Proceedings of the WorldCongress on Neural Networks, San Diego, California, pp. 1091-1095, 1996.Ventura, Dan and Tony Martinez, �Robust Optimization Using Training SetEvolution�, Proceedings of the International Conference on NeuralNetworks, Washington D.C., pp. 524-528, 1996.Ventura, Dan and Tony Martinez, �Using Evolutionary Computation to FacilitateDevelopment of Neurocontrol�, Proceedings of the International Workshopon Neural Networks and Neurocontrol, Playa del Carmen, Mexico, 1997.

6Ventura, Dan and Tony Martinez, �Optimal Control Using a Neural/EvolutionaryHybrid System�, Proceedings of the International Joint Conference onNeural Networks, pp. 1036-1041, Anchorage, Alaska, 1998.III. Quantum Computational LearningVentura, Dan and Tony Martinez, �An Artificial Neuron with Quantum MechanicalProperties�, Proceedings of the International Conference on ArtificialNeural Networks and Genetic Algorithms, Norwich, England,1997.Ventura, Dan and Tony Martinez, �Quantum Associative Memory with ExponentialCapacity�, Proceedings of the International Joint Conference on NeuralNetworks, Anchorage, Alaska, pp. 509-513, 1998.Ventura, Dan and Tony Martinez, �Initializing the Amplitude Distribution of aQuantum State�, submitted to Physical Review Letters, June 1998.Ventura, Dan and Tony Martinez, �A Quantum Associative Memory Based onGrover�s Algorithm�, submitted to the International Conference on ArtificialNeural Networks and Genetic Algorithms, Portoroz, Slovenia, April 1999.Ventura, Dan and Tony Martinez, �Quantum Associative Memory�, submitted toIEEE Transactions on Neural Networks, June 1998.Ventura, Dan and Tony Martinez, �A Quantum Computational LearningAlgorithm�, submitted to Journal of Artificial Intelligence Research, July1998.References[Bar96]Barenco, Adriano, �Quantum Physics and Computers�, Contemporary Physics, vol. 37 no. 5,pp. 375-89, 1996.[Ben82]Benioff, Paul, �Quantum Mechanical Hamiltonian Models of Turing Machines�, Journal ofStatistical Physics, vol. 29 no. 3, pp. 515-546, 1982.[Chu98]Chuang, Isaac, Neil Gershenfeld and Mark Kubinec, �Experimental Implementation of FastQuantum Searching�, Physical Review Letters, vol. 80 no. 15, pp. 3408-11, April 13, 1998.[Deu85]Deutsch, David, �Quantum Theory, The Church-Turing Principle and the Universal QuantumComputer�, Proceedings of the Royal Society, London A, vol. 400, pp. 97-117, 1985.[Fey86]Feynman, Richard P., �Quantum Mechanical Computers�, Foundations of Physics, vol. 16 no.6, pp. 507-531, 1986.[Gol89] Goldberg, David E., Genetic Algorithms in Search, Optimization and Machine Learning,Addison-Wesley, 1989.[Hay94]Haykin, Simon, Neural Networks: A Comprehensive Foundation, Macmillan CollegePublishing Company, 1994.

7[Jon98]Jones, J. A. and M. Mosca, �Implementation of a Quantum Algorithm to Solve Deutsch�sProblem on a Nuclear Magnetic Resonance Quantum Computer�, Journal of ChemicalPhysics, to appear, 1998.[Lug97]Luger, George F. and William A. Stubblefield, Artificial Intelligence, Addison WesleyLongman, 1997.[Mit97]Mitchell, Tom M., Machine Learning, McGraw-Hill, 1997.[Rus95]Russell, Stuart and Peter Norvig, Artificial Intelligence: A Modern Approach, Prentice Hall,1995.[Sha90] Shavlik, Jude W. and Thomas G. Diettrich (eds.), Readings in Machine Learning, MorganKaufmann, 1990.[Spe93] Spears, W. M., K. A. Dejong, T. Baeck, D. Fogel, H. de Garis, �An Overview of EvolutionaryComputation�, European Conference on Machine Learning (ECML-93), 1993.[Was93]Wasserman, Philip D., Advanced Methods in Neural Computing, Van Nostrand Reinhold,New York, 1993.

8Chapter 2Related WorkThe man who does not read good books has no advantage overthe man who cannot read them.-- Mark TwainThe work presented here builds, either directly or indirectly on research done by others.This chapter briefly discusses the most important of these foundational ideas. Most of thework discussed here is also mentioned in the introductory section of at least one of thechapters; however, it will be beneficial to collect all such related work here in a somewhatmore cohesive fashion. Therefore, having read this section, the reader may give lessattention to the related works discussed in the individual papers (most of the chapters donot have a specific entire section dedicated to related works -- this is usually just done in theintroduction). However, there are references in the various chapters that are very specificand thus are not appropriate for mention here. Of course, justification cannot be done toany of these works in this brief account, and therefore numerous references are providedfor the interested reader.1. Neural NetworksThe field of artificial neural networks if usually traced back to the seminal work byMcCulloch and Pitts on modeling the dynamics of the biological neuron [McC43]. Theresult was the first example of an artificial neuron that to some extent models the dynamicsof brain function. The basic features of the biological neuron that the McCulloch-Pittsneuron attempted to capture include multiple synaptic inputs (dendrites) into a cell body thatcomputes an action potential and sends it out a single synaptic output (axon). Therefore,the architecture of the simple artificial model consists of a set of inputs, with an associatedset of weights, a summation and thresholding unit and a single output. See Figure 1 for a3-input example. The inputs xi are multiplied by their corresponding weights w i. Theresults are summed and if the total is greater than some threshold q, then the output z is setto1;otherwiseitissetto0.Thesesimpleartificialneuronscanbecombinedintonetworksreminiscentofbiologicalneuralsystems.

Sqw0w1w2x0x1x2zFigure 1. Architecture of the perceptron

9The goal for an artificial neuron or network of neurons is, given an input to respondwith the appropriate output, and the setting of the weights is the critical aspect of designingan artificial neural network to meet this goal. Since setting the weights by hand will beextremely difficult for any but the simplest problems, an important next advance was thedevelopment of learning algorithms for the perceptron. A learning algorithm is anautomated mechanism for changing the weights to reflect (and store) the informationpresented to the perceptron from its environment. Perhaps the most intuitive of these firstefforts is attributed to Hebb [Heb49]. The basic idea behind Hebbian learning is that if twoneurons are active (outputting a 1) simultaneously, then the weight associated with theirconnection should be increased in order to reinforce this correlation.In the 1960s, Rosenblatt developed an improved model, the perceptron, which wasproven to converge on a set of desirable actions. In other words, using Rosenblatt�salgorithm, a perceptron will eventually memorize the appropriate responses to a set of inputexamples. The basic idea for perceptron learning is that if a perceptron respondsappropriately to a particular input, then nothing is done. In other words, if the system isalready working, why change it? However, if it does not respond appropriately, then theweights are changed �a little bit� towards fixing the problem. The reason for making onlysmall, incremental changes to the weights is to avoid unlearning those correct actions thatare already encoded in the network. A quantum version of a perceptron is presented inChapter 8 of this dissertation.In 1969 a book by Minsky and Papert effectively killed artificial neural networkresearch [Min69]. What they showed in their book was that the artificial neural networksdeveloped to that point could only be effective on a very small set of simple problems.However, the field was rejuvenated by work done by Rumelhart, et al. which resulted inthe well-known backpropagation learning algorithm [Rum88]. This algorithm is muchmore complicated than earlier efforts and thus overcame the objections of Minsky andPapert. However, the price for this is that the algorithm can not be guaranteed to converge,and it is also quite slow. The algorithm also requires the manual setting of several sensitiveparameters. Since that time, much research has been done to overcome these difficulties(see for example [Mar90] [Fah90] [Red93] [M¿l93]).A variation on the artificial neural networks discussed above is the associative memory.The goal for this type of neural network is associative pattern completion. In other words,given a noisy or incomplete pattern, the network is expected to fill in the missinginformation. The best known classical associative memories are the Hopfield network andthe bidirectional associative memory and background on these networks may be found in[Hop82] and [Kos88] respectively. The biggest drawback to traditional associative neuralnetworks is their limited storage capacity, which is usually quite poor -- usually somefraction of the number of inputs. Since the number of possible patterns is exponential inthe number of inputs, improving this would be greatly desirable and some work has beendone in this area [Hai88] [Bak88]. The goal of improving the capacity of an associativememory is the motivation for Chapters 9 and 11 of this dissertation in which the idea of theassociative memory is extended into the quantum domain.

102. Evolutionary ComputationThe idea of using a model of natural evolutionary processes for computational purposesis usually attributed to John Holland [Hol75], although Fogel et al. also did pioneeringwork in the field [Fog66]. Holland attempted both to rigorously explain the mathematicalprocesses behind natural evolutionary systems and to develop artificial evolutionarysystems that work on the same principles and could be useful for computation.Since evolution is a mechanism for selecting traits most useful for a species survival, itcan be thought of as performing an optimization, and this is the principle computationalproblem to which it is applied. Given a model representation, the idea is to find the bestmodel possible, under some measure of model fitness. The model representation isconsidered as a genome, and evolutionary operators modeled after natural evolutionaryprocesses are applied to a population of different genomes. Many different operators havebeen proposed, but by far the most popular are crossover and mutation, both of which arebased on fairly well-understood natural processes. Crossover involves two differentgenomes each splitting in to two pieces and exchanging one of the pieces, thus creating twonew genomes. Mutation involves a single genome experiencing a small random change.Figure 2 represents these two basic functions for the simple case of binary strings being thegenomes.

0101010111110000

0101 01011111 0000

0101000011110101

11110000

01110000(a)(b)

Figure 2. The genetic operators (a) crossover and (b) mutationThe fitness of each genome is measured and those genomes that have good fitness areselected for further evolution while those with poor fitness are allowed to �die�. If theinitial population in sufficiently large and diverse, then after some number of generations, agenome that is relatively close to optimum is usually found. Why this process works aswell as it does is still not well understood, but a good treatment of the main issues can befound in [Gol89].Evolutionary computation covers a broad range of algorithms all based on the ideas ofnatural selection. These include genetic algorithms, evolutionary strategies, evolutionaryalgorithms, and genetic programming. The discrimination between methods depends uponrepresentation issues and choice of operators among other things, and there are no clear cutrules for classifying the different approaches. For a good overview of the differences

11between these variations see [Spe93]. The work in Part I of this dissertation uses anevolutionary technique that would probably be classified as an evolutionary strategy.3. Neural/Evolutionary HybridsIt has become popular to pursue hybrid approaches to computational learning, the ideabeing to combine the strengths of several models in an advantageous way. In fact, manyconferences and volumes are now dedicated entirely to hybrid approaches. See forexample [Goo95], [Hon94], [Sun95] and [Hin91]. One particular hybrid approach thatreceives quite a bit of attention is that of combining some form of evolutionary computationwith some form of neural network. The typical approach here is to use the evolutionarycomputation to perform a search for a good architecture and/or set of weights for the neuralnetwork rather than training the network with a gradient descent or other standard learningalgorithm. Because neural networks have a tendency to become trapped in local minima orare often very slow in converging to a solution, this hybrid approach sometimes succeedsin improving the chances of discovering a network suitable for the problem at hand.Examples of this kind of evolutionary/neural combination include Caudill�s evolutionaryneural networks [Cau91], Harp�s work on designing application specific neural networksusing genetic algorithms [Har90], and Saunders� work on evolving recurrent neuralnetworks [Sau94].In contrast, the work presented in Chapters 4-7 of this dissertation presupposes someneural architecture and focuses on using evolutionary computation to develop a training setsuitable for training the neural network. Though much less common, some work similar inflavor to this approach does exist. [Mia96] presents a training algorithm for a neuralnetwork that is a combination of standard gradient descent and evolutionary techniques,and in [Mon89] a similar approach to training neural networks using genetic algorithms ispresented. Romaniuk�s evolutionary growth perceptrons [Rom93] are perhaps the closestto the work in this dissertation. However, he still assumes a training set a priori, and usesa genetic algorithm to select different subsets of the training set to train different nodes in aneural network.Finally, [Wie90] should be mentioned for its use of evolutionary computation fordiscovering neural networks capable of acting as neurocontrollers. As mentioned above,however, the evolutionary computation is used to discover the architecture and weightsettings for the neural network. In contrast, the work in Chapter 7 uses evolutionarycomputation to discover a training set that represents the control problem, and then standardneural network training is used to develop the neurocontroller. [Bar83] should also bementioned for providing the differential equations that describe the control problem used inChapter 7 (as well as in the Wieland paper).4. Quantum ComputationThe field of quantum computation, which applies ideas from quantum mechanics to thestudy of computation, was introduced in the mid-1980s [Ben82] [Deu85] [Fey86]. (For a

12review of the basic ideas necessary for quantum computation see Chapter 11 Section 2 ofthis dissertation.) The field is still in its infancy and very theoretical but offers excitingpossibilities for the field of computer science -- the most important quantum algorithmsdiscovered to date all perform tasks for which there are no classical equivalents. Forexample, Deutsch�s algorithm [Deu92] is designed to solve the problem of identifyingwhether a binary function is constant (function values are either all 1 or all 0) or balanced(the function takes an equal number of 0 and 1 values). Deutsch�s algorithm accomplishesthe task in order O(n) time, while classical methods require O(2n)time.Simon�salgorithm[Sim97]isconstructedforfindingtheperiodicityina2-1binaryfunctionthatisguaranteedtopossessaperiodicelement.Hereagainanexponentialspeedupisachieved.Admittedly,both these algorithms have been designed for artificial, somewhat contrived problems.G r o v e r� s a l g o r i t h m [ G r o 9 6 ] , o n t h e o t h e r h a n d , p r o v i d e s a m e t h o d f o r s e a r c h i n g a n unorderedquantumdatabaseintimeO(

n

), compared to the classical bound of O(n). Thisis a real-world problem for which quantum computation provides performance that isclassically impossible (though the speedup is less dramatic than exponential). Grover�salgorithm is used in the quantum associative memory developed in Chapter 11. The mostwell-known and perhaps the most important quantum algorithm discovered so far is Shor�salgorithm for prime factorization [Sho97]. This algorithm finds the factors of very largeprime numbers in polynomial time, whereas the best known classical algorithms requireexponential time. Other recently developed quantum algorithms include two othervariations on quantum search [Hog96] [Ter98].One technology for physical realization of a quantum computer that has been recentlysuggested is nuclear magnetic resonance, a technology that has been around since the1950s [Cor97]. In fact, very recently several groups have produced exciting experimentalresults by successfully implementing quantum algorithms on small-scale nuclear magneticresonance quantum computers (see for example [Jon98] and [Chu98]). These advances inquantum technology indicate that it is not unreasonable to assume that larger quantumcomputers which can perform computation that is classically impossible will be possible inthe near future.4.1 Quantum computational learningTo date, very little has been done in combining the fields of quantum mechanics andneural networks. However, a few notable exceptions do exist. Perus has published aninteresting set of mathematical analogies between the quantum formalism and neuralnetwork theory [Per96]. Menneer and Narayanan have proposed a model weakly inspired(their term) by the �many worlds� interpretation of quantum mechanics in which a networkis trained for each instance in the training set and the final network is a superposition ofthese [Men95]. Finally, Behrman et al. have developed a novel approach to implementinga quantum neural network using quantum dots [Beh96]. It uses a quantum dot for eachinput and the system is allowed to evolve quantum mechanically through time while beingobserved at fixed time intervals. Interestingly, the different time slices act as the neurons ina hidden layer of a neural network -- the more time slices, the more hidden layer neurons.Some other quantum computational algorithms that should be mentioned here include work

13on using quantum systems to evaluate decision trees [Far98] and quantum Bayesian nets[Tuc95].Some authors have put forth theories suggesting that quantum effects may actually playa crucial role in human cognition [Pen94] [Ham94]. While this has little bearing on theresearch presented here, it nevertheless can be considered as being in the same spirit, justas research in biological neural systems helps inspire work in artificial neural networks.Chapter 12 is inspired by a Fourier-based machine learning algorithm due toKushilevitz and Mansour [Kus93] and Jackson [Jac97]. Jackson�s work presents a verynice theoretical result in computational learning, showing how to learn the function classDNF (disjunctive normal form) if blackbox access (called a membership oracle) to thefunction is available. In practice, however, this membership oracle will probably never beavailable. In fact, Bshouty and Jackson investigated a quantum computational approach tolearning, which they hoped might avoid this reliance on membership oracles [Bsh95].Again, however, their approach turned out to be interesting theoretically but not useful inpractice. While [Ber97] is actually dedicated to quantum computational theory in generalrather that quantum computational learning, it should be mentioned for its quantum Fouriersampling algorithm, which contains elements similar to the quantum encoding of examplesof Chapter 11 and the Fourier method that is the key to Chapter 12. The major differencebetween their work and that presented here, and this is very significant, is the fact that theyassume a priori knowledge of a function, whereas the work here assumes that the functionin question is completely unknown except for a relatively few sample points (which is thetypical case in computational learning).References[Bak88]Bak, Chan S. and Michael J. Little, �Memory Capacity of Artificial Neural Networks with HighOrder Node Connections�, IEEE International Conference on Neural Networks, pp. 207-16,1988.[Bar83]Barto, Andrew G., Richard S. Sutton and Charles W. Anderson, �Neuronlike Adaptive ElementsThat Can Solve Difficult Learning Control Problems�, IEEE Transactions on Systems, Man,and Cybernetics, vol. smc-13, no. 5, September/October, 1983.[Beh96]Behrman, E.C., J. Niemel, J. E. Steck and S. R. Skinner, �A Quantum Dot Neural Network�,Proceedings of the Workshop on Physics of Computation, Boston, pp. 22-4, November 1996.[Ben82]Benioff, Paul, �Quantum Mechanical Hamiltonian Models of Turing Machines�, Journal ofStatistical Physics, vol. 29 no. 3, pp. 515-546, 1982.[Ber97]Bernstein, Ethan and Umesh Vazirani, �Quantum Complexity Theory�, SIAM Journal ofComputing, vol. 26 no. 5, pp. 1411-1473, 1997.[Bsh95]N. H. Bshouty and J. Jackson, in Proceedings of the 8th Annual Conference onComputational Learning Theory, Santa Cruz, 1995, edited by Wolfgang Maass ( ACM Press,1995).[Cau89] Caudell, T. P. and C. P. Dolan, �Parametric Connectivity: Training of Constrained Networksusing Genetic Algorithms�, Proceedings of the Third International Conference on GeneticAlgorithms, 1989.[Cau91] Caudill, Maureen, �Evolutionary Neural Networks�, AI Expert, vol. 6, no. 3, pp. 28-33, March1991.

14[Cor97] Cory, David G., Mark D. Price, Amr F. Fahmy and Timothy F. Havel, �Nuclear MagneticResonance Spectroscopy: An Experimentally Accessible Paradigm for Quantum Computing�,Physica D, to appear, (accepted Aug. 27, 1997).[Chu98]Chuang, Isaac, Neil Gershenfeld and Mark Kubinec, �Experimental Implementation of FastQuantum Searching�, Physical Review Letters, vol. 80 no. 15, pp. 3408-11, April 13, 1998.[Deu92]Deutsch, David and Richard Jozsa, �Rapid Solution of Problems by Quantum Computation�,Proceedings of the Royal Society, London A, vol. 439, pp. 553-8, 1992.[Deu85]Deutsch, David, �Quantum Theory, The Church-Turing Principle and the Universal QuantumComputer�, Proceedings of the Royal Society, London A, vol. 400, pp. 97-117, 1985.[Fah90]Fahlman, Scott E. and Christian Lebiere, �The Cascade Correlation Learning Architecture�,Advances in Neural Information Processing Systems 2, Morgan Kaufmannn, 1990.[Far98]Farhi, Edward and Sam Gutmann, �Quantum Computation and Decision Trees�, PhysicalReview A, to appear, August 1998.[Fey86]Feynman, Richard P., �Quantum Mechanical Computers�, Foundations of Physics, vol. 16 no.6, pp. 507-531, 1986.[Fog66]Fogel, L. J., A. J. Owens and M. J. Walsh, Artificial Intelligence Through SimulatedEvolution, John Wiley, 1966.[Goo95]Goonatilake, Suran and Sukhdev Khebbal (eds.), Intelligent Hybrid Systems, John Wiley &Sons, 1995.[Gro96]Grover, L., �A Fast Quantum Mechanical Algorithm for Database Search�, Proceedings of the28th Annual ACM Symposium on the Theory of Computing, ACM, New York, pp. 212-19,1996.[Hai88]Haines, K. and R. Hecht-Nielson, �A BAM with Increased Information Storage Capacity�, IEEEInternational Conference on Neural Networks, pp. 181-90, 1988.[Ham94]Hameroff, Stuart R., �Quantum Coherence in Microtubules: A Neural Basis for EmergentConsciousness?�, Journal of Consciousness Studies, vol. 1 no. 1, pp. 91-118, 1994.[Har90] Harp, S. A., T. Samad and A. Guha, �Designing Application-Specific Neural Networks Usingthe Genetic Algorithm�, NIPS-89 Proceedings, 1990.[Heb49]Hebb, D. O., The Organization of Behavior, John Wiley & Sons, 1949.[Hin91] Hinton, G. E. (ed.), Connectionist Symbol Processing, MIT Press, 1991.[Hog96]Hogg, Tad, �Quantum Computing and Phase Transitions in Combinatorial Search� Journal ofArtificial Intelligence Research, vol. 4, pp. 91-128, 1996.[Hol75]Holland, John, Adaptation in Natural and Artificial Systems, University of Michigan Press,1975.[Hon94]Honavar, Vasant and Leonard Uhr (eds.), Artificial Intelligence and Neural Networks: StepsToward Principled Integration, Academic Press, Inc., San Diego, California, 1994.[Hop82]Hopfield, J. J., �Neural Networks and Physical Systems with Emergent CollectiveComputational Abilities�, Proceedings of the National Academy of Scientists, vol. 79, pp.2554-2558, 1982.[Jac97]Jackson, Jeffrey C., �An Efficient Membership-query Algorithm for Learning DNF with Respectto the Uniform Distribution�, Journal of Computer and System Sciences, vol. 55 no. 3, pp.414-40, 1997.

15[Jon98]Jones, J. A. and M. Mosca, �Implementation of a Quantum Algorithm to Solve Deutsch�sProblem on a Nuclear Magnetic Resonance Quantum Computer�, Journal of ChemicalPhysics, to appear, 1998.[Kus93]Kushilevitz, E. and Y. Mansour, SIAM Journal of Computation, vol. 22 no. 6, pp. 1331-48,1993.[Kos88]Kosko, Bart, �Bidirectional Associative Memories�, IEEE Transactions on Systems, Man, andCybernetics, vol. 18, pp. 49-60, 1988.[Mar90]Martinez, Tony R., �Adaptive Self-Organizing Concurrent Systems�, Progress in NeuralNetworks, vol. 1, pp. 105-26, 1990.[McC43]McCulloch, W. S. and W. Pitts, �A Logical Calculus of the Ideas Immanent in NervousActivity�, Bulletin of Mathematical Biophysics, vol. 5, pp. 115-133, 1943.[Men95]Menneer, Tammy and Ajit Narayanan, �Quantum-inspired Neural Networks�, technical reportR329, Department of Computer Science, University of Exeter, Exeter, United Kingdom, 1995.[Mia96]Miagkikh, V. V., A. P. Topchy and O. A. Lebedko, �Fast Learning in Multilayered Networksby means of Hybrid Evolutionary and Gradient Algorithms�, Proceedings of the InternationalConference on Evolutionary Computation and it Applications, pp. 390-8, June 1996.[Min69]Minsky, M. L. and S. L. Papert, Perceptrons, MIT Press, 1969.[M¿l93]M¿ller, Martin F., �A Scaled Conjugate Gradient Algorithm for Fast Supervised Learning�,Neural Networks, vol. 6, pp. 525-33, 1993.[Mon89]Montana, D. J. and L. Davis, �Training Feedforward Neural Networks Using GeneticAlgorithms�, Proceedings of the Third International Conference on Genetic Algorithms,1989.[Pen94] Penrose, Roger, Shadows of the Mind, Oxford University Press, 1994.[Per96] Perus, Mitja, �Neuro-Quantum Parallelism in Brain-Mind and Computers�, Informatica, vol.20, pp. 173-183, 1996.[Red93]Redding, Nicholas J., Adam Kowalczyk and Tom Downs, �Constructive Higher-Order NetworkAlgorithm that is Polynomial Time�, Neural Networks, vol. 6, pp. 997-1010, 1993.[Rom93]Romaniuk, Steve G., �Evolutionary Growth Perceptrons�, Genetic Algorithms: 5thInternational Conference (ICGA-93), S. Forrest (ed.), Morgan Kaufmannn, 1993.[Rum88]Rumelhart, David E., James L. McClelland and the PDP Research Group, Parallel DistributedProcessing: Explorations in the Microstructure of Cognition, MIT Press, 1986.[Sau94]Saunders, Gregory M., Peter J. Angeline and Jordan B. Pollack �Structural and BehavioralEvolution of Recurrent Neural Networks�, Advances in Neural Information ProcessingSystems, vol. 6, pp. 88-95, Morgan Kaufmannn Publishers Inc., 1994.[Sim97]Simon, D., �On the Power of Quantum Computation�, SIAM Journal of Computation, vol. 26no. 5, pp. 1474-83, 1997.[Sho97] Shor, P. W. �Polynomial-Time Algorithms for Prime Factorization and Discrete Logarithms ona Quantum Computer�, SIAM Journal of Computing, vol. 26 no. 5, pp. 1484-1509, 1997.[Spe93] Spears, W. M., K. A. Dejong, T. Baeck, D. Fogel and H. de Garis, �An Overview ofEvolutionary Computation�, European Conference on Machine Learning (ECML-93), 1993.[Sun95] Sun, Ron and Lawrence Bookman (eds.), Computational Architectures Integrating Neural andSymbolic Processes: A Perspective on the State of the Art, Kluwer Academic, 1995.

16[Ter98]Terhal, Barbara. M. and John. A. Smolin, �Single Quantum Querying of a Database�, PhysicalReview A , to appear, September 1998.[Tuc95]Tucci, Robert R., �Quantum Bayesian Nets�, International Journal of Modern Physics vol. 9,pp. 295-337, 1995.[Wie90]Wieland, Alexis P., �Evolving Controls for Unstable Systems�, Proceedings of the 1990Connectionist Models Summer School, pp. 91-102, 1990.

17Chapter 3Concerning a General Framework for the Development ofIntelligent SystemsWhen someone tells you something defies description, you canbe pretty sure he�s going to have a go at it anyway.-- Clyde B. AsterProceedings of the International Conference on Artificial Intelligence, ExpertSystems and Neural Networks, pp. 44-47, 1996.AbstractThere exists on-going debate between Connectionism and Symbolism as to the nature ofand approaches to cognition. Many viewpoints exist and various issues seen as importanthave been raised. This paper suggests that a combination of these methodologies will lead toa better overall model. The paper reviews and assimilates the opinions and viewpoints ofthese diverse fields and provides a cohesive list of issues thought to be critical to the modelingof intelligence. Further, this list results in a framework for the development of a general,unified theory of cognition.1. IntroductionDeveloping artificial models of cognition is a challenging field that has roots in suchdiverse fields as cognitive psychology, computer science, linguistics, neurophysiology,and mathematics. Due at least in part to this fact, vastly differing theories for explainingand/or imitating cognitive capabilities have been developed including Connectionism [1][2], Symbolic Artificial Intelligence [3], Fuzzy Logic [4], Machine Learning [5] andGenetic Algorithms [6], to name a few. Each of these approaches to modeling cognition(or, more accurately, some aspect thereof) has various strengths and weaknesses that arebecoming better understood, and each claims some fairly impressive successes as well assome disheartening failures.For the most part, relations among the various paradigms have been indifferent at bestand often have been almost hostile. Though this is true of all the approaches mentionedabove to some extent, the majority of the contrasts, comparisons, and conflicts areembodied in the Symbolism vs. Connectionism debate that has raged continuously over thelast ten years.However, some researchers have begun to recognize the apparent complimentary natureof these two paradigms. They believe that neither approach alone can produce adequatemodels of cognition but that in combination richer models with greater functionality can berealized. Efforts in this direction have variously been referred to as Hybrid Systems, High-Level Connectionism, Symbolic Connectionism, Symbol Processing ConnectionistSystems and the like. Though work in this area has been on-going since the resurgence of

18Connectionism in the late eighties [7] [8], a proliferation of new books on the subject ([9][10] [11] [12], for example) indicates its increasing importance.To date, the field of Hybrid Systems has produced some interesting applications [9][10] [11] [12] [13], and some ground work has been laid concerning the proper integrationof various approaches to modeling cognition; however, the critical next step must be thedevelopment of a formal theory for the integration of Connectionism with Symbolism andthus for a general theory of (artificial) intelligence. A promising approach, in our opinion,is to view Connectionism and Symbolism as complimentary approaches and to attempt toextract from each the primitives that embody them. Another way of looking at this is torealize that both Connectionism and Symbolism can be modeled by a Turing machine, andtherefore our job is to identify a simple subset of Turing-computable functions that embodythe primitives necessary for a model of intelligence.This paper is an attempt to outline a framework for the development of such a generaltheory. The approach we take is to first review the differences and similarities, and thestrengths and weaknesses of Connectionism and Symbolism. Second, a list of criticalissues pertaining to intelligence is discussed. Since everyone has a differing opinion ofwhat the critical issues are, we are attempting to distill the many ideas that could beconsidered into the essence of what must be considered. Third, a brief discussion of howthese issues can guide in the development of a general theory of intelligence is presented.2. Connectionism and SymbolismWhatever their differences may be, Connectionism and Symbolism both share theassumption that at some level cognition can be functionally modeled as a computationalprocess. Other than this extremely basic commonality, there is little else involving the issueof Connectionism and Symbolism that enjoys any kind of majority consent. Someresearchers argue that Connectionism is fatally flawed as a model of cognition [14] or thatwhile Connectionism may play a minor though important role, Symbolism represents theheart of any realistic model [15]. On the other hand, cases are presented for the desirabilityof Connectionism over Symbolism [16] and that the eventual dominance of Connectionismis only a matter of time [17]. Some see the two as complimentary or dualistic in nature andare optimistic that their combination will bear productive fruit [18] [19] [20] [21] [22],while others argue for their equivalence and cite performance issues as the main concern[23] [10]. Still others are more pessimistic as how intelligent a Connectionist-Symbolichybrid will ever be [24], and some claim that the entire idea of modeling cognition ascomputation is hopeless [25].Many people agree that cognition can and should be described at different levels andthat care should be taken to compare and contrast only those explanations/models/theoriesthat exist on the same level [23] [14] [16]. However, others feel that an explanation ofcognition should not or can not be completely differentiated from the biologicalimplementation of cognition that we know as the brain [22][24] [17].Tables 1 and 2 attempt to assimilate these views from two different angles. Onecommon thread that runs through any discussion of Connectionism vs. Symbolism, eitherimplicitly or explicitly is the dual nature of the two. People refer to this duality in differentways, and Table 1 presents the computational dichotomy that these two approaches

19represent. For example, Connectionist networks are characterized by being spatiallydistributed while Symbolic approaches can be thought of as being temporally distributed.In related fashion, Connectionist networks perform processing in parallel over distributedrepresentations but Symbolic models process serially over local ones. Connectionistmodels perform statistical approximations over continuous numerical data, and Symbolicmodels apply concrete logical operations to discrete symbolic data. Finally, on one hand,Connectionism is associated with cognitive tasks that are referred to as low-level,subconceptual, unconscious, or subdeliberative; on the other, Symbolism is associatedwith tasks that may be described as high-level, conceptual, conscious, or deliberative.These are all prototypical generalizations, of course, and as is pointed out in, forexample [21], the boundary dividing Connectionist models and Symbolic models is ill-defined at best. In fact Oden suggests that models that should be taken seriously willalmost always exist in this fuzzy boundary region.Table 1. The Connectionist-Symbolic Dichotomy

Connectionism vs. SymbolismSpaceTimeParallelSerialDistributedLocalistStatisticalLogicalContinuousDiscreteNumericalSymbolicLow-levelHigh-levelSubconceptualConceptualUnconsciousConsciousSubdeliberativeDeliberative

The second approach to looking at this is to examine the relative strengths andweaknesses of the two approaches. People see this particular debate in many differentlights. There is somewhat of a consensus as to what the respective strengths andweaknesses are. However much disagreement exists over their relative importance.Table˚2 is a compilation of general strengths and weaknesses for Connectionism andSymbolism. Again, this is an attempt to assimilate as many viewpoints as possible, thoughdoubtless some will be excluded or treated unsatisfactorily.Attributes of Connectionist networks usually cited as strong points include robustness,the ability to fine tune knowledge through experience, automatic acquisition ofknowledge, fault tolerance, and adaptivity. Robustness is the ability to respondappropriately to inputs that are noisy, novel, or unanticipated. Fine tuning of knowledgeexpresses the idea that the system can slightly alter its representations to account for newinputs without drastically affecting the representations gained from past experiences.Automatic knowledge acquisition is the ability to extract knowledge from the environment.Fault tolerance allows for graceful degradation of performance as the system fails. Finally,adaptivity deals both with a wide range of applicability of the model as well as with theability of a given instantiation of the model to change with its environment.

20Table 2. Strengths and Weaknesses of Connectionism and Symbolism

Connectionism

Symbolism

Strengthsrobustnesshandle complex structuresfine tuning domainknowledge acquisitionexplanationfault tolerantserial computationadaptiveinherent parallelism

Weaknessesdifficult to interpretbrittlenessslow learningsymbol groundinghomogeneous stuctureknowledge acquisitionnot naturally serialnarrow domainscalingscalingSymbolism, on the other hand, is usually considered to have as strengths the ability torepresent and manipulate complex structures, rapid learning of concepts, explanation,and the ability to naturally perform serial computation. Complex structures are definedrecursively as a set of atomic symbols together with those molecular symbols that can becreated by combining atomic symbols according to a set of syntactic rules. Thesestructures possess a semantic structure that is closely related to their syntactic one. Rapidlearning refers to the ability to quickly and drastically change representations. Explanationrefers to the ability of a system to explain its decision in understandable terms. Somepeople hold that the explanation of a system�s behavior (not the behavior itself) is the realobject of interest. Serial computation is argued to be necessary for some kinds of cognitionincluding ordered problem solving, logical reasoning, generalized thinking involvingvariable binding, and certain types of structural aspects of language [20].Not surprisingly, the weaknesses of the respective approaches often seem to be thenegation of a strength of the opposing method. For example, the difficulty in interpretationof Connectionist networks is in direct opposition to the strong explanation abilities ofSymbolism. Likewise, Connectionism�s slow learning rate, homogeneity of structure andlack of natural serial computation ability starkly contrast with Symbolism�s strengths of useof domain knowledge, complex structure, and natural serial computation respectively.Similarly, Symbolism has its own weaknesses: brittleness, symbol grounding (or lackthereof), difficulty in acquiring knowledge, and narrow application domain (each systemmust be tailored to a specific domain). Brittleness results from a lack of robustness andfault tolerance, difficulty in acquiring knowledge contrasts with automatic knowledgeacquisition, and a narrowness of domain results from lack of adaptivity. But robustness,fault tolerance, automatic knowledge acquisition, and adaptivity are exactly the strengths ofConnectionism. The symbol grounding problem is interesting in that it does not directlyoppose a strength of Connectionism, per se, (though Connectionism does not suffer from itand this may be thought of as a strength) and is treated in [15]. There are those, of course,who will point to one or another of one of the methods� weaknesses and argue that it isinsurmountable and thus that the method is untenable. A good example of this is Fodorand Pylyshyn�s denunciation of Connectionism on the basis that it lacks compositionalityand systematicity (basically, the ability to represent complex structures and the existence ofstructure sensitive operations, respectively) [14].

213. Issues of IntelligenceAccepting the premise of Artificial Intelligence that cognition, at some level, can bemodeled as computation and also taking the viewpoint that Connectionism and Symbolismrepresent a complementary dichotomy of computation, both poles of which explain certainaspects of intelligence, we would like to employ these assumptions to develop a frameworkfor the development of a general theory of (artificial) intelligence. This framework willexplicitly describe what such a theory must do in order to be a candidate for the explanationof cognition.3.1. Formal primitivesA minimal set of formal primitives (a subset of the Turing computable functions) thatare necessary and sufficient for modeling the building blocks of intelligence must bedeveloped. Minimality is important for reasons of parsimony and elegance. Formality is anecessity for clarity, for testing hypotheses, and for implementation issues, among otherthings. Further, these primitives must adequately address the following issues:knowledge, complex symbol structure, symbol grounding, learning, robustness, faulttolerance, adaptivity, duality of intelligence, multiple levels of explanation, and scaling.3.2. KnowledgePossessing knowledge and rationally making use of it is a major component ofintelligence and there are at least three facets to the knowledge problem: acquisition,representation, and explanation. Any cognitive system must be able to obtain informationfrom its environment, internalize and manipulate that information, and respondappropriately to its environment.3.2.1. ACQUISITIONA model of intelligence must provide a method for actively extracting pertinentinformation from the environment as well as allow for passive assimilation of informationprovided explicitly by an authority.3.2.2. REPRESENTATIONThe model must internally represent knowledge both in a way that is useful to it and ina way that exhibits some kind of relationship with the external environment from which itwas derived. This obviously relates to the issue of compositionality and to the issue ofgrounding.3.2.3. EXPLANATIONIf for no other reason than for the practical one of trust, it is necessary that anyintelligent system be capable of providing an explanation of its decisions. This is especiallytrue of an artificial intelligence acting in any type of critical system (such as air trafficcontrol or medicine). Some would claim that the explanation of a system�s behavior is

22more important and more valuable (especially in the context of understanding intelligentbehavior) than the behavior itself.3.3. Complex symbolsFor the staunch Classicists, the ability (or lack thereof) to represent and manipulatecomplex symbols is the crux of the matter. They believe that humans use symbolrepresentations and manipulations in so many high-level cognitive tasks that this anabsolute necessity. Connectionists are not convinced of this. It may certainly be arguedthat language syntax and semantics are based on this ability, and in fact, this ability isderived, for the most part, from a linguistic theory of mind. This concept of a complexsymbolic representational system is so pervasive that any general model must either includeprovision for it (or a functional equivalent) or convincingly demonstrate it to beunnecessary.3.3.1. COMPOSITIONALITYThis principle demands the ability to represent a theoretically infinite number ofsymbols (this is known as productivity) using a finite set of atomic symbols and a set ofsyntactic rules for their combination. This theoretical infinitude is limited in practice byfinite resource constraints such as memory, time, etc. The important thing about thesesymbols is that their semantic interpretation is a semantic interpretation of their constituentparts along with the relationship that exists among these parts.3.3.2. SYSTEMATICITYSystematicity complements compositionality in that it requires the existence ofoperations that are sensitive to syntactic structure. For example, in deductive logic a ruleexists for transforming any structure of the form A � B to the form A. Because semanticstructure is closely related to syntactic structure (by compositionality), this reflects thetruism that if A and B exist (are true), then certainly A exists (is true).3.4. GroundingThis consideration is due to Harnad [15] and addresses the problem in pure symbolsystems of the lack of intrinsic meaning in the system. Though such a system possesses arich symbol structure, that structure is purely internal and completely arbitrary. It is notgrounded to anything in reality. Harnad likens this problem to that of trying to learnChinese as a first language with only Chinese literature as an instruction source. All theChinese symbols are related to one another in complex ways, but without so much as anotion of language (remember we are learning this as a first language), there is no way toconnect any of those symbols to anything real. Symbolic representation is practicallyworthless to a system trying to function in an environment in which none of its symbols aregrounded. Harnad suggests that the solution to this quandary is to begin with anelementary set of nonsymbolic representations such as various input patterns that can beboth discriminated and identified (classified) correctly. The classifications of these patternswill then be abstract symbols, but they will be grounded to the input patterns from theenvironment that produced them. These can then be further combined into more complex

23symbols as discussed above, and the grounded meanings of the atomic symbols will beinherited by any higher level symbols of which they are constituents (by the principle ofcompositionality).3.5. LearningKnowledge acquisition is one method for providing a system with its initial knowledge;other approaches such as inductive methods also may be employed. The ability to alter thatknowledge and accordingly to alter behavior due to changes in the environment is whatallows a system to intelligently function in a dynamic, realistic environment. This is theability to learn. Any intelligent system should, over time, become more adept atperforming tasks (not just in the sense of speed-up learning) and interacting with itsenvironment through this process. Both the rapid assimilation of concepts necessary forimmediately critical behavioral changes and the gradual refining of representations involvedin capturing exceptional behaviors and concept drift must be supported.3.6. Robustness, fault tolerance, and adaptivityThe arguments for these capabilities are almost platitudes. Independent of method it isobvious that the abilities to perform in noisy, novel or adverse conditions, to maintainreasonable levels of performance despite failures in the system (graceful degradation), andto adapt to a changing environment and/or unique types of problems are clearly desirableproperties that any intelligence or model of intelligence will possess.3.7. DualityAs discussed in Section 2, there appears to be a dual nature to intelligence. It is multi-faceted and each of these has diametrically opposed poles that are both present (or at leastseem to be) in intelligence. The most important of these dualities is briefly discussedbelow.3.7.1. CONTINUOUS AND DISCRETEMost of the real world is a continuum. Therefore it is critical that any model ofintelligent behavior account for handling continuous data. On the other hand, we oftenprocess in discrete quantities as well, content to know that it is a cool day rather than that itis 63.7� F. Discretization, though far from satisfactory, is one approach to reconciling thetwo [26].3.7.2. NUMERICAL AND SYMBOLICThe argument here is related to the previous one. Clearly, we explicitly andconsciously perform symbolic computation at least in language. Perhaps we perform somenumerical computation in mathematical endeavors, though mathematics is by its very naturesymbolic. More probably any numerical processing we perform occurs at an unconsciouslevel, and there are numerous unconscious tasks that we perform (particularly of the patternrecognition sort) that can, so far, only be explained numerically.

243.7.3. DISTRIBUTED AND LOCALISTA distributed system represents concepts as patterns over its units. A localist systemrepresents a single concept with a single unit. Therefore a distributed system will be able torepresent many more patterns than a localist one with similar resources. However, a fullydistributed system typically can represent only a single concept at a time because all theunits of the system are involved in the representation. On the other hand, a localist systemcan simultaneously represent as many concepts as it has units. The requirement here is toachieve the simultaneity of a localist system and the capacity of a distributed system. Otherissues that could be addressed include those involving fault tolerance, performance issues,etc.3.7.4. PARALLEL AND SERIALMany processing tasks such as pattern matching, image recognition, memory recall,and natural language understanding require huge amounts of processing and yet they areperformed by biological systems in a few hundred milliseconds. This suggests massiveamounts of parallel computation. However, other tasks such as logic inference, problemsolving, and the like have a very serial nature to them in which one computation cannot beaccomplished until after another is complete. How do we reconcile two such computationalapproaches in the same model?3.7.5. STATISTICS AND LOGICIn a related vein, it is often necessary to perform a nearest match or a closestapproximation or a degree of membership type operation. Certainly any completely novelexperience will require such improvisation for the production of behavior. At other times,strict all or nothing matching or yes/no reasoning is required. Both the �soft� constraints ofstatistics derived from the environment (as per Connectionism) and the �hard� constraintsof logic (as per Symbolism) are required.3.8. Multiple levelsThe duality issues of Section 3.7 all suggest that an explanation of multiple levels ofcognition is required. In every case one half of the dual was associated with high-level orconscious tasks such as reasoning while the other half was associated with low-level orunconscious tasks such as perception. It is well accepted that there exist multiple levels ofexplanation for cognitive phenomena and that there are at least the two levels (high-leveland low-level processes) of extant cognitive phenomena. Therefore, any model ofintelligence may exist at or take into account multiple levels of description; however, amodel of intelligence must account for at least the high and low levels implicated in thecomputational dichotomy of intelligence.3.9. ScalingNeither Connectionism nor Symbolism have really succeeded in scaling their proposedexplanations of cognition to real-world levels. Not only is a theory that only works on toyproblems of no practical use, it is soon of very little use intellectually as well, for no theorythat cannot account for the handling of real-world problems can come close to modeling

25intelligence. We must eventually succeed in scaling solutions up to realistic problems orfinally abandon our efforts to explain cognition.3.10. What and howAre the brain and the mind inextricably associated one with another or is thefunctionality of mind completely separable from the implementation of the brain? There arethose that will argue both ways. Among those that hold to the separability view, some willargue for a top-down approach in which we must understand what is happening before wecan understand how it is happening, while others will argue the opposite way. We are ofthe opinion that mind and brain cannot be wholly separated and thus some attempt must bemade to understand both at once. However, whatever the viewpoint, both the how and thewhat must eventually be addressed. The difference comes in the order they are tackled.4. Toward a General TheoryAs the issues above are confronted and resolved, a general, unified theory of (artificial)intelligence will emerge, and some good preliminary efforts have been made. For example,both Arbib�s Schema Theory [27] [28] and Michalski�s Multistrategy Task-adaptiveLearning [29] give good accounts of many of the aspects of knowledge, complex symbolsand learning. Though it is possible that the emergence of a theory will come as arevolutionary breakthrough, it is more likely that it will evolve much more slowly as aneclectic result of such research performed in many different disciplines. For this to have achance to succeed, not only must argumentation and hostility between various camps beavoided, but also interdisciplinary cooperation should be fostered to a greater extent. Forthis to succeed, as McKenna points out, �we must resist the temptation to critique onediscipline by the specialized criteria of another� [17]. It should be reiterated that althoughthe theory may evolve in an eclectic manner, the final product cannot be a hodge-podge oftechniques, partial models and explanations. It must be cohesive, formalized, and elegantand it must address the issues discussed here whether by subsumption or refutation.Though the issues presented may not be sufficient for a general theory of cognition they aresurely necessary.References[1]Rumelhart, David E., James L. McClelland and the PDP Research Group, Parallel DistributedProcessing: Explorations in the Microstructure of Cognition, MIT Press, 1986.[2]Wasserman, Philip D., Advanced Methods in Neural Computing, Van Nostrand Reinhold, 1993.[3]Russel, Stuart and Peter Norvig, Artificial Intelligence: A Modern Approach, Prentice-Hall, 1995.[4]Zadeh, L. A., �Fuzzy Logic�, IEEE Computer, 83-93, 1988.[5]Shavlik, Jude W. and Thomas G. Diettrich (eds.), Readings in Machine Learning, MorganKaufmannn, 1990.[6]Goldberg, David E., Genetic Algorithms in Search, Optimization and Machine Learning,Addison-Wesley, 1989.

26[7]Barndan, John A. and J. B. Pollack (eds.), Advances in Connectionist and Neural ComputationTheory 1, High-level Connectionist Models, Ablex, 1991.[8]Hinton, G. E. (ed.), Connectionist Symbol Processing, MIT Press, 1991.[9]Goonatilake, Suran and Sukhddev Khebbal (eds.), Intelligent Hybrid Systems, John Wiley & Sons,1995.[10]Honavar, Vasant, and Leonard Uhr (eds.), Artificial Intelligence and Neural Networks: StepsToward Principled Integration, Academic Press, 1994.[11]Levine, Daniel S. and Manuel Aparicio (eds.), Neural Networks for Knowledge Representationand Inference, Lawrence Erlbaum Associates, 1994.[12]Sun, Ron and Lawrence Bookman (eds.), Computational Architectures Integrating Neural andSymbolic Processes: A Perspective on the State of the Art, Kluwer Academic, 1995.[13]Shibata, Takanori and Toshio Fukuda, �Hierarchical Intelligent Control for Robotic Motion�, IEEETransactions on Neural Networks, vol. 5, no. 5, 823-32, 1994.[14]Fodor, J. A. and Z. W. Pylyshyn, �Connectionism and Cognitive Architecture: A Critical Analysis�,Cognition, vol 28, 3-71, 1988.[15]Harnad, Stevan, �The Symbol Grounding Problem�, Physica D, vol. 42, 335-46, 1990.[16]Barnden, John A., �On Using Analogy to Reconcile Connections and Symbols�, Neural Networksfor Knowledge Representation and Inference, eds. Daniel S. Levine and Manuel Aparicio,Lawrence Erlbaum, 27-64, 1994.[17]McKenna, Thomas M., �The Role of Interdisciplinary Research Involving Neuroscience in theDevelopment of Intelligent Systems�, Artificial Intelligence and Neural Networks: Steps TowardPrincipled Integration, eds. Vasant Honavar and Leonard Uhr, Academic Press, 75-92, 1994.[18]Goonatilake, Suran and Sukhdev Khebbal, �Intelligent Hybrid Systems: Issues, Classifications andFuture Directions�, Intelligent Hybrid Systems, eds. Suran Goontalilake and Sukhdev Khebbal, JohnWiley & Sons, 1-20, 1995.[19]Sun, Ron, �An Introduction: On Symbolic Processing in Neural Networks�, ComputationalArchitectures Integrating Neural and Symbolic Processes: A Perspective on the State of theArt, eds. Ron Sun and Lawrence A. Bookman, Kluwer Academic, 1-18, 1995.[20]Boden, Margaret, �Horses of a Different Colour?�, Aritificial Intelligence and Neural Networks:Steps Toward Principled Integration, eds. Vasant Honavar and Leonard Uhr, Academic Press, 3-19,1994.[21]Oden, Gregg C., �Why the Difference between Connectionism and Anything Else Is More Than YouMight Think but Less Than You Might Hope�, Artificial Intelligence and Neural Networks:Steps Toward Principled Integration, eds. Vasant Honavar and Leonard Uhr, Academic Press Inc.,93-103, 1994.[22]Aparicio, Manuel and Daniel S. Levine, �Why are Neural Networks Relevant to Higher CognitiveFunction?�, Neural Networks for Knowledge Representation and Inference, eds. Daniel S. Levineand Manuel Aparicio, Lawrence Erlbaum, 1-26, 1994.[23]Honavar, Vasant, �Symbolic Artificial Intelligence and Numeric Artificial Neural Networks: Towardsa Resolution of the Dichotomy�, Computational Architectures Integrating Neural and SymbolicProcesses: A Perspective on the State of the Art, eds. Ron Sun and Lawrence A. Bookman,Kluwer Academic, 351-88,1995.

27[24]Chandrasekaran, B. and Susan G. Josephson, �Architecture of Intelligence: The Problems and CurrentApproaches to Solutions�, Artificial Intelligence and Neural Networks: Steps TowardPrincipled Integration, eds. Vasant Honavar and Leonard Uhr, Academic Press, 21-50,1994.[25]Penrose, Roger, Shadows of the Mind, Oxford University Press, 1994.[26]Ventura, Dan and Tony Martinez, Tony, �An Empirical Comparison of Discretization Methods�,Proceedings of the Tenth International Symposium on Computer and Information Sciences, 443-50, 1995.[27]Arbib, Michael, �Schema Theory: Cooperative Computation for Brain Theory and Distributed AI�,Aritificial Intelligence and Neural Networks: Steps Toward Principled Integration, eds. VasantHonavar and Leonard Uhr, Academic Press, 51-74, 1994.[28]Arbib, M. A., �Schema Theory�, The Encyclopedia of Artificial Intelligence, 2nd edition, ed. S.Shapiro, Wiley-Interscience, 1427-43, 1992.[29]Michalski, Ryszard S., �Toward a Unified Theory of Learning: Multistrategy Task-adaptiveLearning�, Readings in Knowledge Acquisition and Learning, eds. B. G. Buchanan and D. C.Wilkins, Morgan Kaufmannn, 1993.

28Part II A Neural/Evolutionary Hybrid SystemI must create a system or be enslaved by another man�s.-- William BlakeA crucial aspect of computational learning that is often overlooked as trivial is that ofobtaining training data for the learning algorithm. In fact, far from being trivial, this canoften be the most difficult part of a computational learning approach to problem solving.This question of how to obtain training data motivates the research detailed in Chapters 4-7.Chapter 4 introduces an approach to generating data for training a neural network thatutilizes evolutionary computation to ensure that the data generated will be useful. It hasbeen published under the following reference.Ventura, Dan, Tim Andersen and Tony Martinez, �Using EvolutionaryComputation to Generate Training Set Data for Neural Networks�, Proceedingsof the International Conference on Artificial Neural Networks and GeneticAlgorithms, Ecole des Mines d�Ales, France, pp. 468-471, 1995.Chapters 5 and 6 are a natural progression of the work in Chapter 4. The approach forgenerating training data presented in Chapter 5 can be thought of in another light as anoptimization problem with the goal being to find the very best example data. Thisviewpoint is used as the basis for adapting the research to the task of function optimization.Chapter 5 demonstrates how the evolutionary/neural hybrid can be thought of as a generalapproach to optimization, and Chapter 6 attempts to empirically evaluate its effectivenesswith hundreds of simulation experiments. The results are encouraging in suggesting thatthe approach is indeed a robust approach to optimization. The references for the twochapters are as follows.Ventura, Dan and Tony Martinez, �A General Evolutionary/Neural HybridApproach to Learning Optimization Problems�, Proceedings of the WorldCongress on Neural Networks, San Diego, California, pp. 1091-1095, 1996.Ventura, Dan and Tony Martinez, �Robust Optimization Using Training SetEvolution�, Proceedings of the International Conference on NeuralNetworks, pp. 524-528, Washington D.C., 1996.Given a method for optimization, it is natural to next consider the case of optimizationthrough time, or in other words, control. Chapter 7 extends the hybrid approach into thedomain of automatic closed-loop control for unstable systems. Early work on this idea waspublished in the following.

29Ventura, Dan and Tony Martinez, �Using Evolutionary Computation to FacilitateDevelopment of Neurocontrol�, Proceedings of the International Workshopon Neural Networks and Neurocontrol, Playa del Carmen, Mexico, 1997.Chapter 7 presents a mature approach to using the evolutionary/neural hybrid forneurocontrol and includes good empirical results for the classic problem of balancing a poleon a cart. It may be referenced as follows.Ventura, Dan and Tony Martinez, �Optimal Control Using a Neural/EvolutionaryHybrid System�, Proceedings of the International Joint Conference onNeural Networks, Anchorage, Alaska, pp. 1036-1041, 1998.A certain amount of redundancy is inherent in the collection-of-papers format followedhere. This redundancy is necessary as each chapter is a self-contained paper that may beread without reference to the rest of the dissertation. However, to aid in the case where thereader is considering the entire dissertation as a cohesive unit, suggestions for judiciouslyskipping through the chapters are offered here. Chapter 4 should be read in its entirety toget a feel for the basic approach to combining evolutionary and neural computation. Forthe following Chapters (5-7), Sections 2 and 3 of each may be skipped entirely as they arevery similar to those in Chapter 4, discussing this basic approach. In addition, theintroductory sections are somewhat similar, though each approaches the concepts in adifferent manner; therefore the reader may find it useful to skim Section 1 of each of thechapters to understand the motivations for the different applications of the hybrid approach.

30Chapter 4Using Evolutionary Computation To Generate Training SetData For Neural NetworksTrain up a child in the way he should go: and when he is old, hewill not depart from it.-- Proverbs 22: 6Proceedings of the International Conference on Artificial Neural Networks andGenetic Algorithms, Ecole des Mines d�Ales, France, pp. 468-471, 1995.AbstractMost neural networks require a set of training examples in order to attempt toapproximate a problem function. For many real-world problems, however, such a set ofexamples is unavailable. Such a problem involving feedback optimization of a computernetwork routing system has motivated a general method of generating artificial training setsusing evolutionary computation. This paper describes the method and demonstrates its utilityby presenting promising results from applying it to an artificial problem similar to a real-world network routing optimization problem.1. IntroductionMany inductive learning algorithms based on neural networks, machine learning, andother approaches have been developed and have been shown to perform reasonably well ona variety of problems [2][4]. Typically, neural networks (NN) perform inductive learningthrough the presentation of preclassified examples; however, one of the largest obstaclesfaced in applying these algorithms to real-world problems is the lack of such a set oftraining examples. Many times collecting data for a training set is the most difficult facet ofa problem.This paper presents such a real-world problem -- one for which no training data existsand for which gathering such data is at best extremely expensive both in time and inresources. To remedy the lack of training set data, a method using evolutionarycomputation (EC) [3][8] is described in which the survivors of the evolution become thetraining examples for a neural network. The synthesis of EC with NN provides both initialunsupervised random exploration of the solution space as well as supervised generalizationon those initial solutions. Work involving a combination of EC and NN is becoming moreprevalent; the reader is referred to [1][5][6][7] for examples.

312. Problem DescriptionAlthough we describe here a specific problem, the approach described in the nextsection is general enough to apply to a large class of optimization/feedback problems. Weare specifically concerned, however, with a computer networking application and theconstant setting/adjusting of certain control variables depending on the values of certainstatus variables. More formally, given a network, Q, the state of Q may be described attime t by a vector of status variables, st. Control of the network is effected by the settingof variables in a control vector, c. That is, given a network Q at time t described by vectorst, the setting of the values of the vector c will result in a different network Q’ at time t+ddescribed by the vector st+d. The problem is, given a status vector, st, what modificationsshould be made to the control vector c such that st+d describes a better network, if possible,than st? Here, the best network is defined as the network that maximizes some function ofits status variables, f(s ). The operation of Q is continuous and feedback from Q in theform of s is continuous as well. A neural network is expected to monitor the values of seither continuously or periodically and to update the values of c,thegoalbeingtomaximizet h e p e r f o r m a n c e o f Q over time. In this particular problem 21 status variables (e.g.AverageRoundTripTime, TotalPacketsSent, TotalPacketsReceived, etc.) and 11 controlvariables (e.g. SendWindowSize, RetransmitTimeInterval, MaxRetransmitCount, etc.)have been identified.3. Generating the Training SetAssuming that the status variables are defined over even a modest range, it is obviousthat Q may be described by any of an extremely large number of unique state vectors. Inother words, the search space defined by the number of unique networks is enormous.Even if we limit ourselves for a moment to considering a single network by "freezing" thevalues of s, we are still faced with a similar problem in choosing values for c. With theintractable search spaces involved, evolutionary computation suggests itself for theexploration of those spaces. Actually, we limit ourselves to exploring, via evolutionarycomputation, the solution space for c only.From the space defined by s that describes Q we choose a representative set of networkstates by choosing n initial status vectors. We denote these si , 0<i £ n and refer to thenetwork state described by si as Q i, 0<i£ n. These choices could of course be biased byany a priori heuristics as to what constitutes a realistic network. In choosing this set ofstatus vectors, si, 0<i£n, we have chosen the left hand sides of our training instances. Wenow use evolutionary computation to discover �good� right hand sides yielding traininginstances of the form

it=0s

fi c k .Assumeafitnessfunctionf that takes as input a status vector sandreturnsareal-valuedfitness measure. Now for each

it=0s

, randomly initialize a population of m control vectors,denoted ck, 0<k £ m. Evaluate the initial population by simulating the workings of

it=0 Θ

for each ck for d time steps, where d time steps are sufficient for Qi to stabilize, and thena p p l y i n g f i t n e s s f u n c t i o n f to

it=δs

. Next choose parents and use genetic operators toproduce m offspring. Now evaluate the children and select m survivors from amongst theparentsandchildren.ThealgorithmissketchedinFigure1.

32evolve()generate sifor each initialize population ck, 0<k £ m .evaluate(c k,Q i)until(done)select parents from ckapply genetic operators to parentsevaluate(children,Qi)ck ‹ choose m survivors from ck and childrenevaluate( c ,Q i)run for d time steps with control vector creturn f()

it=0s it=0 Θit=δs

Figure 1. Sketch of algorithm for evolving training setFinally, choose j individuals from each of the n populations and build a set of jn trainingexamples of the form

it=0s

fi ck. (To avoid ambiguity in the training set we could set j=1.)We now return to the infinite space defined by s. Since we have only chosen a finitenumber of seed points from this space, our evolutionary computation has foundapproximate solutions for only these n points in the space and can say nothing about anyother points, many of which we are likely to encounter during normal execution of Q.Therefore it becomes necessary to generalize on this relatively small set of approximatesolutions. Using this set of approximate solutions as training examples, an NN model canbe trained to develop a general hypothesis over the entire space defined by s.4. SimulationIn order to establish proof of concept, simulations using artificially generated problemswere run. The simulation process includes the following steps:1. Generate a problem definition2. Create a training set using the algorithm3. Train an NN with the training set4. Create a test set5. Test the NN network on the training setAn artificial problem generation/simulation program was used for two reasons. First, it ismuch easier to work with in terms of analysis, reproduction of results, etc. Second, it ispossible to create a test set which can be used to show how well the NN is performing inrelation to optimum, and thus to establish (to some extent) the quality of the EC-generatedtraining set.

334.1. Generating a problem definitionIn the networking problem, s is a vector of p status variables and c is a vector of qcontrol variables. At any time t, st = g (st-d , c t-d ), where g represents the operation of thenetwork for time d. Unfortunately, because of the network�s asynchronous nature, it isimpossible to determine the length of d necessary for the network to stabilize or toaccurately define g.Therefore, we develop an artificial problem that is a simple analog of the networkrouting problem that preserves the relationship among st, st-1, and ct-1 but that operates ind e f i n i t e t i m e s t e p s a n d e m p l o y s a s i m p l e r f u n c t i o n H. Given a vector s of p integervariables (this vector is the analog of the status vector so we abuse notation and call it s)and a vector c of q integer variables (the analog of the control vector), define therelationship st = H (st-1, ct-1) where H is in turn defined as a vector of functions h1, h 2, ...,hp. Now, to generate a problem, generate a p·q matrix G whose elements are randomlyselected from {+,-}. The function h i calculates the value of

its

from

it− 1s

and c t-1 a s follows

its = ih it− 1s , t− 1c

( ) = ikG it− 1s − kt− 1c( ) k=1q∑

.Thus, a problem is completely defined by H and G, which together represent a simpleanalog for the operation of a network. Once H and G have been defined, the combinationof EC (to create a training set) and NN (to generalize on that training set) can attempt tolearn the problem. To generate a new and different problem, randomly regenerate thematrix G; this allows for the generation of

q2p( )

unique problems. Note that

its

(

itc

) hasbeen used to indicate the ith vector at time t, while ( ) is now used to indicate the i t h element of a vector s (c) at time t, a slight abuse of notation.A s a n e x a m p l e , s u p p o s e p=3 and q =3, that is, there are 3 �status� variables and 3�control� variables. In order to generate a problem, randomly generate a 3·3 matrix G.One possibility is

G = + − − + + + − + −

The system of equations that define the problem is then:

1ts = + 1t− 1s − 1t− 1c ( )− 1t− 1s − 2t− 1c

( )− 1t− 1s − 3t− 1c ( ) 2ts = + 2t− 1s − 1t− 1c ( )+ 2t− 1s − 2t− 1c

( )+ 2t− 1s − 3t− 1c 3ts = − 3t− 1s − 1t− 1c ( )+ 3t− 1s − 2t− 1c

( )− 3t− 1s − 3t− 1c

.4.2. Creating a training setOnce the problem has been defined, the evolutionary algorithm is employed to generatea training set. The function H and matrix G are substituted for the step �run

it=0 Θ

f o r dtime steps with control vector c� in the evaluate procedure. The fitness function may bearbitrary,andtheoneusedinthesesimulationswassimply

f s( ) = isi=0p∑

All simulations used training sets of size 1000.

344.3. Training the NNThe PDP group�s software implementation of the backpropagation algorithm [4] wasused for all simulation results. For the simulations we defined 5 integer �control� variablesand 10 integer �status� variables on the range [0, 100). Note that even though we limit theproblem to integer values, the search spaces are extremely large: 1005 for �control� vectorsand 10010 for �status� vectors. The inputs to the backprop (the �status� variables) werebinaryencoded,whiletheoutputsweresimplelocalistnodes,oneforeachcontrolvariable.Fifteen hidden units were used so that the entire network consisted of 70 input nodes, 15hidden units, and 5 output nodes. The output nodes produce values in the range [0, 1) andthese are simply multiplied by 100 to produce a �control� vector in the desired range. Allsimulations were run with the default settings and training was only allowed to proceed for500 epochs.4.4. Creating a test setThe main advantage of having an explicitly defined function H representing ourproblem is that given a status vector st, the optimal control vector c (the one that optimizes t + 1 ) c a n b e c a l c u l a t e d . T h e s i m p l e s t m e t h o d i s b y b r u t e f o r c e , t h o u g h t h i s c a n b e s i g n i f i c a n t l y i m p r o v e d i n t h e c a s e o f t h i s p a r t i c u l a r f u n c t i o n H . To create a test set,randomly generate a vector s and then determine the optimal vector c. Add the instance sfi c to the training set and repeat for as many instances as desired. All simulations used atest set of size 50.4.5. Testing the NN networkTypically, when evaluating how well the NN performs on a given training set wedetermine the number of correctly classified instances from the test set. However, becausethis is an optimization problem and because the output nodes are localist and expected toproduce outputs in the range [0, 1) (rather that just being active or not), the NN is notexpected to produce the optimum vector copt but rather a good approximation of it, capprox.Thus, given a status vector s the NN generates c a p p r o x , while c o p t and c w o r s t (needed fornormalization) may be found by brute force (or some more efficient method). A measureofthecorrectness(normalized%ofoptimum)ofcapproxis

f( approx s )− f worsts( ) f( opts )− f worsts( )

where s approx = H ( s,capprox ), s w o r s t = H ( s,c w o r s t ), and s o p t = H ( s,copt ) . 5. Empirical ResultsThe simulation process as described in the previous section was performed for geneticpopulation sizes (the upper bound m in the evolve algorithm) of 20, 100, and 200. Tendifferent simulations were run for each value of m and the results are reported in Table 1.

35The % of optimum is the correctness measure discussed above where capprox is producedby either the GA (training set) or the NN (test set). The average pss is the average sum-squared error per pattern.Table 1. Simulation results for different population sizes

% opt. (train)% opt. (test)avg pss (train)avg pss (test)Population Size (m)2010020073.8

meanstd dev8.170.810.3.237.037.667.14587.65.580.96.8.128.023.364.10289.985.1.3274.68.6.023.102meanmean.103std devstd devA number of interesting observations may be made from the table. First, the values forpercent of optimum for the training set indicate that the GA is finding artificial instances thatseem reasonable in the sense that they are a significant percentage of optimum. Second, thevalues for percent of optimum for the test set indicate that the training set produced by theGA enabled the NN to learn the problem fairly well, since it performs almost as well as theGA. Even more significant is the fact that as we increase the population size, both the GAand the NN perform closer to optimum with smaller standard deviations. Also, as thepopulation size is increased, the sum-squared error on both the training set and test setdecreases indicating that the training set more closely represents the true function.6. ConclusionEmpirical simulation results suggest that at least for some problems, evolutionarycomputation is indeed capable of generating a training set that closely represents the actualunderlying function. The key to this process is the assumption that an appropriate fitnessfunction f can be defined. We conjecture that in many cases this will indeed be the case(e.g. in the networking problem f would attempt to maximize throughput while minimizingresource usage). This paper has developed proof-of-concept on a relatively simpleproblem. Current research involves application of this method to the real networkoptimization problem and other difficult real-world applications. Unfortunately,ascertaining what percentage of optimum the approximate solutions achieve will not bepossible (since the function g will be unknown). A measure of performance will have tobe obtained by comparing this approach with current methods for solving these problems.As a final note, although generating the training set and training the NN is potentially timeconsuming, this need be done only once (or very infrequently), and it is conceivable thatfurther training could be ongoing in the background using results obtained duringexecution. The actual execution would be extremely fast.

36References[1]Caudell, T. P. and C. P. Dolan, �Parametric Connectivity: Training of Constrained Networks usingGenetic Algorithms�, Proceedings of the Third International Conference on GeneticAlgorithms, 1989.[2]Falhman, S. E. and F. Lebiere, �The Cascade-Correlation Learning Architecture�, Advances inNeural Information Processing 2, D. S. Touretzky (ed.), Morgan Kaufmannn, 1990.[3]Goldberg, D. E., Genetic Algorithms in Search, Optimization, and Machine Learning, Addison-Wesley Publishing, 1989.[4]McClelland, James L. and David E. Rumelhart, Explorations in Parallel Distributed Processing,MIT Press, Cambridge, Massachusetts, 1988.[5]Harp, S. A., T. Samad and A. Guha, �Designing Application-Specific Neural Networks Using theGenetic Algorithm�, NIPS-89 Proceedings, 1990.[6]Montana, D. J. and L. Davis, �Training Feedforward Neural Networks Using Genetic Algorithms�,Proceedings of the Third International Conference on Genetic Algorithms, 1989.[7]Romaniuk, Steve G., �Evolutionary Growth Perceptrons�, Genetic Algorithms: 5th InternationalConference (ICGA-93), S. Forrest (ed.), Morgan Kaufmannn, 1993.[8]Spears, W. M., K. A. Dejong, T. Baeck, D. Fogel and H. de Garis, �An Overview of EvolutionaryComputation�, European Conference on Machine Learning (ECML-93), 1993.

37Chapter 5A General Evolutionary/Neural Hybrid Approach to LearningOptimization ProblemsDon�t tell your problems to people; eighty percent don�t care,and the other twenty percent are glad you have them.-- Lou HoltzProceedings of the World Congress on Neural Networks, San Diego, California,pp. 1091-1095, 1996.AbstractA method combining the parallel search capabilities of Evolutionary Computation (EC)with the generalization of Neural Networks (NN) for solving learning optimization problemsis presented. Assuming a fitness function for potential solutions can be found, EC can beused to explore the solution space, and the survivors of the evolution can be used as a trainingset for the NN which then generalizes over the entire space. Because the training set isgenerated by EC using a fitness function, this hybrid approach allows explicit control oftraining set quality.1. IntroductionEfforts to develop mechanisms that can be considered in some way intelligent haveresulted in many problem solving techniques from various fields including MachineLearning, Neural Networks, Evolutionary Computation, Fuzzy Logic, and SymbolicArtificial Intelligence. Approaches from these different fields each have their strengths andtheir weaknesses. Recent research suggests that further progression may depend upon thesynergistic combination of several complementary approaches from these different fields[4][6][11]. This new synergistic approach to machine intelligence is sometimes referred toas Hybrid Systems. One such possibility is the combination of Evolutionary Computation(EC) [3][10] with Neural Networks (NN) [9][13]. For some examples of suchcombinations, the reader is referred to [1][5][7][8].This paper extends work on one such hybrid method, first presented in [12], thatcombines the broad, parallel search capabilities of EC with the generalization and executionspeed of NN. Given a function to be learned, under certain reasonable assumptions the ECcan be used to solve the problem at selected points in the input space; the survivors of theevolution become the instances in a training set for the NN, which then generalizes theoptimization for the entire input space.Section 2 of the paper presents a generalized formal description of the problem to besolved. Section 3 then discusses the combination of NN with EC as a general approach tosolving the problem. As a proof-of-concept for the general approach, Section 4 describes aspecific learning optimization problem and presents empirical results from simulations runon that problem. Finally, Section 5 presents conclusions and directions for ongoingresearch.

382. Problem DescriptionGiven a system, Q, the state of Q may be described at time t by a vector of statusvariables, st. Control of the system is effected by G which applies a control vector, c, to Q.That is, given a system Q at time t described by vector st, the setting of the values of thevector c will result in a different system Q ’ at time t+d described by the vector st+d . Thep r o b l e m i s h o w s h o u l d G be constructed so that given a status vector, s t , G o u t p u t s a controlvectorc such that st+d describes a better system, if possible, than st?Weassumetheexistence of some evaluation function, f, that will determine whether or not one system isbetter than another. The operation of Q may be either continuous or discrete and G knowsnothing about Q except for the value of st. Given st, G is expected to output values for c,the goal being to maximize f for any given instance (status) of Q. The problem may be asingle-step optimization; alternatively, though this is not pursued here, the problem mayincludefeedbackwiththeprocessbecomingiterative(seeFigure1).

System QControl G maximize f(Status)Initial Status of QStatus

st+dcsisiFigure 1. Problem Description3. Combining Evolutionary Computation with Neural ComputationAssuming that the status and control variables are defined over even a modest range, itis obvious that the input (status) and output (control) spaces will be extremely large.Evolutionary computation lends itself well to the exploration of large spaces. However,such evolutionary exploration is often slow. If we assume that the mapping s fi c is nonrandom and in some sense generalizeable, then a (hopefully) representative set of pointsmay be discovered via EC, and those points then used to train a NN which may thengeneralize over the rest of the function. The goal of the EC/NN synergism is to obtain theaccuracy of evolutionary search and the speed of neural execution.From the space defined by s that describes Q we choose a representative set of systemstates by choosing n initial status vectors. We denote these

it=0s

, 0<i £ n and refer to thesystem state described by as

it=0 Θ

, 0<i£ n. These choices could of course be biasedby any a priori heuristics as to what constitutes a realistic system (see below andSection˚5). The goal is to know, given one of these

it=0s

, what a �good� c vector wouldbe. For each of the

it=0s

, EC is used to discover such a c in the following way.

39evolve ()generate sifor each initialize population ck, 0<k £ m .evaluate (c k ,Q i)until(done)select parents from ckapply genetic operators to parentsevaluate (children,Qi)ck ‹ choose m survivors from ck and childrenevaluate ( c ,Q i)run for d time steps with control vector creturn f()

it=0s it=0 Θit=δs

Figure 2. Algorithm for evolving training setAssume a fitness function fthattakesasinputastatusvectorsandreturnsareal-valuedfitness measure. Now for each

it=0s

, randomly initialize a population of m control vectors,denoted ck, 0<k £ m. Evaluate the initial population by simulating the workings of

it=0 Θ

for d time steps (where d time steps are sufficient for Qi to stabilize) for each ck, and thena p p l y i n g f i t n e s s f u n c t i o n f to

it=δs

. Next, until some stopping criterion is reached (amaximum number of generations, for example) choose parents and use genetic operators(crossover, mutation, etc.) to produce m offspring, evaluate the children and select msurvivors from amongst the parents and children. The algorithm is sketched in Figure 2.Finally, for each of the n populations, choose the individual, cmaxi, (the individual with thehighest fitness) and build a set of n training examples of the form

it=0s

fi cmax i.T h e E C h a s n o w f o u n d � g o o d� a p p r o x i m a t e s o l u t i o n s f o r n points from the input(status) space but can say nothing about any other points, many of which we are likely toencounter during normal execution of Q. Obviously, one solution to the problem definedin Section 2 would be to employ the evolutionary scheme discussed above as the control G.However, this would likely be unacceptable in terms of execution speed. Therefore, theNN is employed to generalize over the entire space defined by s using the relatively smallset of approximate solutions as a training set. While the initial training of the networkmaybe somewhat time consuming, depending on the network and training algorithmemployed, the generalization during execution will be extremely fast. The synergisticcombination of EC and NN is then employed as the control G as in Figure 3.

G{si}ECNN

si fi cklearning

scTrainingSetexecutionRandomchoice

Figure 3. The control GIn experiments performed to date, the original set

it=0s

is simply chosen randomly.However, it is possible that techniques such as active learning [2] can be employed tochoose the set

it=0s

, leading to smaller training and/or better NN generalization.The power of this EC/NN hybrid approach is its combination of the thoroughness ofevolutionary search with the speed of neural generalization as well as its generalapplicability to any learning problem for which a fitness function can be found and forwhich �blackbox� access to the system to be learned (or a reasonable simulation thereof) ispossible. In order to provide proof-of-concept, the next section presents a specific exampleof a problem and the results of applying the EC/NN hybrid to solve it.4. SimulationIn the simulations, the EC/NN combination attempts to learn to use a simple gun to hit atarget moving in 2-d space. An artificial problem was used for two reasons. First, it ismuch easier to work with in terms of analysis, reproduction of results, etc. Second, it ispossible to create a test set which can be used to show how well the NN is performing inrelation to optimum, and thus to establish (to some extent) both the quality of the trainingset generated as well as the quality of the NN�s generalization.The problem is difficult in several respects -- most notably in the fact that there aremany optimal bullets (in the sense that they hit the target) for each target, and no attempt ismade to constrain which of these is genetically chosen. However, it is unclear how aneural network trained with these two instances would generalize.A second difficulty arises from the fact that only integer values are allowed for velocityvalues. This makes the optimization much more difficult than if real values were allowed,analogous to the difference in difficulty between the linear and integer programmingproblems.4.1. The system Q The vector s describes the x and y components of the target�s velocity and is thereforecomprised of two elements: s1 and s2. The vector c describes the x and y components of

41the bullet�s velocity and so consists of two elements: c1andc2. The target vector is subjectto a gravitational constant, but the bullet vector is not (it is assumed negligible). ThesystemQ describes the trajectories of both bullet and target as in Figure 4.trajectories (targetx, targety, bulletx, bullety)targetx = targetx + targetxvelocitytargety = targety + targetyvelocitybulletx = bulletx + bulletxvelocitybullety = bullety + bulletyvelocityif(mindistance > ((targetx-bulletx)+(targety-bullety)2)1/2)mindistance = ((targetx-bulletx)+(targety-bullety)2)1/2targetyvelocity = targetyvelocity - gravityreturn(mindistance)

Figure 4. The target/bullet systemNotice that the function trajectories()returnstheminimumdistancebetweenbulletandtarget in the course of their trajectories. It therefore acts as the system simulator and thefitnessfunction.OptimizingthissystementailsminimizingtheEuclideandistancebetweentargetandbulletattheirnearestpoint.Thefitnessfunctionthereforeissimplyfitness(s) = 1 - mindistance(s,c)which is to be maximized. The default fitness is the distance between the initial bulletposition and the initial target position. Obviously, the ideal fitness is 0, and thus fitness()is defined over the range [0,default fitness].4.2. Creating a training setTraining sets were comprised of 250 instances obtained using the evolutionary methoddescribed above. For each randomly generated target (left hand side), a population ofbullets was allowed to evolve and the bullet that came closest to hitting the target wasselected as the right hand side. The function trajectories is substituted for the step �run

it=0 Θ

for d time steps with control vector c� in the evaluate procedure, andfitness(bullet) = mindistance(bullet, target).4.3. Training the neural networkThe PDP group�s software implementation of the backpropagation algorithm [9] wasused for all simulation results. For the simulations, 2 integer �status� variables and 2integer �control� variables were defined that describe the x and y velocities of the target andthe bullet respectively. The inputs to the backpropagation NN (the �status� variables) werebinary encoded, while the outputs were simple localist nodes, one for each control variable.Ten hidden units were used so that the entire network consisted of 12 input nodes, 10hidden units (number of hidden nodes was determined empirically), and 2 output nodes.The output nodes produce values in the range (0, 1) and these are scaled to produce aninteger �control� vector in the desired range. All NN simulations were run with the defaultsettings and training was allowed to proceed for 1000 epochs.

424.4. Creating a test setCreating a test set for this problem is extremely simple. Obviously, the optimumfitness for any bullet is 0. Therefore, to create a test set, simply randomly generate targets(left hand sides) that have not been seen by the NN before. Right hand sides are notnecessary as explained below. All test sets generated contained 20 instances.4.5. Testing the neural networkFor this problem, the NN is expected to produce bulletapprox , which represents the xand y velocities of a bullet that should come close to (hopefully hit) the target. Thus, givena t a r g e t v e c t o r target the NN generates the bullet vector bulletapprox .Trajectories(target, bulletapprox) is then used to determine how close bulletapprox comest o t h e t a r g e t . E v e n t h o u g h b o t h bullet o p t a n d b u l l e t w o r s t a r e u n k n o w n , trajectories( target, bulletopt ) = 0 and t r a j e c t o r i e s ( target, bullet w o r s t ) = default fitness(the default minimum distance between the target origin point and the bullet origin point inthe simulation). A measure of the correctness (normalized % of optimum) of bulletapproxis therefore

trajectories( worst target, bullet ) − trajectories( approx target, bullet ) trajectories( worst target, bullet ) − trajectories( opt target, bullet )

,which reduces to

1− trajectories( approx target, bullet ) default fitness

.4.6. Empirical ResultsAll simulations were run 15 times and the results averaged. Initially, the evolutionarycomputation was able in every case to generate a perfect training set in the sense that all theexamples had the maximum fitness (all were direct hits). This seems to indicate that the EChas generated a training set that faithfully represents the problem and the results of theNN�s generalization accuracy bear this out.Next, varying levels of noise were introduced into the training sets. The majority ofinstances in each training set were still direct hits, but each training set also contained a fewinstances with very poor fitness (the bullet did not come anywhere near the target). One ofthe most difficult aspects of learning with NN is obtaining a good training set. In contrast,the EC/NN hybrid approach described here allows for explicit control of training set qualitybecause of the fact that a fitness function exists. Therefore, the fitness or quality of eachindividual example as well as the overall fitness of the training set (taken as the average) isknown. Any examples whose fitness is below a certain threshold can simply be thrownout.Table 1 presents the results of training a backpropagation NN with 10 hidden nodes onthe genetically generated training sets and then testing it on test sets that it had not seenbefore. The first column of results is from simulations run with no noise in which the EC

43was always able to find training sets comprised entirely of examples with maximum fitness(direct hits). The remaining three columns are from simulations run with varying degreesof noise injected into the training sets, with each column representing the results from adifferent noise level as labeled. Each is further divided in half with the left halfrepresenting the results of training the NN on the noisy training set and the right half theresults of training the NN on the smaller training set obtained by eliminating the noisyexample using the fitness function.Table 1. Results of simulation

Average training set fitness (EC)Average NN generalizationBest NN generalization Worst NN generalizationAverage number of direct hitsMost direct hits (of 20)Least direct hits (of 20)Noise level0%35%25%15%.9431.00.85110.8163.9911.001.001.00.958.915.866.876.944.7575.592320141911.3.809.999.910.775.834.804.920.996.84210.2167652.7.653.887.895.925.7414.4.6324.0

The first row indicates the average training set fitness over all 15 runs. Recall, this isnot the performance of the NN on the training set, but rather a measure of how good thetraining set (generated by the EC) is compared to the theoretical optimum of all instancesbeing direct hits. As mentioned earlier, in the case of 0% noise, the EC was always able tocreate a training set with maximum fitness. This is an indication that the training set is agood representation of the problem. However, this was not the case with the noisysimulations. Still, the majority of the 250 instances in all the training sets were direct hits;however, in each of the three scenarios, a few instances of each training set in each runwere always very poor. The second row indicates how well, on average, the NNgeneralized on a test set after being trained on one of the training sets. Since each of the 15runs themselves represent averages over 250 training instances and 20 test instances, thefirst two rows of the table are really averages of averages.The third row shows the best NN generalization over any of the test sets and the fourthrow shows the corresponding worst generalization. The fifth row shows the averagenumber of times (out of 20 test instances) that the NN actually hit the test target (a hitentails the minimum distance between bullet and target being 0). The sixth row shows themost hits in a single test set, and the last row shows the least hits in a single test set. Theresults are encouraging because they show that the EC can generate a good training set thatallows the NN to generalize well over the entire problem space. From another perspective,the EC/NN hybrid has potential for effectively approximating a system.For example, the best NN generalization in six of the seven scenarios (the right half ofthe 25% noise level column being the exception) is very close to the training set fitness. Asfor the average NN generalization under noisy conditions, the better the training set fitness

44(quality), the better the NN generalization. Obviously, the noisier the training set, thepoorer the generalization (see the left halves of the three noisy columns). This is certainlyno surprise. However, as discussed earlier, the EC/NN hybrid can be used to explicitlycontrol training set quality by detecting and eliminating any training example whose fitnessfalls below an arbitrary threshold. This ability allows the hybrid to perform well evenunder noisy conditions (see the right halves of the three noisy columns). Also, averages of10+ direct hits out of 20 test instances is respectable (again, the exception being the 25%column), given the EC/NN hybrid�s complete lack of a priori knowledge for the problem,and the maximum number of direct hits for the 35% noise column (19) is excellent. (Theone miss was within 0.00041 of being a hit.)The results of the 25% noise column are a little less encouraging. In comparison to theother two noisy columns, detection and removal of noisy instances results in much lessimprovement in NN performance (still, some improvement is gained). This is probablydue to the EC choosing somewhat unrepresentative points in the input space. Due to thenature of EC, this situation cannot always be avoided but increasing initial population size(if feasible) can minimize these effects.5. ConclusionEmpirical simulation results suggest that for a broad class of problems (any problem forwhich a fitness function can be found to evaluate possible solutions), a combination ofevolutionary and neural computation is indeed capable of efficiently learning to control asystem by combining the thorough search capabilities of EC with the generalization andprocessing speed of NN. This is possible because the EC is able to generate a training setthat closely represents the actual underlying function and the NN is then able to generalizefrom the training set. Further, the hybrid is capable of explicitly controlling the quality ofthe training set. The key to this process is the assumption that an appropriate fitnessfunction f can be defined. We conjecture that in many cases this will indeed be the case(e.g. in a network control problem f would attempt to maximize throughput whileminimizing resource usage). Although it is very difficult to solve optimization-typeproblems, determining the relative worth of one solution over another (via some fitnessmeasure) appears, in general, to be a much simpler endeavor. This paper has developedproof-of-concept on a relatively simple problem.There are many fruitful areas for future research including active learning of the trainingset, testing the hybrid on feedback problems, using other search techniques (otherevolutionary approaches, simulated annealing, etc.), using other function approximationtechniques (machine learning, fuzzy logic, etc.), the trade-off between a training set withfew optimal examples vs. one with many sub-optimal examples, and determining betterstopping criteria for the evolution and for the NN training. Also, application to real-worldproblems is an important next step. Unfortunately, ascertaining what percentage ofoptimum the approximate solutions achieve will not be possible (since the underlyingfunction describing the system to be optimized will be unknown); however, a measure ofperformance can be obtained by comparing this approach with current methods for solvingthese problems.

45References[1]Caudell, T. P. and C. P. Dolan, �Parametric Connectivity: Training of Constrained Networks usingGenetic Algorithms�, Proceedings of the Third International Conference on GeneticAlgorithms, 1989.[2]Cohn, David, Les Atlas and Richard Ladner, �Improving generalization with active learning�Machine Learning, 15:201-21, May 1994.[3]Goldberg, D. E., Genetic Algorithms in Search, Optimization, and Machine Learning, Addison-Wesley Publishing, 1989.[4]Goonatilake, Suran and Sukhdev Khebbal (eds.), Intelligent Hybrid Systems, John Wiley & Sons,1995.[5]Harp, S. A., T. Samad and A. Guha, �Designing Application-Specific Neural Networks Using theGenetic Algorithm�, NIPS-89 Proceedings, 1990.[6]Honavar, Vasant, and Leonard Uhr (eds.), Artificial Intelligence and Neural Networks: StepsToward Principled Integration, Academic Press, Inc., San Diego, California, 1994.[7]Montana, D. J. and L. Davis, �Training Feedforward Neural Networks Using Genetic Algorithms�,Proceedings of the Third International Conference on Genetic Algorithms, 1989.[8]Romaniuk, Steve G., �Evolutionary Growth Perceptrons�, Genetic Algorithms: 5th InternationalConference (ICGA-93), S. Forrest (ed.), Morgan Kaufmannn, 1993.[9]Rumelhart, David E., James L. McClelland and the PDP Research Group, Parallel DistributedProcessing, MIT Press, Massachusetts, 1988.[10]Spears, W. M., K. A. Dejong, T. Baeck, D. Fogel and H. de Garis, �An Overview of EvolutionaryComputation�, European Conference on Machine Learning (ECML-93), 1993.[11]Sun, Ron and Lawrence Bookman (eds.), Computational Architectures Integrating Neural andSymbolic Processes: A Perspective on the State of the Art, Kluwer Academic Publishers,Massachusetts, 1995.[12]Ventura, Dan, Tim Andersen and Tony Martinez, "Using Evolutionary Computation to GenerateTraining Set Data for Neural Networks", Proceedings of the International Conference on NeuralNetworks and Genetic Algorithms, pp. 468-471, 1995.[13]Wasserman, Philip D., Advanced Methods in Neural Computing, Van Nostrand Reinhold, NewYork, 1993.

46Chapter 6Robust Optimization Using Training Set EvolutionA complex system that works is invariably found to haveevolved from a simple system that works.-- John GauleProceedings of the International Conference on Neural Networks, WashingtonD.C, pp. 524-528, 1996.AbstractTraining Set Evolution is an eclectic optimization technique that combines evolutionarycomputation (EC) with neural networks (NN). The synthesis of EC with NN provides bothinitial unsupervised random exploration of the solution space as well as supervisedgeneralization on those initial solutions. An assimilation of a large amount of data obtainedover many simulations provides encouraging empirical evidence for the robustness ofEvolutionary Training Sets as an optimization technique for feedback and control problems.1. IntroductionNeural networks (NN) have been successfully applied to a variety of problems [2][5].Also, work involving a combination of evolutionary computation (EC) and NN isbecoming more prevalent [1][4][6][7]. One class of problems to which NN are oftenapplied is that of optimization. The NN is responsible for optimizing a system based uponsome criteria. Evolutionary Training Sets is an optimization technique that employsevolutionary computation [3][8] as a preprocessor that creates a training set for the neuralnetwork. The only requirements for the optimization technique are access to the system tobe optimized and a priori knowledge of a fitness function that describes the desiredoptimization. The synthesis of EC with NN provides both initial unsupervised randomexploration of the solution space as well as supervised generalization on those initialsolutions.Evolutionary Training Sets are introduced in [9] and [10]. Two artificial problems havebeen designed to explore the usefulness of this optimization technique. This paper extendsprevious work by presenting results obtained from running hundreds of new simulations inorder to study the effects of varying periods of evolution and training set size on theeffectiveness of optimization. Empirical results provide encouraging evidence for therobustness and general usefulness of Evolutionary Training Sets.Section 2 of the paper presents a generalized formal description of the problem to besolved -- optimization of a system (or equivalently, function approximation), eitherstatically or dynamically (control problems). Section 3 then briefly discusses thecombination of a neural network with evolutionary computation as a general approach tosolving the problem of Section 2. Section 4 presents data (collected over many empiricalsimulations) in condensed graphical form and discusses its implications for Evolutionary

47Training Set optimization. Finally, Section 5 presents conclusions and directions forongoing research.2. Problem DescriptionGiven a system, Q, the state of Q may be described at time t by a vector of statusvariables, st. Suppose that control of the system is effected by the setting of variables in acontrol vector, c. That is, given a system Q at time t described by vector st, the setting ofthe values of the vector c will result in a different system Q ’ at time t+d described by thevector st+d. The problem is, given a status vector, st, what modifications should be madet o t h e c o n t r o l v e c t o r c such that s t + d d e s c r i b e s a b e t t e r s y s t e m , i f p o s s i b l e , t h a n s t ?O b v i o u s l y , s o m e e v a l u a t i o n o r f i t n e s s f u n c t i o n , f, is necessary in order to determinewhether or not one system is better than another.The operation of Q may be either continuous or discrete. A neural network is expectedto detect the values of st and to output values for c , the goal being to maximize f for anygiven instance (status) of Q . If the problem is an optimization problem, this is a singleiteration process; if the problem is an optimization/feedback problem then the processbecomes an ongoing series of iterations.3. Combining Evolutionary Computation with Neural ComputationFrom the space defined by s that describes Q we choose a representative set of systemstates by choosing n initial status vectors. We denote these

it=0s

, 0<i £ n and refer to thesystem state described by

it=0s

as

it=0 Θ

, 0<i£ n. These choices could of course be biasedby any a priori heuristics as to what constitutes a realistic system. In choosing this set ofstatus vectors,

it=0s

, 0<i£ n, we have chosen the left hand sides of the training instances.We now use evolutionary computation to discover �good� right hand sides, yieldingtraining instances of the form

it=0s

fi ck . Assumeafitnessfunctionf that takes as input a status vector s and returns a real-valuedfitness measure. Now for each

it=0s

, randomly initialize a population of m control vectors,denoted ck, 0<k £ m. Evaluate the initial population by simulating the workings of

it=0 Θ

for d time steps (where d time steps are sufficient for Qi to stabilize) for each ck, and thena p p l y i n g f i t n e s s f u n c t i o n f to

it=δs

. Next choose parents and use genetic operators toproduce m offspring. Now evaluate the children and select m survivors from amongst theparents and children. Repeat this process until some stopping criterion is met (such asreaching a specified number of generations or finding an individual with a fitness higherthan some threshold).F i n a l l y , c h o o s e j individuals from each of the n populations and build a set of jntraining examples of the form

it=0s

fi ck. (To avoid ambiguity in the training set we couldset j= 1 . ) Since we have only chosen a finite number of seed points from this space, ourevolutionary computation has found approximate solutions for only these n points in thespace and can say nothing about any other points, many of which we are likely toencounter during normal execution of Q. Therefore it becomes necessary to generalize onthis relatively small set of approximate solutions. Using this set of approximate solutions

48as training examples, an NN model can be trained to develop a general hypothesis over theentire space defined by s. (For a more thorough explanation of the algorithm, see [9] or[10]).The power of this NN/EC hybrid approach is its general applicability to a wide class ofproblems including function approximation problems, optimization problems, feedbackproblems, and control problems.4. Empirical ResultsIn order to study the probabilistic effects of varying length of evolution and training setsize on quality of optimization, simulations using two artificially generated problems wererun. The first entails solving a set of mathematical equations (described by a matrix) andthe second requires the EC/NN combination to attempt to learn how to hit a target movingin 2-d space. Due to space constraints, neither problem is described in this paper;however, the first is described in [9] and the second in [10]. In general, both simulationprocesses include the following steps:1. Generate a problem definition2. Create a training set using evolutionary computation3. Train an NN with the training set4. Create a test set5. Test the NN on the training setSince each example in the training set has an associated fitness value (determinedduring creation of the training set by the evolutionary computation), an overall averagefitness of the training set can easily be determined. We term this average fitness of thetraining set its quality. This research attempts to answer the following three questionsregarding training set quality:1) Does the evolutionary computation produce training sets of good quality?2) Does training set quality correlate with NN generalization?3) Does number of training examples or quality of training set more greatly affectNN generalization?Artificial problem generation/simulation programs were used for several reasons. First,they are much easier to work with in terms of analysis, reproduction of results, etc.Second, it is possible to create a test set which can be used to show how well the NN isperforming in relation to optimum, and thus to establish (to some extent) the quality of theoptimization procedure. Third, fitness of individual training examples and therefore ofentire training sets can also be measured against optimum. The training set quality thenbecomes a natural (though not a strict) upper bound on the NN’s generalization accuracyand can therefore be used as a yardstick by which to measure the NN’s performance.All results are averages over ten runs, and all NN simulation was done with the PDPimplementation of the back propagation algorithm [5].

494.1. Matrix problemThis problem involves solving a system of 10 equations with 15 variables for the 5unknown variables, where the system of equations is represented by a matrix. Theevolutionary computation produces a training set of hopefully good solutions for a smallnumber of points (1000 examples) in the equation space; the NN then generalizes on thetraining set in order to approximate the function described by the matrix. Since thevariables are defined on the range [0,100), the problem is difficult because of the hugesearch spaces (10010 for the space to be explored by the EC and 1005 for the space to begeneralizedbytheNN)involved.Figure 1 shows the effects of evolution on training set quality (indicated by the filledsquares). Here evolution is indicated on the x-axis and is a logarithmic function of bothpopulation size and number of generations. The more extended the evolution (that is, thelarger the population and/or the more generations of evolution), the higher the training setquality. This is not surprising. The more interesting result is that the higher the training setquality, the better the NN generalization. The hollow squares indicate NN generalizationusing all 1000 examples in the training set, the solid circles indicate generalization on halfof the training set (500 examples), and the hollow circles show generalization on onequarter of the training set (250 examples). Notice that generalization accuracy increases astraining set quality increases. In other words, the evolutionary computation is producing atraining set that faithfully represents the underlying function to be approximated.

Evolution

Accuracy

5060708090110100100010000

1000 examples

500 examples

250 examples

Training SetQualityFigure 1. Training set quality and NN generalization accuracy formatrix problemFigure 2 shows that as evolution time increases, the standard deviation in training setquality decreases. So with longer evolution, the probability of finding a good training setincreases. Even more encouraging, Figure 2 also indicates that the standard deviation inNN generalization also decreases as training set quality goes up. Therefore, as evolutiontimes are increased, the probability of finding a high quality training set increases; and asthe quality of training set increases, the probability of good generalization accuracyincreases as well.

Evolution

Standard Deviation

024681012110100100010000

1000 examples

500 examples

250 examples

Training SetQualityFigure 2. Standard deviation of training set quality and generalization accuracyfor matrix problem4.2. Target problemThis problem involves the NN trying to learn to hit a target moving in 2-d space with asimple gun, where both bullet and target are subject to the effects of gravity. Theevolutionary computation produces a training set of hopefully good bullets for a smallnumber of points (250 examples) in the target space; the NN then generalizes on thetraining set in order to attempt to learn how to hit any target. The search spaces are muchsmaller in this problem (352 for the EC and 452 for the NN); the difficulty this time arisesfrom the fact that the gun is placed in front of the target origin so that some targets cannotbehitatall.Thishastheeffectofintroducingnoiseintothegeneratedtrainingset.Figures 3 and 4 are analogs to Figures 1 and 2 for the target problem. Figure 3 showsagainboththattrainingsetqualityincreaseswithtimeandthatNNgeneralizationaccuracyincreases with training set quality. Further, Figure 4 reiterates the idea that confidence int r a i n i n g s e t q u a l i t y i n c r e a s e s w i t h t i m e o f e v o l u t i o n a n d a l s o t h a t c o n f i d e n c e i n g e n e r a l i z a t i o n a c c u r a c y i n c r e a s e s w i t h t r a i n i n g s e t q u a l i t y . A g a i n , i t i s s e e n t h a t a s e v o l u t i o n t i m e i n c r e a s e s , t h e p r o b a b i l i t y o f p r o d u c i n g a h i g h q u a l i t y t r a i n i n g s e t a l s o i n c r e a s e s a n d t h a t a s t h e q u a l i t y o f t h e t r a i n i n g s e t i n c r e a s e s , t h e p r o b a b i l i t y o f g o o d generalizationaccuracyincreasesaswell.

Evolution

Accuracy

30405060708090100110100100010000

250 examples

125 examples

62 examples

Training SetQualityFigure 3. Training set quality and NN generalization accuracy fortarget problemAnother point of interest in both Figures 1 and 3 is the effect that training set quality vs.training set size has on NN generalization. Notice that with a 5% to 10% increase intraining set quality the number of training examples required to maintain generalizationaccuracy is reduced by 50% to 75%. For example, in Figure 3, the fourth solid squarefrom the left indicates a training set quality of 0.820. The resulting NN generalizationaccuracy on the entire training set (250 examples) indicated by the fourth hollow square is0.718. However, when the training set accuracy is increased to 0.891 (the next solidsquare to the right), the fifth hollow circle from the left shows that only one quarter of thetraining set (62 examples) is required to maintain that generalization accuracy (actually itincreases slightly to 0.736).

Standard Deviation

02468101214110100100010000

125 examples

Training SetQualityFigure 4. Standard deviation of training set quality and generalization accuracyfor target problemOne difference between Figures 1 and 2 and Figures 3 and 4 is the stratification oftraining set quality from NN generalization accuracy. This is readily explained by thepreviously mentioned noise that is inherent in these training sets. Thus, even though thetraining set quality can be extremely high, NN generalization suffers somewhat becausenoise exists in the training set. Nevertheless, the principle of longer evolution producing agood training set that results in good NN generalization is still very much in evidence.

524.3. Training set quality vs. training set sizeThe effects of quality vs. size were further explored in this final set of simulations. Thehighest quality (0.978 average) training sets generated in the target problem were altered byremoving the noisy instances and were then randomly and systematically reduced in size.This was done to investigate the value of individual examples for NN generalization.Figure 5 shows accuracy of generalization vs. number of training examples. With only 50instances in the training set generalization accuracy is at 0.80. Since the number ofpossible targets in this problem is 352=1225, this performance is attained after seeing only4% of the possible targets. Another way of looking at this is to consider the generatedtraining set as a set of exemplars. We have attained 80% of optimum performance whilereducingtheproblemrepresentationby25times.

Number of Training Examples

Accuracy

0102030405060708090100050100150200

Training SetQuality

NNGeneralization Figure 5. Generalization accuracy vs. number of training examples for targetproblemFinally, Figure 6 is included to show the standard deviation in generalization accuracyas opposed to training set size. Even though standard deviation is somewhat higher with atraining set size of only 50, it still indicates a confidence in the generalization ability with atraining set of that size. Increasing to 100 examples lowers the standard deviation to 5%,indicating that even if the training set is as small as 8% of the total number of possibletargets, 95% of the time generalization accuracy will be at least 70% of optimum.

Number of Training Examples

Standard Deviation

012345678050100150200Figure 6. Standard deviation of accuracy vs. number of training examplesfor target problem5. Conclusion and Future WorkThe results in this paper are an assimilation of data collected over the course ofhundreds of EC and NN simulations. They provide empirical evidence that1) Evolutionary computation produces training sets of good quality.2) The longer the evolution, the greater the confidence in the training set quality.3) Training set quality correlates with NN generalization.4) The higher the training set quality, the greater the confidence in the NNgeneralization.5) Training set quality has a greater effect on NN generalization than does trainingset size.Current research focuses on developing a theoretical basis for the empirical resultsdiscussed in this paper. Also, application of Evolutionary Training Sets to real worldproblems (such as real-time network control) is necessary to further validate thisoptimization technique.References[1] Caudell, T. P. and C. P. Dolan, �Parametric Connectivity: Training of Constrained Networks usingGenetic Algorithms�, Proceedings of the Third International Conference on GeneticAlgorithms, 1989.[2] Falhman, S. E. and F. Lebiere, �The Cascade-Correlation Learning Architecture�, Advances inNeural Information Processing 2, D. S. Touretzky (ed.), Morgan Kaufmann, 1990.[3] Goldberg, D. E., Genetic Algorithms in Search, Optimization, and Machine Learning, Addison-Wesley Publishing, 1989.[4] Harp, S. A., T. Samad and A. Guha, �Designing Application-Specific Neural Networks Using theGenetic Algorithm�, NIPS-89 Proceedings, 1990.

54[5] McClelland, James L. and David E. Rumelhart, Explorations in Parallel Distributed Processing,MIT Press, Cambridge, Massachusetts, 1988.[6] Montana, D. J. and L. Davis, �Training Feedforward Neural Networks Using Genetic Algorithms�,Proceedings of the Third International Conference on Genetic Algorithms, 1989.[7] Romaniuk, Steve G., �Evolutionary Growth Perceptrons�, Genetic Algorithms: 5th InternationalConference (ICGA-93), S. Forrest (ed.), Morgan Kaufmann, 1993.[8] Spears, W. M., K. A. Dejong, T. Baeck, D. Fogel and H. de Garis, �An Overview of EvolutionaryComputation�, European Conference on Machine Learning (ECML-93), 1993.[9]Ventura, Dan, Tim Andersen and Tony Martinez, �Using Evolutionary Computation to GenerateTraining Set Data for Neural Networks�, Proceedings of the International Conference on NeuralNetworks and Genetic Algorithms, pp. 468-471, 1995.[10]Ventura, Dan, and Tony Martinez, �A General Evolutionary/Neural Hybrid Approach to LearningOptimization Problems�, submitted to the World Congress on Neural Networks, 1996.

55Chapter 7Optimal Control Using a Neural/Evolutionary Hybrid SystemTo suppose that the eye...could have been formed by naturalselection seems, I confess, absurd in the highest degree.-- Charles DarwinProceedings of the International Joint Conference on Neural Networks,Anchorage, Alaska, pp. 1036-1041 1998.Early work on this subject was published in:Proceedings of the International Workshop on Neural Networks andNeurocontrol, Playa del Carmen, Mexico, 1997.AbstractOne of the biggest hurdles to developing neurocontrollers is the difficulty in establishinggood training data for the neural network. We propose a hybrid approach to the developmentof neurocontrollers that employs both evolutionary computation (EC) and neural networks(NN). EC is used to discover appropriate control actions for specific plant states. Thesurvivors of the evolutionary process are used to construct a training set for the NN. The NNlearns the training set, is able to generalize to new plant states, and is then used forneurocontrol. Thus the EC/NN approach combines the broad, parallel search of EC with therapid execution and generalization of NN to produce a viable solution to the control problem.This paper presents the EC/NN hybrid and demonstrates its utility in developing aneurocontroller that demonstrates stability, generalization, and optimality.1. IntroductionAny system developed for control of an external plant should possess certaincharacteristics. For instance, the system should prevent the plant state from oscillating or�pinging�, maintaining instead a smooth, stable trajectory for all plant state variables.Also, the control system will hopefully generalize not only to novel plant states, but also toreasonable changes in plant parameters. Finally, the controller should faithfully track thedesired trajectory of plant output variables, maintaining plant operation at or near optimallevels according to some metric for performance level. To summarize, any controllershould possess the following characteristics:¥ Stability,¥ Generality,¥ Optimality.Although neural networks (NN) possess great potential for the control of complexsystems, the field of neurocontrol faces difficult problems as well. One of the mostdifficult involves proper training of NN for control of complex systems, which is acomplicated endeavor when the system to be controlled is open-loop unstable. This paperextends and improves a method first proposed in [12] for combining evolutionarycomputation (EC) [3] with NN to control such a system. The broad, parallel search

56capabilities of the EC are employed to find regions of the system state space that are stable,and the survivors of the evolution constitute the training set used to train the NN for use asa neurocontroller. The goal of this paper is to show that controllers developed using thismethod do exhibit the desired characteristics listed above.Combination of NN and EC technology is becoming more prevalent and usuallyfocuses on using EC to develop the architecture (the weights, the topology, or both) of theNN. For example see [2], [4], [9], and [13]. On the other hand, the work presented herepresupposes some NN architecture and focuses on using EC to develop a training setsuitable for training the NN. It extends previous work done by the authors in which thecombination of EC and NN was used for optimization. Though much less common, somework similar in flavor to this approach does exist including [5], [6], and [8].Section 2 describes the problem of training an NN for system control and Section 3then describes the hybrid EC/NN approach that is the main contribution of this paper.Section 4 discusses applying this approach to the well-known pole balancing problem anddemonstrates empirically that the controller developed possesses the desired characteristicsof stability, generality, and optimality. Finally, Section 5 provides conclusions anddirections for future work.2. Problem DescriptionGiven a plant, Q, the state of Q may be described at time t by a vector of statusvariables, st. Control of the plant is effected by G which applies a control vector, c, to Q.That is, given a plant state at time t described by vector st, the setting of the values of thevector c will result in a different plant state at time t+d described by the vector st+d. Thep r o b l e m i s h o w s h o u l d G be constructed so that given a status vector, s t , G o u t p u t s a controlvectorc such that st+d describes a better plant state, if possible, than st?Weassumethe existence of some evaluation function, f, that will determine whether or not one plantstate is better than another. The operation of Q may be either continuous or discrete and Ghas no information about the internal dynamics of Q . The only information about Qavailable to G is the value of s t. Given s t, G is expected to output values for c, the goalbeing to maximize f for any given instance (state) of Q. In earlier papers [10] [11], singleiteration, open-loop optimization type problems have been considered.

Plant QControl G maximize f(Status)Initial Status of QStatus

st+dcstst

Figure 1. Control system with feedbackHere, we address the problem of continuous, closed loop control using feedback (seeFigure 1). We assume that the plant Q to be controlled is open-loop unstable, and the goal

57is to develop a neurocontroller for the G component of the system that will optimize (insome sense) the operation of the plant Q. Since it is assumed that the internal dynamics ofthe plant are unknown (if they are known, a good controller may be developed usingconventional control theory), using a neural network that learns to control the plant usingonly the externally available information (plant state st) is a promising option. However,w e a r e s t i l l f a c e d w i t h a d i f f i c u l t p r o b l e m . N a m e l y , n e u r a l n e t w o r k s u s u a l l y l e a r n inductivelybyrepeatedexposuretopreclassifiedexamples.Whatexamplesshouldbeusedfor training the neurocontroller? The following section details the use of evolutionarycomputation and �black box� access to the plant (that is, only the plant state st is available)todevelopatrainingsetfortheneurocontroller.3. Using Evolutionary Computation to Produce a Training SetAssuming that the status and control variables are defined over even a modest range, itis obvious that the input (status) and output (control) spaces will be extremely large.Evolutionary computation lends itself well to the exploration of large spaces. However,such evolutionary exploration is often slow. If we assume that the mapping s fi c isnonrandom and in some sense generalizeable, then a representative set of points may bediscovered via EC, and those points can then be used to train a NN which may thengeneralize over the rest of the function. The goal of the EC/NN synergism is to obtain theaccuracy of evolutionary search and the speed of neural execution.From the space spanned by s that describes Q we choose a representative set of plantstates by choosing n initial status vectors. We denote these

it=0s

, 0<i £ n and refer to theplant described by state as

it=0 Θ

, 0<i£n. These choices could be random or could bebiased by any a priori heuristics as to what constitutes a realistic or desirable plant state(for example, see Section 4). The goal is to know, given one of these

it=0s

, what a �good�c vector would be. For each of the

, EC is used to discover such a c in the followingway.Assume a fitness function f that takes as input a status vector s and returns a real-valuedfitness measure. Now for each

it=0s

, randomly initialize a population of m control vectors,denoted ck, 0<k£ m. Evaluate the initial population by simulating the workings of

it=0 Θ

for d time steps for each ck and then applying fitness function f to

it=δs

. Next, until somestopping criterion is reached (a maximum number of generations or a threshold fitnessvalue is achieved, for example), choose parents and use genetic operators (crossover,mutation, etc.) to produce m offspring, evaluate the children and select m survivors fromamongst the parents and children. Finally, for each of the n populations, choose theindividual, cmax i, (the individual with the highest fitness) and build a set of n t r a i n i n g examplesoftheform

ficmaxi. The algorithm is summarized in Figure 2.

58evolve ()

generate si for each initialize population c k, 0<k £ m.

evaluate (ck,Qi)

until(done) select parents from ckapply genetic operators to parents

evaluate (children,Qi) ck ‹ choose m survivors evaluate (c,Qi)

run for d time steps with control creturn f()

it=0s i t=0 Θit=δs Figure 2. Algorithm for evolving training setThe EC has now found �good� approximate solutions for n points from the input(status) space but can say nothing about any other points, many of which are likely to bee n c o u n t e r e d d u r i n g n o r m a l e x e c u t i o n o f Q. Obviously, one solution to the problemdefined in Section 2 would be to employ the evolutionary scheme discussed above as thecontrol G. However, this would likely be unacceptable in terms of execution speed.Therefore, the NN is employed to generalize over the entire space defined by s using therelatively small set of approximate solutions as a training set. While the initial training ofthe network maybe somewhat time consuming, depending on the network and trainingalgorithm employed, the generalization during execution will be extremely fast. Thesynergistic combination of EC and NN is then employed as the control G as in Figure 3.

G{si}ECNNsi fi cmaxlearning

scTrainingSetexecutionRandomchoice

Figure 3. The control GIt should be noted that since many (if not most) interesting control problems involveplants that are open-loop unstable, care must be taken in the choice of the parameter d. Onthe one hand, if d is too short, the effect of applying the control to the system will not bereadily apparent. On the other hand, if d is too long, the instability of the plant will havedestroyed any useful measure of how good the control vector was.

59The power of this EC/NN hybrid approach is its combination of the thoroughness ofevolutionary search with the speed and accuracy of neural generalization. Further, it isgenerally applicable to any control problem for which a fitness function can be found andfor which �blackbox� access to the system to be learned (or to a reasonable simulation) ispossible. In order to provide proof-of-concept, the next section discusses using theEC/NN approach to solve one such control problem.4. The Pole Balancing Problem -- An ExampleThe pole balancing problem is a well known, textbook example of a complex controlsystem. The problem exists in many variations, but perhaps the most common consists ofa pole attached by a hinge to a wheeled cart that sits in a short track. The challenge is toapply force to the cart in order to keep the pole upright and at the same time not run the cartinto the side of the track (since that would of course cause the pole to fall). Figure 4 givesa simple diagrammatic representation.

Figure 4. The pole balancing problemThe system is inherently unstable and the solution is, of course, a gentle oscillatoryapplication of force in first one direction and then the other. Other variations on this themeinclude infinite length tracks, multi-jointed poles, and multiple poles on the cart.This system was simulated using both Euler and Runge-Kutta approximations (with theintegration time step equal to 0.005 seconds) for solving the second order differentialequations that describe the pole/cart system. For this simple problem, the physics is wellunderstood and the equations represent an extremely accurate simulation of the cart andpole motion, including accounting for friction between the pole and the cart and betweenthe cart and the track (see Appendix A for details). A training set of 200 instances of theform

θ,θ̇,˙θ̇ ( )→ F

was generated using the evolutionary method described in Section 3.The length of time, d, allowed for system stabilization during the evolutionary evaluationwas set to 3 time steps (0.015 seconds). As noted earlier, during training set generation,any knowledge of which plant states are more likely or more useful (stable) should beincorporated into the evolutionary process in order to concentrate on exploring those partsof the state-space that will be most helpful for neural network generalization. In the case ofthe pole balancer, we are most interested in the those states in which the pole angle and itsderivatives are relatively small (since once any of these variables become too large the polewill fall for sure due to the system limitations on available force). Once the training set wasgenerated, it was used to train a simple backpropagation [7] network with a single hiddennode for 1000 epochs. The learning rate was set to 0.5, and a momentum term with a

60coefficient of 0.95 was also employed. To test the controller, the pole was given severalinitial non-zero angles and the system was expected to balance the pole. Tests wereperformed over varying time increments from 30 seconds up to 15 minutes. In all cases,once the controller stabilized the plant, there was no significant deviation off optimal,deadbeat control. Figures 5 and 6 show the first 10 seconds of the trajectory of the pole�sangular vertical displacement, q, for two such tests (initially q = 0.4 radians » 23� andq˚=˚-0.78 radians » 45� respectively).

Time

Angle-0.100.10.20.30.4

Figure 5. q -trajectory over 10 seconds for initial pole angle ofq = 0.4 radians » 23�

Angle-0.8-0.6-0.4-0.200.2

Figure 6. q -trajectory over 10 seconds for initial pole angle ofq = -0.78 radians » -45�Both tests demonstrate nicely the controller�s ability to stabilize the plant. Also, notonly is the plant stable, but also it can in several senses be considered to be optimal. First,the number of initial oscillations required to stabilize is just three, the minimum forstabilizing a second order system. Second, the amplitude of those oscillations is very small(maximum overshoot of 4.3 degrees for the -45 degree case, for example). Third, once theplant is stable, it maintains �deadbeat� control right on the desired trajectory of q = 0�.Finally, since neither of these initial plant states was encountered during training, thecontrol system demonstrates an ability to generalize to previously unseen plant states. Tofurther test the system�s generalization ability, the plant parameter corresponding to length

61of pole (see Appendix A) was changed after training. In other words, the control wastrained with a pole of one length (1 meter) and tested with poles of other lengths. Thus thecontrol is required to generalize not just to novel plant states but to a plant that is differentfrom the one it was trained to control. Figure 7 shows the first 20 seconds of the q-trajectory for a 4 meter pole with an initial angle of q = -0.78 radians » 45�.

Time

Angle-0.8-0.6-0.4-0.200.20.4

Figure 7. q -trajectory for 4 meter pole with initial pole angle ofq = -0.78 radians » -45�Notice that the controller is still stable, though the response is not as good. This is, ofcourse, to be expected, but the important point is that a controller trained on one plant isable to control another. Other experiments were conducted altering pole mass, both polemass and pole length together, and the gravitational constant, etc. (see Appendix B). In thecase of altering the gravitational constant, the controller performed very well from 0.5g upto 1.25g, with little drop-off in response. In other cases, some performance degradation isobserved (as in Figure 7) as expected. Finally it should be mentioned that because of thearchitecture of the EC/NN hybrid, it is possible to continue generating training instances inthe background and to then improve the controller by on-line learning. In fact, because ofthe existence of the fitness function, the controller could monitor itself and note the plantstates for which its performance could be improved. The controller could then request theEC to generate training instances from regions of the state space near these plant states.5. ConclusionsA new evolutionary/neural hybrid approach for the development of neurocontrol hasbeen demonstrated. In particular, it has been shown how evolutionary computation and�black box� access to the plant can be used to generate a suitable training set for training aneural network to act as a controller of an inherently unstable system. Further, theresulting controller has been demonstrated to possess the desirable characteristics of¥ Stability,¥ Generalization, and¥ Optimality.

62Because many interesting control problems exist for which the dynamics of the plantare unknown, neural networks offer a viable approach to approximating desired control ofa plant. However, because many plants are open-loop unstable, training the neuralnetwork for control is difficult. The use of evolutionary computation, along with ajudicious choice of the stabilization parameter d facilitates the development of neurocontrolfor unstable systems. Currently, we are applying the methods described here to the realworld problem of controlling the combination of engine and airframe for a highperformance military aircraft. Future work includes quantifying the choice of d, theoreticalanalysis and quantification of stability limits, generalization capabilities and optimalityresults, and combining these techniques with those that evolve the network architecture.AcknowledgmentsThe authors would like to thank George Lendaris and Tad Shannon of Portland StateUniversity for many insightful comments and helpful suggestions, as well as for providingthe code for the pole- cart simulation.References[1]Barto, Andrew G., Richard S. Sutton and Charles W. Anderson, �Neuronlike Adaptive Elements ThatCan Solve Difficult Learning Control Problems�, IEEE Transactions on Systems, Man, andCybernetics, vol. smc-13, no. 5, September/October, 1983.[2]Caudill, Maureen, �Evolutionary Neural Networks�, AI Expert, vol. 6, no. 3, pp. 28-33, March1991.[3]Goldberg, D. E., Genetic Algorithms in Search, Optimization, and Machine Learning, Addison-Wesley Publishing, 1989.[4]Harp, S. A., T. Samad and A. Guha, �Designing Application-Specific Neural Networks Using theGenetic Algorithm�, NIPS-89 Proceedings, 1990.[5]Miagkikh, V. V., A. P. Topchy and O. A. Lebedko, �Fast Learning in Multilayered Networks bymeans of Hybrid Evolutionary and Gradient Algorithms�, Proceedings of the InternationalConference on Evolutionary Computation and it Applications, pp. 390-8, June 1996.[6]Montana, D. J. and L. Davis, �Training Feedforward Neural Networks Using Genetic Algorithms�,Proceedings of the Third International Conference on Genetic Algorithms, 1989.[7]Rumelhart, David E., James L. McClelland and the PDP Research Group, Parallel DistributedProcessing: Explorations in the Microstructure of Cognition, MIT Press, 1986.[8]Romaniuk, Steve G., �Evolutionary Growth Perceptrons�, Genetic Algorithms: 5th InternationalConference (ICGA-93), S. Forrest (ed.), Morgan Kaufmannn, 1993.[9]Saunders, Gregory M., Peter J. Angeline and Jordan B. Pollack �Structural and Behavioral Evolutionof Recurrent Neural Networks�, Advances in Neural Information Processing Systems, vol. 6, pp.88-95, Morgan Kaufmannn Publishers Inc., 1994.[10]Ventura, Dan and Tony Martinez, �Robust Optimization Using Training Set Evolution�,Proceedings of the International Conference on Neural Networks, pp. 524-8, 1996.

63[11]Ventura, Dan and Tony Martinez, �A General Evolutionary/Neural Hybrid Approach to LearningOptimization Problems�, Proceedings of the World Congress on Neural Networks, pp. 1091-5,1996.[12]Ventura, Dan and Tony Martinez, �Using Evolutionary Computation to Generate Training Set Datafor Neural Networks�, Proceedings of the International Conference on Artifical Neural Networksand Genetic Algorithms, pp. 468-71, 1995.[13]Wieland, Alexis P., �Evolving Controls for Unstable Systems�, Proceedings of the 1990Connectionist Models Summer School, pp. 91-102, 1990.Appendix A: Dynamics of the pole balancing problemThe nonlinear differential equations describing the pole balancing system used in thesimulations are taken from [1] and are as follows.

˙ẋ = F + ml θ̇2 sinθ − ˙θ̇ cosθ [ ]− μcsgn ẋ( ) mc + m

˙θ̇ = gsinθ +cosθ − F − mlθ̇2 sinθ +μcsgn ẋ( ) mc + m − μpθ̇ml l 43 − mcos2 θ mc + m

Here x is the horizontal position of the cart, q is the angle of the pole off of vertical, F isthe force applied to the cart, mc and m are the masses of the cart and pole respectively, l isthe half length of the pole, m c and m p are the friction coefficients for the cart and polerespectively, and g is the gravitational constant. Table 1 gives the values used for thevariables during the simulations.

64Table 1. Values for the pole balancing simulation

VariableMeaningValue

xhorizontal cart position–10 mqangle of pole off vertical–1.57 radFforce applied to cart–50 Nmcmass of cart1 kgmmass of pole.1 kglhalf length of pole.5 mggravitational constant-9.8 m/s2mcfriction of cart on track.0005mpfriction of pole on cart.000002

Appendix B: Further experimental resultsAll results shown are for 10 seconds. Figure 8 shows results of using only the angleand its velocity (and not the angular acceleration) as inputs to the controller. Figure 9shows the result of changing the gravitational constant to 0.5g, and Figure 10 shows theresult for a pole with 4 times more massive than the pole used during training (0.4 kg fortesting but 0.1 kg for training).

Time

Angle-0.200.20.40.60.8Figure 8. q-trajectory using only 2 inputs with initial pole angle ofq = 0.78 radians » 45�

Time

Angle-0.2-0.100.10.20.30.4Figure 9. q-trajectory for 0.5g with initial pole angle ofq = 0.4 radians » 23�

Time

Angle00.10.20.30.4Figure 10. q-trajectory for 0.4 kg pole with initial pole angle ofq = 0.4 radians » 23�

66Part IIIQuantum Computational Learning...And out of small things proceedeth that which is great.-- D&C 64:33This part of the dissertation may be considered the most important research directionand the most significant contribution to computational learning. It presents an entirely newapproach to the problem, introducing, in essence, the field of quantum computationallearning. The counterintuitive properties of quantum mechanical systems seem to provide,in some contexts, a possibility of defeating the �curse of dimensionality� not bycircumventing the issue as the work of Part II (and in fact most of classical computationallearning theory attempts to do) but rather by embracing it. Quantum computation providesus the ability to do the seemingly absurd: process an exponential amount of information inpolynomial time. If this capability can be properly harnessed, then extremely powerful andunique computational learning mechanisms become a possibility. The work described inPart III is one of the first comprehensive attempts at a union of quantum computation withcomputational learning.Chapter 8 is an initial, rather naive attempt at combining ideas from quantum mechanicswith those from traditional feedforward neural networks, in particular the classicperceptron. Since the learning of the perceptron is encoded in its weights, it is natural tosuggest that the most likely part of the neuron for useful extension to the quantum domainis the weight vector. This chapter considers creating a neuron with weights that exist in aquantum superposition and suggests a simple model for its implementation. The referenceis as follows:Ventura, Dan and Tony Martinez, �An Artificial Neuron with Quantum MechanicalProperties�, Proceedings of the International Conference on ArtificialNeural Networks and Genetic Algorithms, Norwich, England, 1997.Chapter 9 looks at combining quantum ideas with ideas from another type of classicalneural network, the associative memory. In particular, a particularly weak aspect ofclassical associative memories is their limited capacity. The fact that quantum systems existin exponentially large spaces suggests that representing patterns as a quantum superpositionmay present a solution to the capacity problem. This chapter describes a quantumassociative memory with a capacity that is exponential in the number of neurons -- asignificant improvement over classical models. The ideas here are somewhat furtherdeveloped than those of Chapter 8, but are still shy of the eventual goal of a true quantumcomputational learning system. This chapter may be referenced as follows:Ventura, Dan and Tony Martinez, �Quantum Associative Memory with ExponentialCapacity�, to appear in the Proceedings of the International Joint Conferenceon Neural Networks, Anchorage, Alaska, pp. 509-513, 1998.

67Chapter 10 provides a key contribution to the field of quantum computation itself byexhibiting for the first time a physically realizable, truly quantum algorithm for encodingtraining example information into a quantum system. As discussed in the introduction, thisuse of the term �physically realizable� does not imply work here on a physicalimplementation; rather, this work ensures that such an implementation is possible. Otherquantum algorithms assume a priori knowledge of a function rather than knowledge of arelatively few sample points. Therefore, the result of Chapter 10 is significant because itprovides a way of encoding example data and thus allows the development of usefulquantum computational learning algorithms. Because the work described in this chapterdescribes a fundamental physical process, it has been submitted to a leading physics journalunder the following reference:Ventura, Dan and Tony Martinez, �Initializing the Amplitude Distribution of aQuantum State�, submitted to Physical Review Letters, June 1998.With the work of Chapter 10 as a foundation, Chapter 11 provides a mature approachto the idea, first introduced in Chapter 9, of a quantum associative memory. The ideas inChapter 9, while important theoretically, are not directly implementable in a physicalquantum system. In contrast, the quantum associative memory of Chapter 11 is based onactual quantum algorithms -- the algorithm of Chapter 10 for pattern storage and Grover�squantum search algorithm for pattern recall -- both of which are physically realizable. Theinitial idea of using Grover�s algorithm as the basis for an associative recall mechanism wasfirst introduced in the following paper:Ventura, Dan and Tony Martinez, �A Quantum Associative Memory Based onGrover�s Algorithm�, submitted to the International Conference on ArtificialNeural Networks and Genetic Algorithms, Portoroz, Slovenia, April 1999.Chapter 11 builds on the theoretical ideas of Chapter 10 as well as on the foundationalwork in the reference above to produce a system that is physically realizable. In addition,good theoretical analysis of the system�s capabilities is provided. This chapter has beensubmitted to the following leading neural networks journal:Ventura, Dan and Tony Martinez, �Quantum Associative Memory�, submitted toIEEE Transactions on Neural Networks, June 1998.Finally, Chapter 12 considers a combination of quantum computation with classicalmachine learning. It considers the problem of learning functions that can be described indisjunctive normal form (DNF), and the result is a quantum computational learningalgorithm that uses a Fourier-based mechanism to learn a function from a set of randomexamples. This compares favorably with the best classical algorithm for learning DNF,which requires the ability to choose which examples it sees. This chapter has beensubmitted for review in a leading machine learning journal under the following reference:

68Ventura, Dan and Tony Martinez, �A Quantum Computational LearningAlgorithm�, submitted to Journal of Artificial Intelligence Research, July1998.As with the previous group of chapters, the chapters in Part III duplicate someintroductory material. First of all, because it is assumed that the majority of readers willnot be very familiar with the basic ideas of quantum mechanics, each paper contains asection (Section 2 in Chapters 8-11 and Section 3 in Chapter 12) that covers in varyingdegrees some concepts necessary for the discussion that follows. Therefore, the reader thatis familiar with the basics of quantum mechanics is advised to skip these sections. On theother hand if a basic review is required, the most comprehensive introduction is given inChapter 11, so 11.2 should be read before anything else and then the other chapters may beaddressed in order, skipping Section 2 (Section 3 for Chapter 12) thereafter. Someredundancy is unavoidable in the introductory sections as well, but these should perhapsstill be perused in order to understand the proper setting for each chapter. Finally, ifChapter 10 has been read, 11.3.2 should be skipped as it is just a review of the basic ideasof Chapter 10 that will be used in the quantum associative algorithm developed inChapter˚11.

69Chapter 8An Artificial Neuron with Quantum Mechanical PropertiesThe most dangerous thing in the world is to try to leap a chasmin 2 jumps.-- David Lloyd GeorgeProceedings of the International Conference on Artificial Neural Networks andGenetic Algorithms, Norwich, England, 1997.AbstractQuantum computation uses microscopic quantum level effects to perform computationaltasks and has produced results that in some cases are exponentially faster than their classicalcounterparts. Choosing the best weights for a neural network is a time consuming problemthat makes the harnessing of this �quantum parallelism� appealing. This paper briefly coversnecessary high-level quantum theory and introduces a model for a quantum neuron.1. IntroductionThe field of artificial neural networks has at least two important goals: (A) creation ofpowerful artificial problem solving systems and (B) furthering understanding of biologicalneural networks including the human brain. Much effort has been made in both areas andsome progress has been realized. The field of quantum computation [1], which has beencompletely unrelated to that of neural networks until very recently, applies ideas fromquantum mechanics to the study of computation and has made interesting progress. Mostnotably, quantum algorithms for prime factorization and discrete logarithms have recentlybeen discovered that provide exponential improvement over the best known classicalmethods [2]. Recently some work has been done in the area of combining classicalartificial neural networks with ideas from the field of quantum mechanics in pursuit of goal(A).It is the purpose of this paper to further this pursuit of goal (A), that is, to show theusefulness of some ideas from the field of quantum mechanics (in particular those of linearsuperposition and coherence/decoherence) to that of artificial neural networks in order toimprove neural networks� abilities as problem solving systems. Our approach is tointroduce a mathematical model of an artificial neuron with quantum mechanical propertiesthat allow it to discriminate linearly inseparable problems using only linear thresholding asits activation function.2. Some Quantum IdeasQuantum mechanics is in many ways extremely counterintuitive and yet it has providedus with perhaps the most accurate theory (in terms of predicting experimental results) everdevised by science. The theory is well established and is covered in its basic form by many

70textbooks (see for example [3]). Several ideas from this theory that are necessary for thefollowing presentation must be briefly mentioned.Linear superposition is closely related to the familiar mathematical principle of linearcombination. For example, in a vector space with bases x and y, any vector v can bedefined as v = ax + by. In some sense v can be thought of as being both x and y at thesame time. In quantum mechanics, this principle actually applies to physical variables inphysical systems. The vector space is generalized to a Hilbert space whose bases are theclassical values normally associated with the system. For example, the position of anelectron orbiting a nucleus is usually a superposition of all possible positions in 3-d space,where each possible position is a basis state for the Hilbert space and has a finiteprobability of being the actual position. One of the most counterintuitive aspects ofquantum theory is this -- at the quantum or microscopic level, the electron is not in any oneposition in an orbit, but it is in a superposition of all of them at once. In some sense it is inall positions at the same time. However, at the macroscopic or classical level, the locationof the electron is a single definite position in 3-d space. This apparent contradiction is stillnot fully understood, but it is explained as follows. A quantum mechanical system remainsin a superposition of its basis states until it interacts with its environment.Coherence/decoherence is related to the idea of linear superposition. A quantumsystem is said to be coherent if it is in a linear superposition of its basis states. Asmentioned above, a result of quantum mechanics is that if a system that is in a linearsuperposition of states is observed or interacts in any way with its environment, it mustinstantaneously choose one of those states and �collapse� into that state and that state only.This collapse is called decoherence and is governed by the wave function Y. Just as thebasis states of the Hilbert space have a physical interpretation (as the classical valuesassociated with a system), so too does the amplitude of the wave function Y describing thesystem. This wave function actually represents the probability amplitudes (in the complexdomain) of all bases (possible positions, etc.) such that the probability for a given basis(position, etc.) is given by |Y|2.Operators are a mathematical formalism used to describe how one wave function ischanged into another. They are analogous to matrices operating on vectors. Usingoperators, an eigenvalue equation can be written

Âϕ i = aϕ i

. The solutions f i to such anequation are called eigenstates and are the basis states of a Hilbert space. In the quantumformalism, all properties (position, momentum, spin, etc.) are represented as operatorswhoseeigenstatesaretheclassicalvaluesnormallyassociatedwiththatproperty.3. Related WorkTo date, very little has been done in combining the fields of quantum mechanics andneural networks. However, a few notable exceptions do exist. Perus has published aninteresting set of mathematical analogies between the quantum formalism and neuralnetwork theory [4]. Menneer and Narayanan have proposed a model weakly inspired (theirterm) by the �many worlds� interpretation of quantum mechanics in which a network istrained for each instance in the training set and the final network is a superposition of these[5]. Finally, Behrman et al. have developed a novel approach to implementing a quantumneural network using quantum dots [6]. It uses a quantum dot for each input and the

71system is allowed to evolve quantum mechanically through time while being observed (andthus forced to decohere) at fixed time intervals. Interestingly, the different time slices act asthe neurons in a hidden layer of a neural network -- the more time slices, the more hiddenlayer neurons. Perhaps most notably, Behrman et al. have actually implemented thisquantum dot neural network and give results for its learning several two input Booleanfunctions.4. Quantum NeuronThe simplest classical artificial neuron is the perceptron that takes as input n bipolar (orbinary) values, {ij}. It is defined as a weight vector w = (w1 , w 2 , ..., w n ) T , a threshold qand an output function f where

f = 1 if jw ji > θ

j=1n∑

-1 otherwise

.(1)This neuron model is well understood, but it is mentioned for several reasons. First, itcannot solve problems that are not linearly separable, and second, though this classicalperceptron is extremely simple and well understood, this will not be the case for itsquantum counterpart and thus it is important to start with the very simplest concepts asquantum ideas are incorporated.We now define a simple quantum analog to the perceptron, which also takes as input{ij }. It is similar in all respects to the classic perceptron except that the single weightvector w, is replaced by a wave function, Y (w,t) in a Hilbert space whose basis states arethe classical weight vectors. This wave function represents the probability amplitude (ingeneral this is a complex wave as opposed to a real one) for all possible weight vectors inweight space together with the normalization condition that for any time t

2Ψ dw − ∞∞∫ =1

.(2)Thus, the weight vector of the perceptron is replaced with a quantum superposition ofmany weight vectors which on interaction with its environment will decohere into oneclassical weight vector, according to the probabilities given by |Y|2.For example, consider the one-input, one-output bipolar function that inverts its input(NOT).Forconveniencetheweightswillbeboundedsuchthat- p £ wj £ p.(3)In order for a quantum neuron to learn this function, Y(w,t) and q must be found. Weassume that Y is time-invariant and concentrate only on w , which is in this case a one-dimensional vector. Because of the strict bounds given in (3), finding Y is equivalent tosolving the one-dimensional rigid box problem common to most elementary treatments ofquantum mechanics, whose solutions are of the form

Ψ( 0w ) = Asin(nπa 0w )

.(4)Here A is a normalization constant that can be found using (2), n = 1, 2, 3, ..., w 0 is thesingle element of w, and a is the width of the box (in general this is 2p, but the width maybe altered to be smaller).

-p0pInverseq » 0Y = Asin(w0)w0Figure 1. Solutions for one-dimensional NOT functionFigure 1 shows a graph of one Y for the one-input bipolar NOT function, and forcomparison Figure 2 shows a solution for another one-input bipolar function, TRUE (theextra p term shifts the function, which is necessary since the general solution (4) assumesfor convenience that the left hand side of the box occurs at 0). To understand what thesegraphs represent, it must be realized that they are graphs in weight space and that Y is theprobability amplitude for a given weight vector w. In a quantum neuron the weight vectorsexist in coherent superposition of all possible classical weight vectors in weight space withnon-zero probability amplitude.

-p0pq » -1TrueY = Asin[(w0+p)/2]w0Figure 2. Solutions for one-dimensional TRUE functionWhen the superposition of weight vectors interacts with its environment (for examplewhen it encounters an input) it must decohere into one basis state -- a classical weightvector within the bounds enforced in (3) -- and this decoherence occurs with probabilitygoverned by |Y|2. Note that in the case of these simple functions, no matter what weightvectorischosenatdecoherence,itwillresultinthecorrectoutput.Now consider the more complicated two-input XOR problem, which is of course, notlinearly separable. Using a similar argument for that of the one-dimensional case, it is notsurprising to find that the solutions to problems with two-dimensional weight spaces areequivalenttothoseofthetwodimensionalrigidbox

Ψ( 0w , 1w) = Asin( 0wn πa 0w )sin( 1wn πa 1w)

,(5)where the variables and constants have the same meanings as in (4) with the added note thatnow there are two different n variables, one for each weight.

73π^{2 ,} π^2 ^{− π2 ,− π2}XORw1w0Y = Asin(w0)sin[(w1 + p)/2]Figure 3. Plot of Y for the XOR problemFigure 3 shows a contour plot of one such solution, rotated by 45ß. Note again thatthis is a graph of Y, the probability amplitude, whereas the probability, |Y|2 , is what isreallyimportant.

w1w0|Y|2 = A2sin2(w0)sin2[(w1 + p)/2]XOR

π2 , π2 − π2 , − π2

Figure 4. Plot of |Y |2 for the XOR problemAlso notice that its contour plot (Figure 4) gives two solutions with maximal probability, at(p/2, p /2) and at (-p /2, -p/2). It is also important to note that the nodal line that exists atw0 = -w1 in Figure 3 ensures that no solutions exist on this line which must be the case inordertolearnthefunction.Finallynotethatsincethequantumneuronmaintainsacoherentsuperposition of weights, it can solve non-linearly separable problems.O f c o u r s e , t h e s e e x a m p l e s a r e s i m p l e a n d t h e i r s o l u t i o n s a r e s i m p l e . E v e n i n t h e general case however, the solutions will always be equivalent to those of an dimensionalrigid box so that Y will always be of the general form introduced above. This need not betrue, however, if other physical models, such as the non-rigid box, simple harmonicoscillator, hydrogen atom, etc. are be considered. Further, the time variable has not been

74incorporated into the equations. Another important topic is training of the neuron, whichentails changing the wave function Y. Since Y is governed by the (time-independent fornow) Schr�dinger equation,

2∇ Ψ = 2m2h [U − E]Ψ

,(6)note that the only variable that may be changed is the potential, U. Therefore Y may bechanged by changing U.The n�s introduced in (4) and (5) are termed quantum numbers and play an importantrole in quantum mechanics. Further investigation of their role with regards to quantumneurons is needed. A series of classification operators that ensures appropriate wavefunction decoherence is also required. For example, in the XOR problem, two of thepossible input patterns, (-1,1) and (1,-1), are correctly classified using any of thesuperposed weight vectors; however, for the other two input patterns, (-1,-1) and (1,1),this is not the case. The necessary operators for the quantum neuron will be analogical to amatrix form of the input vector. The operator associated with the input vector (-1,-1) mustgreatly decrease the probability amplitude (and thus the probability) for all the negativeweight vectors and correspondingly increase the amplitudes for the positive weight vectors.The operator associated with the input vector (1,1) must do the opposite.5. Concluding RemarksThough many of these topics are beyond the scope of this paper, it has beendemonstrated that the application of quantum mechanical ideas to the field of neuralnetworks is a fertile area for further research. This includes development of a learningalgorithm for the quantum neuron, further investigation of the classification operators, andtheoretical analysis of the quantum neuron�s capabilities. Further, the idea of linearsuperposition may be applied not only to the weight vector of a neuron, but also to itsinputs, its output, and its activation function, among other things. See [7] for anapplication to the problem of choosing useful features from the exponentially large set ofpossibilities. Also, other quantum mechanical concepts such as the quantum nature ofenergy, spin, momentum, etc. and EPR phenomenon may find application as this field isexplored further.References[1]Brassard, Gilles, �New Trends in Quantum Computation�, 13th Symposium on Theoretical Aspectsof Computer Science, 1996.[2]Shor, Peter W., �Polynomial-Time Algorithms for Prime Factorization and Discrete Logarithms ona Quantum Computer�, to appear in the SIAM Journal of Computing, 1996.[3]Taylor, John R. and Zafiratos, Chris D., Modern Physics for Scientists and Engineers, PrenticeHall, Englewood Cliffs, New Jersey, 1991.[4]Perus, Mitja, �Neuro-Quantum Parallelism in Brain-Mind and Computers�, Informatica, vol. 20,pp. 173-183, 1996.[5]Menneer, Tammy and Narayanan, Ajit, �Quantum-inspired Neural Networks�, technical report R329,Department of Computer Science, University of Exeter, Exeter, United Kingdom, 1995.

75[6]Behrman, E. C., Steck, J. E., and Skinner, S. R., "A Quantum Dot Neural Network", preprintsubmitted to Physical Review Letters.[7]Ventura, Dan and Martinez, Tony, �Application of Quantum Mechanical Properties to MachineLearning�, submitted to the International Conference on Machine Learning, 1997.

76Chapter 9Quantum Associative Memory with Exponential CapacityThis isn�t right. This isn�t even wrong.-- Wolfgang PauliProceedings of the International Joint Conference on Neural Networks,Anchorage, Alaska, pp. 509-513, 1998.AbstractQuantum computation uses microscopic quantum level effects to perform computationaltasks and has produced results that in some cases are exponentially faster than their classicalcounterparts by taking advantage of quantum parallelism. The unique characteristics ofquantum theory may also be used to create a quantum associative memory with a capacityexponential in the number of neurons. This paper covers necessary high-level quantummechanical ideas and introduces a simple quantum associative memory. Further, it providesdiscussion, empirical results and directions for future work.1. IntroductionWe consider the problem of associative pattern completion -- given a set of patterns ofthe form

rxi → roi

, learn to produce the vector

roi

given the vector

rxi

. The trivial solution issimply to store the set of patterns as a lookup table. The problem becomes interesting withthe added constraint of finding as small a representation as possible. This paper proposes aquantum associative memory (QuAM) with a storage capacity of O(2n), while using only nneurons.The field of quantum computation, which applies ideas from quantum mechanics to thestudy of computation, was introduced in the mid-1980s [6]. For a readable introduction toquantum computation see [3]; for a more rigorous treatment see for example [1]. The fieldis still in its infancy and very theoretical but offers exciting possibilities for the field ofcomputer science -- the most notable to date being the discovery of quantum computationalalgorithms for computing discrete logarithms and prime factorization in polynomial time,two problems for which no known classical polynomial time solutions exist [11]. Thesealgorithms provide theoretical proof not only that interesting computation can be performedat the quantum level but also that it may in some cases have distinct advantages over itsclassical cousin. The quantum computing approach to solving these two problems takesadvantage of the unique features of quantum systems to process an exponential number ofpossibilities simultaneously, thus providing exponential speedup over classical approaches.This paper presents a unique reformulation of the pattern classification problem into thelanguage of wave functions and operators. This reformulation may be generalized to a verylarge class of computational learning problems, opening up the possibility of employing thecapabilities of quantum computational systems for the solution of computational learningproblems. Here we examine one such problem, that of pattern completion, and show how

77it may be handled in the new formalism. Further, it is shown that the possibility ofutilizing quantum effects such as coherence and interference (see Section 2) may havegreat advantage over classical computational learning methods.Artificial neural networks (ANN) seek to provide ways for classical computers to learnrather than to be programmed. If quantum computers become a reality, then artificial neuralnetwork methods that are amenable to and take advantage of quantum mechanical propertieswill become possible. Further, the possibility of processing an exponential space inpolynomial time is very appealing. In particular, can quantum mechanical properties beapplied to ANNs for problems such as associative memory? Recently, some work hasbeen done in the area of combining classical artificial neural networks with ideas from thefield of quantum mechanics [2], [8], [10], [12]. This paper introduces some importantideas from quantum mechanics, proposes a quantum associative memory, presentsanalytical discussion, and produces empirical results that support the analysis.2. Quantum MechanicsQuantum mechanics is a theory that in many ways is counterintuitive. Yet it hasprovided us with perhaps the most accurate physical theory (in terms of predictingexperimental results) ever devised by science. The theory is well-established and iscovered in its basic form by many textbooks (see for example [7]). Several necessary ideasfrom this theory are briefly reviewed here.Linear superposition is closely related to the familiar mathematical principle of linearcombination of vectors. Quantum systems are described by a wave function y that existsin a Hilbert space. In the Hilbert space there exists a set of states,

ϕ i

, that form a basis,and the system is described by a quantum state

ψ

,

ψ = cii∑ ϕ i

.(1)

ψ

is said to be in a linear superposition of the basis states

, and in the general case,the coefficients ci may be complex. We use here the Dirac bracket notation where the ket

⋅

is analogous to a column vector, and the bra

⋅

is analogous to the complex conjugatetranspose of the ket. In quantum mechanics the Hilbert space and its basis have a physicalinterpretation, and this leads directly to perhaps the most counterintuitive aspect of thetheory. The counter intuition is this -- at the microscopic or quantum level, the state of thesystem is described by the wave function y, that is, as a linear superposition of all basisstates. However, at the macroscopic or classical level the system can be in only a singlebasis state. For example, at the quantum level an electron can be in a superposition ofmany energy levels; however, in the classical realm this obviously cannot be.Coherence and decoherence are closely related to the idea of linear superposition. Aquantum system is said to be coherent if it is in a linear superposition of its basis states. Astrange result of quantum mechanics is that if a system that is in a linear superposition ofstates interacts in any way with its environment, the superposition is destroyed. This lossof coherence is called decoherence and is governed by the wave function y. Thecoefficients ci are called probability amplitudes, and

ci 2

gives the probability of

ψ

collapsing into state

ϕ i

if it decoheres. In the Dirac notation, the probability that aquantum state

ψ

will collapse into an eigenstate

is written

ϕ i ψ 2

and is analogous

78to the dot product (projection) of two vectors. Consider, for example, a discrete physicalvariable called spin. The simplest spin system is a two-state system, called a spin-1/2system, whose basis states are usually represented as

↑

(spin up) and

↓

(spin down).In this simple system the wave function y is a distribution over two values (up and down)and a coherent state

ψ

is a linear superposition of

↑

and

↓

. One such state might be

ψ = 25 ↑ + 15 ↓

.(2)As long as the system maintains its quantum coherence it cannot be said to be either spin upor spin down. It is in some sense both at once. Under the classical interpretation, ofcourse, it must be one or the other, and when this system decoheres the result is, forexample, the

↑

state with probability

↑ ψ 2 = 25 2 = 0.8

.(3)Operators on a Hilbert space describe how one wave function is changed into another.Here they will be denoted by a capital letter with a hat, such as

Â

, and they may berepresented as matrices acting on vectors. Using operators, an eigenvalue equation can bewritten

Âϕ i = ai ϕ i

,(4)where ai is the eigenvalue. The solutions

ϕ i

to such an equation are called eigenstatesand can be used to construct the basis of a Hilbert space as discussed above. In thequantum formalism, all properties are represented as operators whose eigenstates are thebasis for the Hilbert space associated with that property and whose eigenvalues are thequantum allowed values for that property. It is important to note that operators in quantummechanics must be linear operators.Interference is a familiar wave phenomenon. Wave peaks that are in phase interfereconstructively (magnify each other�s amplitude) while those that are out of phase interferedestructively (decrease or eliminate each other�s amplitude). This is a phenomenoncommon to all kinds of wave mechanics from common water waves to optics. The well-known double slit experiment demonstrates empirically that at the quantum levelinterference also applies to the probability waves of quantum mechanics. Herein lies atruly non-classical property that gives computation by quantum means a unique advantageover classical approaches, including any stochastic methods [5].Entanglement is the potential for quantum states to exhibit correlations that cannot beaccounted for classically. Mathematically, states that cannot be factorized (as a tensorproduct) are said to be entangled, while those that can be factorized are not. There aredifferent degrees of entanglement, and it is interesting to note from a computationalstandpoint that quantum states that are superpositions of only those basis states that aremaximally far apart in terms of Hamming distance are those states with the greatestentanglement. For example, a superposition of only the states

00

and

11

is maximallyentangled; on the other hand, a superposition of ,

01

and still exhibitsentanglement, but to a lesser degree. Finally, it should be mentioned that while interferenceis a quantum property that has a classical cousin, entanglement is a completely quantumphenomenon for which there is no classical analog.

793. Quantum Associative Memory (QuAM)The quantum associative memory proposed here consists of a set of spin systems, eachof which may be thought of as the quantum analog of a simple 2 or 3 state artificial neuron.The patterns to be learned are viewed as operators that act on the spin systems. Thefollowing definitions are necessary for describing the QuAM:

rx

as a binary input vector of length n, whose elements can have the values 0 or 1,

rz

as a ternary feature vector of length n, whose elements can have the values 0, 1, or

∗

,with

∗

representing a �don’t care� state,

ro

as a binary output class vector of length sassociatedwithaninputvector

rx

,

rp

as a binary output class vector of length sassociatedwithafeaturevector

rz

, andT as a set of patterns

rxi → roi

, 1 £ i £ q to be learned.A feature vector

is said to match an input vector

if and only if

∀ j,zj = xj

or

zj = ∗

. Further, if the number of elements

zj ≠ ∗

is r , then the feature vector

is oforder r, or

is said to be an rth order feature. For example, given the input vector (101),the 1st order features that match it are (1

∗

), (

∗

0

∗

), and (

∗

1). Additional necessarydefinitions include the matching functions m and w.Togetherthesetwofunctionscomputeaweightedhammingscoreforhowcloselyafeaturevectormatchesaninputvector.

m x,z( ) = 1 if z = ∗ ρ if x = z 0 otherwise.

w rx,rz( ) = 0 if ∃j,m xj,zj( ) = 0 m xj,zj ( ) j∏ otherwise.

For computational purposes, the most commonly used quantum system is the spin-1/2system introduced in Section 2, which is referred to as a quantum bit or qubit. Relabelingthe eigenstates as

0

and

1

, it is easy to see why this is so. One useful feature ofquantum computation is that as long as a set of n qubits maintains its quantum coherence, itcan be considered to be all 2n p o s s i b l e b i n a r y p a t t e r n s a t o n c e . T h u s a n y o p e r a t i o n performed on the qubits is performed on all 2n patterns in parallel. This is termed quantumparallelism.We propose the use of a slightly more complex spin-1 system (3 states) whoseeigenstates are labeled

0

,

1

and

∗

. This system may be thought of as a classicalternary variable --- when it decoheres it will have a value of either 0 or 1 or

∗

. However,while coherence is maintained, it will exist as a superposition of all three. Thus, a coherentset of n such quantum systems would be represented as a superposition of all 3neigenstates. We now define the quantum system for learning associative patterncompletion:

ψ = crzrp rzrp

rzrp∑

as the quantum state of a set of n spin-1 systems and s spin-1/2systems, with the former designated to represent the input vector and the latterdesignated to represent the output class vector.

80Each spin-1 system can be thought of as a neuron. Notice that the eigenstates arelabeled as a feature vector (

rz

) paired with an output vector (

rp

), corresponding to thedifferent states in which the quantum system can be found. Each basis state corresponds toa possible pattern or partial pattern, and a superposition of states corresponds to asuperposition of different patterns and partial patterns. Therefore, y represents a QuAMwith the ability to represent 3n·2s different patterns. In this sense it is no different than ac l a s s i c a l p a t t e r n a s s o c i a t o r . A s w e s h a l l s e e , h o w e v e r , i t s s t o r a g e c a p a c i t y w i l l b e exponential in . The patterns to be learned are considered as operators that operate on y,with each pattern

rxiroi

producing two operators:

Ârxi roi

and

B̂rxi roi

. Consider each

operator as a matrix a that is indexed by column and row as

rz1rp1,rz2 rp2

. Then thedefinition for the

Ârxi roi

operators is

arz1 rp1,rz2 rp2 = 0 if rz1 does not match rxi w(rxi,rz1) if rz1 = rz2 and roi = rp1 = rp2.

The

Â

operators are designed to increase the probability amplitudes of those eigenstatesin

ψ

associated with features that match the input vectors in the training set. An

Â

operator increases the probability amplitude for only those eigenstates whose featuresmatch its associated input training vector and whose output class matches the outputtraining class. The second set of operators,

B̂rxi roi

, is defined similarly as

brz1 rp1,rz2 rp2 = 0 if rz1 does not match rxi

− w(rxi,rz1) if rz1 = rz2 and roi ≠ rpi w(rxi,rz1) if rz1 = rz2 and roi = rpi.

The

B̂

operators, on the other hand, are constructed to cause interference (constructiveor destructive depending upon the output class) between the amplitudes of competingeigenstates. They increase the probability amplitudes (positively or negatively) of thoseeigenstates that correspond to features that match their associated input training vectorregardless of output class. Finally, the pattern operators are combined as follows:

Â

as the operator

Ârxi roi i=1q∑

, as the operator

B̂rxi roi

, and

T̂

as the operator

ÂB̂

. combines the information in

Â

and to represent an exponential number of patternsin linear superposition for the purpose of pattern association. The learning of the patternsin T by the QuAM may be summarized as follows:1. Prepare

ψ = crzrp rzrp

rzrp∑

such that the

crzrp

represent a uniform distribution.2. Calculate the operator

.3. Apply the operator to

ψ

.In essence, the information learned from the training set is encoded in the coefficients

. For the execution or pattern completion phase two more definitions are required.

ry

as a binary input vector to be classified, and

Ŷ

as an operator defined as the matrix

yrz1 rp1,rz2 rp2 = 0 if rz1 does not match ryi w(ryi,rz1) if rz1 = rz2 Ŷ

acts similarly to

B̂

in that it makes non-zero the probability amplitudes for thoseeigenstates whose features match the input vector to be classified; obviously output classcannot be considered. Given the input vector

ry

, pattern completion proceeds as follows:4. Apply the operator

Ŷ

to

ψ

.5. Observe the quantum spin-1/2 systems associated with the output vector.Concisely, to complete the partial pattern described by an input vector

ry

given atraining set T, the quantum state

ψ

is prepared to be in a superposition of all itseigenstates, and then

ŶT̂ ψ

(5)is calculated. Finally, the system

ψ

is observed causing it to choose a single eigenstate,and the values observed for the spin-1/2 systems associated with the output pattern are thecompletion of

ry

.4. Discussion and Empirical ResultsThree datasets from the UCI repository [9] were selected for empirical testing. Due tothe exponential nature of simulating quantum systems on a classical computer, only smalldata sets (in the number of inputs) can be considered. These data sets were converted tobinary representation before simulation. The Lenses data set represents patients and whatkind of contact lense they should be prescribed (hard, soft, none). The Hayes data set isan abstract measure of concept formation used to test human psychological function. TheLED data set is an artificially generated representation of the 10 digits of an LED displaywith 25% noise. Ten fold cross validation was used to obtain results, and since quantummechanics is a probabilistic theory, ten trials for each data split were run to get a moreaccurate picture of the results.Table 1. Pattern completion accuracy

r = 2r = 4r = 8r = 16

Lenses0.770.981.001.001.00Hayes--0.900.910.91LED--0.630.660.73

Â

For the L e n s e s data set, the QuAM uses 5 neurons (3-state qubits) to represent 23patterns; for the Hayes data set, the QuAM uses 8 neurons to represent 83 patterns; and forthe LED data set, the QuAM uses 7 neurons to represent 200 (noisy) patterns. Table 1shows the pattern completion rate on the data sets for different values of r (from the m

82function). The first four columns, labeled with their respective values for r, show that asr increases in value, pattern recall accuracy improves. This is due to the nature of the mfunction and the length of the input vector x. This improvement is most marked for theLenses data set which achieves perfect recall of all 23 patterns using only 5 qubits. Theresults for the Hayes data set are equally encouraging -- 90% recall of 83 patterns usingonly 8 qubits. Finally notice that for the LED data set the results are not as good. This isdue to the noise in the data set producing harmful interference patterns through operator

B̂

.The fifth column shows recall accuracy using the

Â

operator instead of the

T̂

operator. Inthis case, results for LED are also near optimum (note that due to noise the maximumaccuracy for LED is 75%).The ability to memorize and correctly recall this many patterns with so few neurons isclassically not possible. It is the quantum effects of coherence, interference andentanglement that make the exponential storage capacity possible.4.1. GeneralizationAlthough the QuAM’s primary purpose is to memorize a set of patterns for completion,it does have the ability to generalize over patterns not seen during learning. However,since this is not its main purpose and since the QuAM’s bias is towards the highest ordermatching feature, its generalization ability is expected to be limited. The definition of

T̂

includes the

B̂

operator for the purpose of utilizing interference between contradictoryfeatures in order to improve generalization. This is accomplished by having features thatare good predictors of the output vector reinforced and by having features that are badpredictors eliminated. However, the interference in

sometimes overcompensates andbecomes detrimental to generalization by actually reinforcing bad features. Thus, while the

B̂

operator provides some generalization accuracy, a new operator that better describes theproper constructive and destructive interference between patterns will improve this accuracysignificantly. Table 2 supports this by giving generalization results using the operator

Â

alone (no interference) and the full operator

T̂

. Note that on the L e n s e s and Hayes datasets, the addition of the interference inherent in

B̂

does improve generalization as expected.However, due to the noise in the LED data set, actually hurts generalization accuracy,just as it did recall accuracy (Table 1). For reference, the third column, labeled �Other�,provides average generalization accuracy on these data sets for several well known learningalgorithms [13]. As expected, the generalization accuracy of the QuAM may still beimproved significantly.Table 2. Generalization accuracy

Other

Lenses0.430.680.73Hayes0.450.480.66LED0.590.560.68

Â̂T

835. Concluding RemarksA unique view of the pattern completion problem is presented that allows the proposalof a quantum associative memory with exponential storage capacity. It employs simplespin-1/2 and spin-1 quantum systems and represents training and input vectors as quantumoperators. This approach demonstrates that learning techniques can be developed makinguse of the unique characteristics of quantum mechanics. Discussion on the physicalrealization of this system is beyond the scope of this paper. We acknowledge that theimplementation is far from a trivial issue as investigation into the field of quantumcomputation will attest. By far the most difficult issue is the maintenance of quantumcoherence throughout the computation. However, recently some excitement has beengenerated over the possible use of nuclear magnetic resonance (NMR) techniques toovercome many of these difficulties [4]. Finally, it may be noted that we have made use ofonly the very simplest of quantum systems and one of the very simplest of learningalgorithms. Current research is focused on improving generalization capability for patternsnot memorized during learning. Future work will include application of quantum theory tomore complex learning systems, application of more complex quantum systems to theartificial neural network paradigm, and extension to continuously valued domains.References[1]Barenco, A., C. H. Bennett, R. Cleve, D. P. DiVincenzo, N. Margolus, P. Shor, T. Sleator, J.Smolin, and H. Weinfurter, �Elementary Gates for Quantum Computation�, Physical Review A,vol. 52, pp. 3457-3467, 1995.[2]Behrman, E. C., J. Niemel, J. E. Steck and S. R. Skinner, �A Quantum Dot Neural Network�, IEEETransactions on Neural Networks, submitted, 1996.[3]Brassard, G., �New Trends in Quantum Computation�, Proceedings of the 13th Annual Symposiumon Theoretical Aspects of Computer Science, pp. 3-10, Grenoble, France, Springer, 1996.[4]Cory, David G., Mark D. Price, Amr F. Fahmy and Timothy F. Havel, �Nuclear MagneticResonance Spectroscopy: An Experimentally Accessible Paradigm for Quantum Computing�,Physica D, to appear, (accepted Aug. 27, 1997).[5]Deutsch, D. and Richard Jozsa, �Rapid Solution of Problems by Quantum Computer�, Proceedingsof the Royal Society, London A, vol. 439, pp. 553-8, 1992.[6]Deutsch, D., �Quantum Theory, the Church-Turing Principle and the Universal QuantumComputer�, Proceedings of the Royal Society, London A, vol. 400, pp. 97-117, 1985.[7]Feynman, R. P., R. B. Leighton and M. Sands, The Feynman Lectures on Physics, vol. 3,Addison-Wesley Publishing Company: Reading Massachusetts, 1965.[8]Menneer, T. and A. Narayanan, �Quantum-inspired Neural Networks�, technical report R329,Department of Computer Science, University of Exeter, Exeter, United Kingdom, 1995.[9]Mertz, C. J. and P. M. Murphy, UCI Repository of Machine Learning Databases, University ofCalifornia at Irvine, Department of Information and Computer Science,http://www.ics.uci.edu/~mlearn/ MLRepository.html, 1996.[10]Perus, M., �Neuro-Quantum Parallelism in Brain-Mind and Computers�, Informatica, vol. 20, pp.173-83, 1996.

84[11]Shor, P. W. �Polynomial-Time Algorithms for Prime Factorization and Discrete Logarithms on aQuantum Computer�, SIAM Journal of Computing, vol. 26 no. 5, pp. 1484-1509, 1997.[12]Ventura, D. and T. Martinez, �An Artificial Neuron with Quantum Mechanical Properties�,Proceedings of the International Conference on Artificial Neural Networks and GeneticAlgorithms, to appear, 1997.[13]Zarndt, Frederick, �A Comprehensive Case Study: An Examination of Machine Learning andConnectionist Algorithms�, Masters Thesis, Brigham Young University, 1995.

85Chapter 10Initializing the Amplitude Distribution of a Quantum State...and distribution was made unto every man according as he hadneed.-- Acts 4:35submitted toPhysical Review Letters, June 16 1998.AbstractTo date, quantum computational algorithms have operated on a superposition of all basisstates of a quantum system. Typically, this is because it is assumed that some function f isknown and implementable as a unitary evolution. However, what if only some points of thefunction f are known? It then becomes important to be able to encode only the knowledgethat we have about f. This paper presents an algorithm that requires a polynomial number ofelementary operations for initializing a quantum system to represent only the m known pointsof a function f.PACS numbers: 03.67.Lx, 03.67.-a, 89.80.+h, 03.65.BzThe study of computation as a physical process has produced fascinating results in theform of new approaches to problem solving and information processing that exhibitimpressive speed-up over classical approaches for some problems [1-6]. All of thesealgorithms operate on a superposition of all basis states, usually assuming prior knowledgeof some function f that can be effected as a unitary evolution of the system. However, it isoften the case in computational problem solving that a function f is not known but ratherthat some example points of the function are all the knowledge available. Such situationsare particularly common in the field of computational learning, which typically deals withlearning a function from examples. If quantum computation is to become a broadlyapplicable paradigm, it must be possible for quantum algorithms to function given only alimited set of functional points. The first major step toward this goal is developing theability to encode a set of examples of a function as the state of a quantum system. If thiscan be achieved, then the possibility of quantum computational learning algorithms presentsitself. For example, Fourier-based machine learning algorithms such as those byKushilevitz and Mansour [7] and Jackson [8] are tempting candidates for generalizationinto the quantum realm. In fact, Bshouty and Jackson investigated a quantumcomputational approach to learning [9]. However, their algorithm lacks the capabilityproposed here (relying instead upon a quantum example oracle that somehow encodes theentire function f even though the function is not known a priori) and therefore, thoughtheoretically interesting, is not a plausible quantum algorithm. This paper presents analgorithm for encoding, in polynomial time, a set of examples of a function as the state of aquantum system.

86Given a set T of m examples of a function f, the goal is to produce

f̃ = f z( ) z z∈T∑

(1)as the quantum state of n qubits. It will be shown that the state

f̃

can be constructedusing a polynomial number (in n and m) of elementary operations on one, two, or threequbits. In what follows, the specific qubits to which an operator is to be applied areindicated as subscripts on that operator. For simplicity, consideration will first be restrictedto the case of

f:z → s

with

z

˛ { 0 , 1 } n and s˛{-1,1}. First, define the set of 2-qubitoperators,

Ŝs,p = 1 0 0 0

0 1 0 0 0 0 p − 1p − sp 0 0 sp p − 1p

,(2)where s˛{-1,1} and m ‡ p ‡ 1. These operators form a set of conditional Hadamard-liketransforms that will be used to incorporate the example set into a coherent quantum state.There will be a different

Ŝs,p

operator associated with each example in the set T. Next,define

F̂ = 0 11 0

,(3)which flips the state of a qubit. Now, define the 2-qubit Control-NOT operator

F̂0 = F̂ ^0^0 Î2

, (4)where

^0

and

Î2

are the 2·2 zero and identity matrices respectively, which conditionallyflips the second qubit if the first qubit is in the

0

state. Similarly define

F̂1

whichconditionally flips the second qubit if the first qubit is in the

1

state [the matrixrepresenting

is the same as Equation (4) with

Î2

and

F̂

exchanged]. Finally, introducefour 3-qubit operators (really just four versions of the Fredkin gate [10]). These operatorsare used to identify specific states in a superposition, similar to Grover�s identification ofwhich state should be phase-rotated in his search algorithm [2]. The first of these,

Â00 = F̂ ^0^0 Î6

,(5)where the

^0

are 6·2and2·6 zero matrices and

Î6

is the 6·6 identity matrix, conditionallyflips the third bit if and only if the first two are in the state

00

. Note that this is actuallyequivalent to

F̂00

, where

is the 3-qubit generalization of Equation (4); however, thisoperator will be used with the third qubit always in the

0

state and thus can be thought ofas performing a logical AND of the negation of the first two qubits, setting the third to

1

ifand only if the first two are

. The other 3-qubit operators,

Â01

,

Â10

, and

Â11

, arevariations of

Â00

in which

occurs in the other three possible locations along the maindiagonal.

87The algorithm for encoding T into a quantum system requires n + (n - 1) + 2 qubits,arranged in three quantum registers labeled x, g , and c . The quantum state of all threeregisters together is represented as

x,g,c

, and the algorithm proceeds as in Figure 1.1.Generate

f̃ = x1K xn,g1K gn− 1,c1c2 = 0

2.for m ‡ p ‡ 1

3 . for 1£j £ n

4.if zpj „ z p + 1 j (where z m + 1 = {0}n ) 5 . c^2x^j

0F̂ f̃

6.^c 2 c 1

0 ^ F ~ f 7. c 1 c 2

s p ,p ^ S ~ f 8. x 1 x 2 g 1

z 1 z 2 ^ A

~ f 9.for 3£k £ n 10. x

k

g

k− 2

g

k−1

z

k

1

^

A

~ f 11. g

n−1

c

1

1

^

F

~ f 12.for n ‡ k ‡ 3

1 3 .

x k g k− 2 g k−1

z k 1 ^ A ~ f 14. x

1

x

2

g

1

z

1

z

2

^

A

~ f 15.

^

F

c

2

~

f

Figure 1. Initializing amplitude distribution in a quantum systemThe xregisterwillholdasuperpositionoftheexamplesinthesetT--therearen qubitsin the register, and the value of fforanexamplewillbeusedasthecoefficientforthestatecorresponding to that example. The g and c registers contain only ancillary qubits and arerestored to the state

0

by the end of the algorithm. A high-level intuitive description ofthe algorithm is as follows. The system is initially in the state

0

. The qubits in the xregister are conditionally flipped so that their states correspond to the first example. The

Ŝs,p

operator corresponding to that example then changes the basis of the system such thatone of the states has a coefficient that matches the example�s value for f. This same statethen is changed to one that exists outside of the subspace affected by the

Ŝs,p

operators, ineffect making it permanent, and the process is repeated for each example. When all theexamples have been processed, the result is a coherent superposition of statescorresponding to the sample points, where the amplitudes of the states all have the samemagnitude but have different phases according to the values of their correspondingexamples. This is somewhat reminiscent of the first part of Bernstein and Vazirani�sFourier sampling mechanism [11]. However, they assume that the function f is known and

88calculable in polynomial time, whereas here we do not know the function f, but only asmall set of examples drawn from f.In analyzing the complexity of the algorithm it is assumed that line 1 can be donetrivially. The loop of line 2 is repeated m times and consists of n (lines 3-5) + 3 (6-8) + n-2 (9-10) + 1 (11) + n-2 (12-13) + 1 (14) operations, and line 15 requires one moreoperation. Thus, the entire algorithm requires m(n + 3 + n-2 + 1 + n-2 + 1) + 1 =m(3n+1)+1 operations and is O(mn ). This is optimal in the sense that just reading eachinstanceoncecannotbedoneinanyfewerthanmn steps.A concrete example of a simple 2-input function will help clarify the precedingdiscussion. Suppose that we are given the set T = {f(01)=-1, f(10)=1, f(11)=-1}. Theinitial state is

0

, and the algorithm evolves the quantum state through the series of unitaryoperations described in Figure 1. For convenience lines 3-6, 8-10, and 12-14 of thealgorithm are agglomerated as the compound operators FLIP, AND, and AND�respectively and are treated in more detail in Equation (6-8) and Figures 2 and 3. First thequbit states of the x register are flipped to match the first example, and the c register ismarkedsothestatewillbeaffectedbythe

Ŝs,p

operator.

00,0,00

FLIP → 01,0,10

Next, the appropriate

operator (with s equal to the output class of the instance beingprocessed, here -1, and p equal to the number of the instances, including the current one,yet to be processed, here 3) is applied, creating a new state in the superposition. Thisprocess will be referred to as state generation and corresponds to line 7 of Figure 2.

Ŝ− 1,3 → − 13 01,0,11 + 23 01,0,10

The two states just affected by the

Ŝs,p

operator are marked in their gregisters.

AND → − 13 01,1,11 + 23 01,1,10

One of the marked states is made permanent by setting its c register to

01

and this statenow represents the first example. The c register of the other state is returned to

00

, and itis ready to generate a new state. This is performed by line 11 of the algorithm.

F̂gn− 1c11 →

− 13 01,1,01 + 23 01,1,00

Finally the work done in the g register is undone and at this point one pass through the loopof line 2 of the algorithm has been performed.

AND† → − 13 01,0,01 + 23 01,0,00

Now, the entire process is repeated for the second example. Again, the x register of theappropriate state (that state whose c2qubitisinthe

0

state) is selectively flipped to matchthe new example, and its c register is again marked. This time the selective qubit stateflipping occurs for those qubits that correspond to bits in which the first and secondexamples differ -- both in this case. Notice that the state representing the first example isnot affected by this operation, nor any of those that follow.

FLIP → − 13 01,0,01 + 23 10,0,10

Next, another

operator is applied, this time with s = 1 and p = 2.

Ŝ1,2

→− 13 01,0,01 + 12 23 10,0,11 + 12 23 10,0,10

The two states just affected by the

operator are marked in their gregisters.

AND → −

1

3 01,0,01 +

1

3 10,1,11 +

1

3

10,1,10

The c register is used to save another state (this one representing the second example).

F̂gn− 1c11 →

−^13 01,0,01 +^13 10,1,01 +^1_3 10,1,00

A final bit of house keeping resets the g register, preparing for the process to be repeatedagain.

AND† → −^13 01,0,01 +^13 10,0,01 + 13 10,0,00

Finally, the third example is considered. The x register of the generator state is againselectively flipped and its c˚register is marked. This time, only those qubits correspondingto bits that differ in the second and third examples are flipped, in this case just qubit x2.

FLIP → − 13 01,0,01 + 13 10,0,01 + 13 11,0,10

Again a new state is generated to represent this third example. Notice that the generatorstate is now left with a magnitude of 0, because there are no more examples to process.

Ŝ− 1,1 → − 13 01,0,01 + 13 10,0,01 − 11 13 11,0,11 + 01 13 11,0,10

Once again the house keeping steps are performed.

AND → − 13 01,0,01 + 13 10,0,01 − 13 11,1,11 F̂gmc11 → − 13 01,0,01 + 13 10,0,01 − 13 11,1,01

AND† → − 13 01,0,01 + 13 10,0,01 − 13 11,0,01

Finally, line 15 performs one last operation, restoring all the ancillary qubits to their initialstate.

Fc2 →− 13 01,0,00 + 13 10,0,00 − 13 11,0,00

At this point, the g and c registers are not entangled with the x register, and therefore thesystemcanbesimplifiedas

− 13 01 + 13 10 − 13 11

,and it may be seen that the partial function defined by the set T is now represented as aquantum superposition in the x register.Here the complex operators FLIP, AND, and AND� are specified in more detail. Inoperatornotation,

FLIP = c2c10F̂ c2xj0F̂ n ≥ j ≥ 1, zpj ≠ zp+1j ( )

.(6)Alternatively, FLIP may be represented as a quantum network as in [12]. Figure 2 showsone such network for a 3-input function. In the figure, a �?� indicates that the

F̂0

operatoris applied only if the value of the bit in question differs from the value of that bit for theprevious example.

90 x1x2x3c2c1g1g2^{F̂0}?^{F̂0}?

F̂^0

?

F̂0

Figure 2. Quantum network for implementing FLIPAlso, in operator notation

AND= x_ng_{n− 2}g_{n−1} zn1Â L_{x3g1g2}^z3^1Â_{x1x2g1}^z1^z2Â

(7)and

AND† = x_1x_2g_1^z1^z2Â x_3g_1g_2^z3^1Â L x_ng_{n− 2}g_{n−1}^zn^1Â

.(8)AND and AND� a l s o m a y b e r e p r e s e n t e d a s q u a n t u m n e t w o r k s , a n d c o r r e s p o n d i n g e x a m p l e d i a g r a m s a p p e a r i n F i g u r e s 3 ( a ) a n d 3 ( b ) r e s p e c t i v e l y . N o t e t h a t t h e o n l y difference between the two is the order in which the qubits are operated upon since all the

Â

operators are their own adjoints.

x1x2x3g1g2c1c2 ^ A ^ A ^ A x1x2x3g1g2c1c2_^ A ^ A^^_A

(a)(b)

Figure 3. Quantum networks for implementing A N D and A N D �The quantum network representation of the entire algorithm requires the addition of gatesfor performing the

Ŝ

and

F̂

operations, and the complete network is shown in Figure 4.The network shown will be repeated several times -- once for each instance in the trainingset. Each such repetition will make use of different

Â

operators and flip different qubitsusing the

F̂

gates, according to the particular example being processed.

x1x2x3g1g2 c1c2Ŝ̂F1Â̂ÂÂÂÂA

?^{F̂0F̂0}?^{F̂0}?

^ F 0

Figure 4. Quantum network for encoding a single function exampleThe trick that makes the algorithm work is the fact that whenever an

Ŝs,p

operator isapplied, there are no states with the c register in the

11

state. This is crucial to theconstruction of

f̃

because it allows the operations to be unitary without generating�extraneous� states. Another key is the ability to identify a specific state in thesuperposition (the one just generated) using the AND and AND� operators; this providesthe ability to mark that particular state and only that state so as not to operate on it again.Andthisisdonereversiblysothatnodisruptiveentanglementresults.The algorithm of Figure 1 can handle only binary functions. However, generalizationto functions with N input/output values is straightforward. The only necessary changes area generalization of the x register (and only the x register) to include systems with more thantwo states, generalization of some of the operators and the representation of more than twooutput values as points on the unit circle in the complex plane (representing a binary outputwith the values -1 and 1 is just a special case of this). The operator generalizations are asfollows.

Ŝs,p = 1 0 0 0

0 1 0 0 0 0 p − 1p e− (s2πi N)p 0 0 e(s2πi N)p p − 1p

,(9)where now s˛{0, ..., N -1} and m ‡ p ‡ 1 . T h e u n i t c i r c l e i n t h e c o m p l e x p l a i n i s partitioned into N pie pieces, and the points on the pie piece borders correspond to thefunction values. By convention, one of the values is always on the positive real line.

NF̂0 = Ĉ ^0^0 ÎN

,(10)where

^0

and

ÎN

are the N ·N zero and identity matrices respectively, and

Ĉ

is the N ·Ncirculant matrix obtained by shifting all rows of

down one, with the Nth row becomingthe first. There is now a set of

F̂0

operators, one for 2-state qubits, one for 3-state qubits,etc., and the

operator defined in Equation (4) is the special case for N = 2 . T h e s e operators act on a pair of qubits, the first of which is in the c register and thus is still just a

922-state system, and the second of which is in the x register and thus now has N states, as

NF̂0 0q = 0(q +1)modN

and

NF̂0 1q = 1q

, conditionally rotating the second qubit(labeled q) to the next highest value (but rotating the maximum value back to 0) if the firstqubit is in the

0

state. Note that

F̂1

does not need to be generalized since it only acts onqubits in the g and c registers, which are still only 2-state qubits.

NÂ00 = F̂ ^0^0 Îa

,(11)where a = 2N2-2, the

^0

are 2·a and a·2 zero matrices,

Îa

is the a·a identity matrix,

F̂

isas defined in Equation (3) and the entire matrix is 2N2·2N 2. Again there is now a set of

Â00

operators and the

operator defined in Equation (5) is the special case for N =2.These operators act on three qubits, as

NÂ00 00r = 00(r +1)mod2

and

NÂ00 pqr = pqr for p,q ≠ 0

, conditionally flipping the third qubit (labeled r), which willstill be a 2-state qubit as it is in the g register, if the first two qubits are in the

00

state.Note that whereas the operator

Â00

defined in Equation (5) was really equivalent to a 3-qubit version of Equation (4), this is not the case with these generalized operators. In otherwords, Equation (11) is not equivalent to a 3-qubit generalization of Equation (10). This isbecause

NF̂0

now affects qubits (in the x r e g i s t e r ) w i t h m o r e t h a n 2 s t a t e s , t h e r e f o r e requiring a rotation through the various states rather than a simple flip between 2 possiblestates;whereas

NÂ00

still affects qubits with only 2 states and thus simply toggles betweenstates. Since this operator will be used with the third bit always in the

0

state, it can stillbe thought of as performing a sort of logical AND (actually a generalized AND where theinputs can be greater than binary) on the values of the first two qubits, setting the third to

1

if and only if the first two are

. The other

Â

operators must also be generalized, aset for each possible pair of values that any of the qubits in the x and g r e g i s t e r s c a n assume. In other words we need all the sets of operators

NÂij

for 0£i ,j £ N-1. However,these sets of operators are simple variations of the set given in Equation (11) with thesub-matrix

F̂

occurring in different locations along the diagonal according to the values fori and j .The algorithm for the more general case is the same as in Figure 1, except for twoc h a n g e s . F i r s t , t h e o p e r a t o r s m u s t b e r e p l a c e d w i t h t h e i r g e n e r a l i z a t i o n s d e f i n e d i n Equation (9-11), and second, the IF statement of line 4 must be changed to a WHILEstatement. This is again because instead of simply flipping a qubit�s state between twop o s s i b i l i t i e s a s t h e b i n a r y o p e r a t o r

F̂0

defined in Equation (4) does, the generalizedoperator

defined in Equation (10) rotates a qubit�s state through N possibilities in aspecific order one at a time. Thus, the compound FLIP operation defined by lines 3-6 ofthe algorithm now may require up to (N-1)n operations instead of the O(n) required for thesimpler binary case. This brings the total number of operations required for the algorithmu p t o ( N+1)mn + m + 1, which is still O(mnN). This reduces to O(mn) assumingN<<m,n.In summary, this paper presents a polynomial-time algorithm for initializing a quantumsystem to represent m known points of a function f. The result is a quantum superpositionwith m non-zero coefficients -- the creation of which is a nontrivial task compared tocreating a superposition of all basis states. It may be appropriate to mention here that veryrecently work as been done to analyze Grover�s algorithm [2] for the case of arbitrary initialamplitude distributions [13]. Further, the paper suggests a new field to which quantum

93computation may be applied to advantage -- that of computational learning. In fact, it is theauthors� opinion that this application of quantum computation will, in general, demonstratemuch greater returns than its application to more traditional computational tasks (thoughShor�s algorithm is an obvious exception). We make this conjecture because results inboth quantum computation and computational learning are by nature probabilistic andinexact, whereas most traditional computational tasks require precise and deterministicoutcomes.References[1]P. Shor, SIAM J. Comput. 26, 1484 (1997).[2]L. Grover, Proceedings of the 28th ACM Symposium on the Theory of Computing, Philadelphia,1996, edited by Gary L. Miller (ACM Press, 1996).[3]D. Simon, SIAM J. Comput. 26, 1474 (1997).[4]D. Deutsch and R. Jozsa, Proc. Roy. Soc. London Ser. A 439, 553 (1992).[5]T. Hogg, Journal of Artificial Intelligence Research 4, 91 (1996).[6]B. M. Terhal and J. A. Smolin, Phys. Rev. A (to be published).[7]E. Kushilevitz and Y. Mansour, SIAM J. of Comput. 22, 1331 (1993).[8]J. Jackson, Journal of Computer and System Sciences 55, 414 (1997).[9]N. H. Bshouty and J. Jackson, in Proceedings of the 8th Annual Conference on ComputationalLearning Theory, Santa Cruz, 1995, edited by Wolfgang Maass ( ACM Press, 1995).[10]E. Fredkin and T. Toffoli, Internat. J. Theoret. Phys. 21, 219 (1982).[11]E. Bernstein and U. Vazirani, SIAM J. Comput. 26, 1411 (1997).[12]D. Deutsch, Proc. Roy. Soc. London Ser. A 425, 73 (1989).[13]D. Biron et al., in Proceedings of the 1st NASA International Conference on QuantumComputing and Quantum Communications, Palm Springs, 1998, edited by Charles Bennett, (to bepublished).

94Chapter 11Quantum Associative MemoryWhen bad men combine, the good must associate...-- Edmund Burkesubmitted toIEEE Transactions on Neural Networks, June 16 1998.Early work on this subject has been submitted toInternational Conference on Artificial Neural Networks and Genetic Algorithms,Portoroz, Slovenia, April 1999.AbstractThis paper combines quantum computation with classical neural network theory toproduce a quantum computational learning algorithm. Quantum computation uses microscopicquantum level effects to perform computational tasks and has produced results that in somecases are exponentially faster than their classical counterparts. The unique characteristics ofquantum theory may also be used to create a quantum associative memory with a capacityexponential in the number of neurons. This paper combines two quantum computationalalgorithms to produce such a quantum associative memory. The result is an exponentialincrease in the capacity of the memory when compared to traditional associative memoriessuch as the Hopfield network. The paper covers necessary high-level quantum mechanical andquantum computational ideas and introduces a quantum associative memory. Theoreticalanalysis proves the utility of the memory, and it is noted that a small version should bephysically realizable in the near future.1. IntroductionThe field of neural networks seeks, among other things, to develop algorithms forimitating in some sense the functionality of the brain. One particular area of interest is thatof associative pattern recall. The field of quantum computation (QC) investigates the powerof the unique characteristics of quantum systems used as computational machines. Thispaper combines results from both of these fields to produce a new quantum computationallearning algorithm. This contributes significantly to both the field of quantum computationand to the field of neural networks. The field of neural networks benefits by theintroduction of a quantum associative memory with a storage capacity exponential in thenumber of neurons. The contribution to QC is in the form of a new quantum algorithmcapable of results that appear to be impossible using classical computational methods.Assume a set P of m binary patterns of length n. We consider the problem ofassociative pattern completion -- learning to produce one of the full patterns when presentedwith only a partial pattern. The trivial solution is simply to store the set of patterns as alookup table or RAM. There are two reasons why this is not always the best solution.First, it requires that a unique address be associated with and remembered for each pattern.Second, the lookup table requires mn bits in order to store all the patterns. It is often

95desirable to be able to recall the patterns in an associative fashion, thus eliminating the needfor explicit addressing. That is, given a partial pattern one would like to be able to �fill in�a reasonable guess as to the rest of the pattern. This may also be considered a form ofgeneralization as the partial pattern may never have been seen during the learning of thepattern set P. Further, it would of course be beneficial if a smaller representation waspossible.To this end, various classical associative memory schemes have been proposed,perhaps the most well known being the Hopfield network [Hop82] and the bidirectionalassociative memory (BAM) [Kos88]. These neural approaches to the pattern completionproblem allow for associative pattern recall, but suffer severe storage restrictions. Storingpatterns of length n requires a network of n neurons, and the number of patterns, m, is thenlimited by m £ kn, where typically 0.15 £ k £ 0.5. This paper offers improvement byproposing a quantum associative memory that maintains the ability to recall patternsassociatively while offering a storage capacity of O(2n)usingonlynneurons.Thefieldofquantumcomputation,whichappliesideasfromquantummechanicstothestudy of computation, was introduced in the mid-1980s [Ben82] [Deu85] [Fey86]. For areadable introduction to quantum computation see [Bar96]. The field is still in its infancyand very theoretical but offers exciting possibilities for the field of computer science --perhaps the most notable to date being the discovery of quantum computational algorithmsf o r c o m p u t i n g d i s c r e t e l o g a r i t h m s a n d p r i m e f a c t o r i z a t i o n i n p o l y n o m i a l t i m e , t w o problems for which no known classical polynomial time solutions exist [Sho97]. Thesealgorithmsprovidetheoreticalproofnotonlythatinterestingcomputationcanbeperformedat the quantum level but also that it may in some cases have distinct advantages over itsclassical cousin. Very recently several groups have produced exciting experimental resultsb y s u c c e s s f u l l y i m p l e m e n t i n g q u a n t u m a l g o r i t h m s o n s m a l l - s c a l e n u c l e a r m a g n e t i c resonance (NMR) quantum computers (see for example [Jon98] and [Chu98]).Artificialneuralnetworks(ANNs)seektoprovidewaysforclassicalcomputerstolearnrather than to be programmed. As quantum computer technology continues to develop,artificial neural network methods that are amenable to and take advantage of quantumm e c h a n i c a l p r o p e r t i e s w i l l b e c o m e p o s s i b l e . I n p a r t i c u l a r , c a n q u a n t u m m e c h a n i c a l properties be applied to ANNs for problems such as associative memory? Recently, workhas been done in the area of combining classical artificial associative memory with ideasf r o m t h e f i e l d o f q u a n t u m m e c h a n i c s . P e r u s d e t a i l s s e v e r a l i n t e r e s t i n g m a t h e m a t i c a l analogies between quantum theory and neural network theory [Per96] [Beh96]. [Ven98a]goes a step further by proposing an actual model for a quantum associative memory and[Ven98c]furtherdevelopsthismodelbyexhibitingaphysicallyrealizablequantumsystemf o r a c t i n g a s a n a s s o c i a t i v e m e m o r y . T h e w o r k h e r e e x t e n d s t h e w o r k i n t r o d u c e d i n [Ven98c], by further developing the ideas, presenting examples and providing rigoroustheoreticalanalysis.This paper presents a unique reformulation of the pattern completion problem into thelanguage of wave functions and operators. This reformulation may be generalized to alargeclassofcomputationallearningproblems,openingupthepossibilityofemployingthecapabilities of quantum computational systems for the solution of computational learningproblems. Section 2 presents some basic ideas from quantum mechanics and introducesquantum computation and some of its early successes. Since neither of these subjects canbe properly covered here, references for further study are provided. Section 3 discusses in

96some detail two quantum algorithms, one for storing a set of patterns in a quantum systemand one for quantum search. The quantum associative memory that is the main result ofthis paper is presented in Section 4 along with theoretical analysis of the model, and thepaper concludes with final remarks and directions for further research in Section 5.2. Quantum ComputationQuantum computation is based upon physical principles from the theory of quantummechanics (QM), which in many ways is counterintuitive. Yet it has provided us withperhaps the most accurate physical theory (in terms of predicting experimental results) everdevised by science. The theory is well-established and is covered in its basic form bymany textbooks (see for example [Fey65]). Several necessary ideas that form the basis forthe study of quantum computation are briefly reviewed here.2.1. Linear superpositionLinear superposition is closely related to the familiar mathematical principle of linearcombination of vectors. Quantum systems are described by a wave function y that existsin a Hilbert space [You88]. The Hilbert space has a set of states,

ϕ i

, that form a basis,and the system is described by a quantum state,

ψ = cii∑ ϕ i

.(1)

ψ

is said to be in a linear superposition of the basis states

ϕ i

, and in the general case,the coefficients ci may be complex. Use is made here of the Dirac bracket notation, wherethe ket

⋅

is analogous to a column vector, and the bra

⋅

is analogous to the complexconjugate transpose of the ket. In quantum mechanics the Hilbert space and its basis have aphysical interpretation, and this leads directly to perhaps the most counterintuitive aspect ofthe theory. The counter intuition is this -- at the microscopic or quantum level, the state ofthe system is described by the wave function y, that is, as a linear superposition of all basisstates (i.e. in some sense the system is in all basis states at once). However, at themacroscopic or classical level the system can be in only a single basis state. For example,at the quantum level an electron can be in a superposition of many different energies;however, in the classical realm this obviously cannot be.2.2. Coherence and decoherenceCoherence and decoherence are closely related to the idea of linear superposition. Aquantum system is said to be coherent if it is in a linear superposition of its basis states. Aresult of quantum mechanics is that if a system that is in a linear superposition of statesinteracts in any way with its environment, the superposition is destroyed. This loss ofcoherence is called decoherence and is governed by the wave function y. The coefficientsci are called probability amplitudes, and

ci 2

gives the probability of

ψ

collapsing intostate

ϕ i

if it decoheres. Note that the wave function y describes a real physical systemthat must collapse to exactly one basis state. Therefore, the probabilities governed by theamplitudes ci must sum to unity. This necessary constraint is expressed as the unitaritycondition

c i

2

i

∑ =1

.(2)In the Dirac notation, the probability that a quantum state

ψ

will collapse into aneigenstate

ϕ i

is written

ϕ i ψ 2

and is analogous to the dot product (projection) of twovectors. Consider, for example, a discrete physical variable called spin. The simplest spinsystem is a two-state system, called a spin-1/2 system, whose basis states are usuallyrepresented as

↑

(spin up) and

↓

(spin down). In this simple system the wave functiony is a distribution over two values (up and down) and a coherent state

ψ

is a linearsuperposition of

↑

and

↓

. One such state might be

ψ = 25 ↑ + 15 ↓

.(3)As long as the system maintains its quantum coherence it cannot be said to be either spin upor spin down. It is in some sense both at once. Under the classical interpretation, ofcourse, it must be one or the other, and when this system decoheres the result is, forexample, the

↑

state with probability

↑ ψ 2 = 25( )2 = 0.8

.(4)A simple two-state quantum system, such as the spin-1/2 system just introduced, isused as the basic unit of quantum computation. Such a system is referred to as a quantumbit or qubit, and renaming the two states

0

and

1

it is easy to see why this is so.2.3. OperatorsOperators on a Hilbert space describe how one wave function is changed into another.Here they will be denoted by a capital letter with a hat, such as

Â

, and they may berepresented as matrices acting on vectors. Using operators, an eigenvalue equation can bewritten

Âϕ i = ai ϕ i

, where ai is the eigenvalue. The solutions

ϕ i

to such an equationare called eigenstates and can be used to construct the basis of a Hilbert space as discussedin Section 2.1. In the quantum formalism, all properties are represented as operatorswhose eigenstates are the basis for the Hilbert space associated with that property andwhose eigenvalues are the quantum allowed values for that property. It is important to notethat operators that represent the time evolution of a system in quantum mechanics must belinear operators and further they must be unitary so that

Â†Â= ÂÂ† = Î

, where

Î

is theidentity operator, and

Â†

is the complex conjugate transpose, or adjoint, of

Â

.2.4. InterferenceInterference is a familiar wave phenomenon. Wave peaks that are in phase interfereconstructively (magnify each other�s amplitude) while those that are out of phase interferedestructively (decrease or eliminate each other�s amplitude). This is a phenomenoncommon to all kinds of wave mechanics from water waves to optics. The well-knowndouble slit experiment demonstrates empirically that at the quantum level interference alsoapplies to the probability waves of quantum mechanics. As a simple example, suppose thatthe wave function described in Equation (3) is represented in vector form as

ψ = 15 21

(5)

98and suppose that it is operated upon by an operator

Ô

described by the following matrix:

Ô = 12 1 11 − 1

.(6)The result is

Ô ψ = 12 1 11 − 1 15 21 = 10 31

,(7)and therefore now

ψ = 310 ↑ + 10 ↓

.(8)Notice that the amplitude of the

↑

state has increased while the amplitude of the

↓

statehas decreased. This is due to the wave function interfering with itself through the action ofthe operator -- the different parts of the wave function interfere constructively ordestructively according to their relative phases just like any other kind of wave.2.5. EntanglementEntanglement is the potential for quantum states to exhibit correlations that cannot beaccounted for classically. From a computational standpoint, entanglement seems intuitiveenough -- it is simply the fact that correlations can exist between different qubits -- forexample if one qubit is in the

1

state, another will be in the

1

state. However, from aphysical standpoint, entanglement is little understood. The questions of what exactly it isand how it works are still not resolved. What makes it so powerful (and so littleunderstood) is the fact that since quantum states exist as superpositions, these correlationssomehow exist in superposition as well. When the superposition is destroyed, the propercorrelation is somehow communicated between the qubits, and it is this �communication�that is the crux of entanglement. Mathematically, entanglement may be described using thedensity matrix formalism. The density matrix ryofaquantumstate

ψ

is defined as

ρ ψ = ψ ψ

.(9)For example, the quantum state

ξ = 12 00 + 12 01

(10)appears in vector form as

ξ = 12 10

,(11)and it may also be represented as the density matrix

ρ ξ = ξ ξ = 12 1 1 0 0

1 1 0 0 0 0 0 0

, (12)while the state

ψ =

1

2

00 +

1

2

11

(13)is represented as

ρ ψ = ψ ψ = 12 1 0 0 1

0 0 0 0

1 0 0 1

(14)and the state

ζ = 13 00 + 13 01 + 13 11

as

ρ ζ = ζ ζ = 13 1 1 0 1

1 1 0 1 0 0 0 0 1 1 0 1

,(15)where the matrices and vectors are indexed by the state labels 00, ..., 11. Now, notice thatrxcanbefactorizedas

ρ ξ = 12 1 00 0 ⊗ 1 11 1

, (16)where ~ is the normal tensor product. On the other hand, ry can not be factorized. Statesthatcannotbefactorizedaresaidtobeentangled,whilethosethatcanbefactorizedarenot.Noticethatrzcanbepartiallyfactorizedtwodifferentways,oneofwhichis

ρ ζ = 13 1 11 1 ⊗ 0 00 1 + 1 1 0 1 1 0 0 0 0 0 0 0

(17)(the other involves Equation (12) and a different remainder); however, in both cases thefactorization is not complete. Therefore, rzisalsoentangled,butnottothesamedegreeasry (because rz can be partially factorized but ry cannot). Thus there are different degreesof entanglement and much work has been done on better understanding and quantifying it[Joz97] [Ved97]. It is interesting to note from a computational standpoint that quantumstates that are superpositions of only basis states that are maximally far apart in terms ofHamming distance are those states with the greatest entanglement. For example, ry is asuperposition of only the states

00

and

11

, which have a maximum Hamming spread,and therefore ry i s m a x i m a l l y e n t a n g l e d . F i n a l l y , i t s h o u l d b e m e n t i o n e d t h a t w h i l e interference is a quantum property that has a classical cousin, entanglement is a completelyquantumphenomenonforwhichthereisnoclassicalanalog.2.6. Quantum networksQuantum networks [Deu89] are one of several theoretical models of quantumcomputation. Others include quantum Turing machines [Ben82], and quantum cellularautomata [Gr�88]. In the quantum network model, each unitary operator is modeled as aquantum logic gate that affects one, two, or more qubits. Schematically, this is representedas a set of quantum �wires� entering and leaving the quantum gates, reminiscent of classical

100logic networks. For example, Figure 1 shows a network that operates on three qubits,which are represented as lines.

BCCADq1q2q3

Figure 1. A network of quantum logic gatesBy convention the logic flows from left to right. The gates are represented as boxes andlabeled with the name of the operator that they represent. A dot on a quantum �wire�represents a conditional upon that qubit. Therefore, in the quantum network shown inFigure 1,

Â

represents a single qubit quantum gate,

B̂

and

Ĉ

represent 2-qubit quantumgates, and

D̂

represents a conditional 3-qubit gate. Suppose that

Â

is an operator that flipsthe state of a qubit,

B̂

is an operator that exchanges the states of two qubits,

Ĉ

is anoperator that flips the states of two qubits if they are equal, and

D̂

is an operator thatexchanges the states of two qubits if a third qubit is in the

1

state. When three qubits�enter� the quantum logic network, the one labeled q1 first has its state flipped; then q1andq2 exchange states, q1 and q3 have their states flipped if they are equal, and finally q2 andq3 exchange states if q 1 is in the state

1

. Of course, if the qubits �entering� the logicarray did not exist in a superposition of states, this would be no different than a classicallogic sequence. However, the qubits do exist in a superposition of states; therefore, thesegates or operations are applied to all the states in the superposition simultaneously,resulting in what has been called quantum parallelism. Recall that the quantum logic gatearrays are simply a schematic way to represent the time evolution of a quantum system.They are not meant to imply that quantum computation can be physically realized in amanner similar to classical logic networks. Alternatively, the network could be representedas a product of quantum operators. Since operators are applied right to left, the network ofFigure 1 would be represented as the operator product

D̂ĈB̂Â

. In what follows, both thenetwork and the product of operators representations will be used.2.7. Quantum algorithmsThe field of quantum computation is just beginning to develop and offers excitingpossibilities for the field of computer science -- the most important quantum algorithmsdiscovered to date all perform tasks for which there are no classical equivalents. Forexample, Deutsch�s algorithm [Deu92] is designed to solve the problem of identifyingwhether a binary function is constant (function values are either all 1 or all 0) or balanced(the function takes an equal number of 0 and 1 values). Deutsch�s algorithm accomplishesthe task in order O(1) time, while classical methods require O(2n ) time, where n is thenumber of binary inputs to the function. Simon�s algorithm [Sim97] is constructed forfinding the periodicity in a 2-1 binary function that is guaranteed to possess a periodice l e m e n t . H e r e a g a i n a n e x p o n e n t i a l s p e e d u p i s a c h i e v e d . A d m i t t e d l y , b o t h t h e s e

101algorithms have been designed for artificial, somewhat contrived problems. Grover�salgorithm [Gro96], on the other hand, provides a method for searching an unorderedquantum database in time O(

n

), compared to the classical bound of O(n). Here is a real-world problem for which quantum computation provides performance that is classicallyimpossible (though the speedup is less dramatic than exponential). Finally, the most well-known and perhaps the most important quantum algorithm discovered so far is Shor�salgorithm for prime factorization [Sho97]. This algorithm finds the prime factors of verylarge numbers in polynomial time, whereas the best known classical algorithms requireexponential time. Obviously, the implications for the field of cryptography are profound.These quantum algorithms take advantage of the unique features of quantum systems toprovide impressive speedup over classical approaches.3. Storing and Recalling Patterns in a Quantum SystemImplementation of an associative memory requires the ability to store patterns in themedium that is to act as a memory and the ability to recall those patterns at a later time.This section discusses two quantum algorithms for performing these tasks.3.1. Grover�s algorithmLov Grover has developed an algorithm for finding one item in an unsorted database,similar to finding the name that matches a telephone number in a telephone book.Classically, if there are N items in the database, this would require O(N) queries to thedatabase. However, Grover has shown how to do this using quantum computation withonly O(

N

) queries. In the quantum computational setting, finding the item in thedatabase means measuring the system and having the system collapse with near certainty tothe basis state which corresponds to the item in the database for which we are searching.The basic idea of Grover�s algorithm is to invert the phase of the desired basis state andthen to invert all the basis states about the average amplitude of all the states [Gro96][Gro98]. This process produces an increase in the amplitude of the desired basis state tonear unity followed by a corresponding decrease in the amplitude of the desired state backto its original magnitude. The process is cyclical with a period of

π4 N

, and thus afterO(

N

) queries, the system may be observed in the desired state with near certainty (withprobability at least

1− 1N

). Interestingly this implies that the larger the database, the greaterthe certainty of finding the desired state [Boy96]. Of course, if even greater certainty isrequired, the system may be sampled k times boosting the certainty of finding the desiredstate to

1− 1Nk

. Here we present the basic ideas of the algorithm and refer the reader to[Gro96] for details. Define the following operators:

Îϕ = identity matrix but with the element iϕ ϕ = − 1

, (18)which simply inverts the phase of the basis state

ϕ

and

Ŵ = 12 1 11 − 1

, (19)which is often called the Walsh or Hadamard transform. This operator, when applied to aset of qubits, performs a special case of the discrete Fourier transform.

102Now to perform the quantum search on a database of size N = 2n , where n is thenumber of qubits, begin with the system in the

0

state and apply the

Ŵ

operator. Thisinitializes all the states to have the same amplitude,

1N

. Next apply the

Îτ

operator, where

τ

is the state being sought, to invert its phase. Finally, apply the operator

Ĝ = − ŴÎ0Ŵ

(20)

π4 N

times and observe the system (see Figure 2). The

Ĝ

operator inverts all the states�amplitudes around the average amplitude of all states.1.Generate the initial state

0

2.^{ψ = Ŵ 0}3.Repeat

π 4 N

times

4.^{ψ = Îτ ψ}5.^{ψ = Ĝ ψ}6.Observe the system

Figure 2. Grover�s algorithm3.1.1. AN EXAMPLE OF GROVER�S ALGORITHMConsider a simple example for the case N = 16. Suppose that we are looking for thestate

0110

, or in other words, we would like our quantum system to collapse to the state

τ = 0110

when observed. In order to save space, instead of writing out the entiresuperposition of states, a transpose vector of coefficients will be used, where the vector isindexed by the 16 basis states

0000 ,L , 1111

. Step 1 of the algorithm results in the state

ψ =

(1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0).In other words, the quantum system described by

ψ

is composed entirely of the singlebasis state

0000

. Now applying the Walsh transform in step 2 to each qubit changes thestate to

ψ Ŵ → ψ = 14

(1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1),that is a superposition of all 16 basis states, each with the same amplitude. The loop ofstep 3 is now executed

π4 N

» 3 times. The first time through the loop, step 4 inverts thephaseofthestate

τ = 0110

resulting in

ψ Îτ → ψ = 14

(1,1,1,1,1,1,-1,1,1,1,1,1,1,1,1,1),and step 5 then rotates all the basis states about the average, which in this case is

732

, so

ψ Ĝ → ψ = 116

(3,3,3,3,3,3,11,3,3,3,3,3,3,3,3,3).The second time through the loop, step 4 again rotates the phase of the desired state giving

ψ Îτ → ψ = 116

(3,3,3,3,3,3,-11,3,3,3,3,3,3,3,3,3),and then step 5 again rotates all the basis states about the average, which now is

17128

so that

ψ^Ĝ → ψ =^1_{64}

(5,5,5,5,5,5,61,5,5,5,5,5,5,5,5,5).Repeating the process a third time results in

ψ Îτ → ψ = 164

(5,5,5,5,5,5,-61,5,5,5,5,5,5,5,5,5).for step 4 and

ψ Ĝ → ψ = 1256

(-13,-13,-13,-13,-13,-13,251,-13,-13,-13,-13,-13,-13,-13,-13,-13)for step 5. Squaring the coefficients gives the probability of collapsing into thecorresponding state, and in this case the chance of collapsing into the

τ = 0110

basisstate is 0.982 » 96%. The chance of collapsing into one of the 15 basis states that is not thedesired state is approximately 0.052 = 0.25% for each state. In other words, there is only a15*0.052 » 4% probability of collapsing into an incorrect state. This chance of success isbetter than the bound

1− 1N

given above and will be even better as N gets larger. Forcomparison, note that the chance for success after only two passes through the loop isapproximately 91%, while after four passes through the loop it drops to 58%. This revealsthe periodic nature of the algorithm and also demonstrates the fact that the first time that theprobability for success is maximal is indeed after

π4 N

steps of the algorithm. Figure 3represents Grover�s algorithm as a quantum network. The ellipses indicate that the threeoperators to the right of the wavy line are those repeated times. Notice that the

Î

operators require an ancillary bit.

WWx1x2x3ItWWWWI0-W-W-W

...aFigure 3. A quantum network for Grover�s algorithm3.2. Initializing the quantum state[Ven98b] presents a polynomial-time quantum algorithm for constructing a quantumstate over a set of qubits to represent the information in a training set. The algorithm isimplemented using a polynomial number (in the length and number of patterns) ofelementary operations on one, two, or three qubits. Here the necessary operators arepresented briefly and the reader is referred to [Ven98b] for details.

Ŝp = 1 0 0 0 0 1 0 0

0 0 p − 1p − 1p

0 0 1p p − 1p

,(21)

104where m ‡ p ‡ 1. These operators form a set of conditional transforms that will be used toincorporate the set of patterns into a coherent quantum state. There will be a different

Ŝp

operator associated with each pattern to be stored. The interested reader may note that thisdefinition of the

operator is slightly different than the original. This is because in thiscontext, we are considering associative pattern recall rather than pattern classification andtherefore have no output class per se. Thus the phase of the coefficients becomesunimportant in this case.

F̂0 = 0 1 0 0

1 0 0 0 0 0 1 0 0 0 0 1

(22)conditionally flips the state of the second qubit if the first qubit is in the

0

state; anotheroperator,

F̂1

, conditionally flips the second qubit if the first qubit is in the

1

state ( isthe same as

F̂0

except that the off-diagonal elements occur in the bottom right quadrantrather than in the top left). These operators are referred to elsewhere as Control-NOTbecause a logical NOT (state flip) is performed on the second qubit depending upon (orcontrolled by) the state of the first qubit. A complex combination of several of theseoperators is used to change basis states to correspond to patterns and will be termed FLIPin what follows (for details see [Ven98b]).

Â00 = 0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1

(23)conditionally flips the state of the third qubit if and only if the first two are in the state

00

.Note that this operator is really just a Fredkin gate [Fre82] and can be thought of asperforming a logical AND of the negation of the first two bits, writing a 1 in the third if andonly if the first two are both 0. Three other operators,

Â01

,

Â10

and

Â11

, are variations of

Â00

in which the off diagonal elements occur in the other three possible locations along themain diagonal.

can be thought of as performing a logical AND of the first bit and thenegation of the second, and so forth. A combination of these operators is used to identifyspecific states in a superposition and along with one

F̂1

operator combine to form complexoperator that will be called SAVE here (again for details see [Ven98b]).Now given a set P of m binary patterns of length n to be memorized, the quantumalgorithm for storing the patterns requires a set of 2n+1 qubits, the first n of which actuallystore the patterns and can be thought of analogously as n neurons in a quantum associativememory. For convenience, the qubits are arranged in three quantum registers labeled x, g,and c, and the quantum state of all three registers together is represented in the Diracnotation as

x,g,c

. The algorithm proceeds as follows (see Figure 4).

105The x register will hold a superposition of the patterns. There is one qubit in theregister for each bit in the patterns to be stored, and therefore any possible pattern can berepresented. The g register is a garbage register used only in identifying a particular state.It is restored to the state

0

after every iteration. The c register contains two control qubitsthat indicate the status of each state at any given time and may also be restored to the

0

state at the end of the algorithm. A high-level intuitive description of the algorithm is asfollows. The system is initialized to the single basis state

0

. The qubits in the x registerare selectively flipped so that their states correspond to the inputs of the first pattern. Then,the state in the superposition representing the pattern is �broken� into two �pieces� -- one�larger� and one �smaller� and the status of the smaller one is made permanent in the cregister. Next, the x register of the larger piece is selectively flipped again to match theinput of the second pattern, and the process is repeated for each pattern. When all thepatterns have been �broken� off of the large �piece�, then all that is left is a collection ofsmall pieces, all the same size, that represent the patterns to be stored; in other words, acoherent superposition of states is created that corresponds to the patterns, where theamplitudes of the states in the superposition are all equal. The algorithm requires O(mn)steps to encode the patterns as a quantum superposition over n quantum neurons. Note thatthis is optimal in the sense that just reading each instance once cannot be done any fasterthan O(mn).1.Generate the initial state

ψ = 0

2.For m ‡ p ‡ 1

3 . FLIP

ψ

4.^p ^ S ψ 5.SAVE

ψ

Figure 4. Quantum algorithm for storing patterns3.2.1. AN EXAMPLE OF STORING PATTERNS IN A QUANTUM SYSTEMA concrete example for a set of binary patterns of length 2 will help clarify much of thepreceding discussion. Suppose that we are given the pattern set P = {01,10,11}. Recallthat the x register is the important one that corresponds to the various patterns, that the gregister is used as a temporary workspace to mark certain states and that the c register is acontrol register that is used to determine which states are affected by a particular operator.Now the initial state

00,0,00

is generated and the algorithm evolves the quantum statethrough the series of unitary operations described in Figure 4.First, for any state whose c2 qubit is in the state

0

, the qubits in the x registercorresponding to non-zero bits in the first pattern have their states flipped (in this case onlythe second x qubit�s state is flipped) and then the c1 qubit�s state is flipped if the c2 qubit�sstateis

0

. This flipping of the c1 qubit�s state marks this state for being operated upon byan

Ŝp

operator in the next step. So far, there is only one state, the initial one, in thesuperposition, so things are pretty simple. This flipping is accomplished with the FLIPoperator of line 3 in Figure 4.

00,0,00

FLIP → 01,0,10

Next, any state in the superposition with the c register in the state

10

(and there willalways be only one such state at this step) is operated upon by the appropriate

Ŝp

operator(with p equal to the number of patterns including the current one yet to be processed, in thiscase 3). This essentially �carves off� a small piece and creates a new state in thesuperposition. This operation corresponds to line 4 of Figure 4.

Ŝ3 →13 01,0,11 + 23 01,0,10

Next, the two states affected by the

Ŝp

operator are processed by the S A V E operator ofline˚5 of the algorithm. This makes the state with the smaller coefficient a permanentrepresentation of the pattern being processed and resets the other to generate a new state forthe next pattern. At this point one pass through the loop of line 2 of the algorithm has beenperformed.

SAVE → 13 01,0,01 + 23 01,0,00

Now, the entire process is repeated for the second pattern. Again, the x register of theappropriate state (that state whose c2qubitisinthe

0

state) is selectively flipped to matchthe new pattern. Notice that this time the generator state has its x register in a statecorresponding to the pattern that was just processed. Therefore, the selective qubit stateflipping occurs for those qubits that correspond to bits in which the first and secondpatterns differ -- both in this case.

FLIP → 13 01,0,01 + 23 10,0,10

Next, another

Ŝp

operator is applied to generate a representative state for the new pattern.

Ŝ2 →13 01,0,01 + 12 23 10,0,11 + 12 23 10,0,10

Again, the two states just affected by the

operator are operated on by the S A V E operator, the one being made permanent and the other being reset to generate a new statefor the next pattern.

→ 13 01,0,01 + 13 10,0,01 + 13 10,0,00

Finally, the third pattern is considered and the process is repeated a third time. The xregister of the generator state is again selectively flipped. This time, only those qubitscorresponding to bits that differ in the second and third patterns are flipped, in this case justqubit x2 .

→ 13 01,0,01 + 13 10,0,01 + 13 11,0,10

Again a new state is generated to represent this third pattern.

Ŝ1 →13 01,0,01 + 13 10,0,01 + 11 13 11,0,11 + 01 13 11,0,10

Finally, proceed once again with the SAVE operation.

→ 13 01,0,01 + 13 10,0,01 + 13 11,0,01

At this point, notice that the states of the g and c registers for all the states in thesuperposition are the same. This means that these registers are in no way entangled withthe x register, and therefore since they are no longer needed they may be ignored without

107affecting the outcome of further operations on the x register. Thus, the simplifiedrepresentation of the quantum state of the system is

− 13 01 + 13 10 − 13 11

,and it may be seen that the set of patterns P is now represented as a quantum superpositionin the x register.The quantum network representation of the algorithm for a single pattern is shown inFigure 5. The FLIP operator is composed of the

F̂0

operators left of the

Ŝp

and thequestion marks signify that the operator is applied only if the qubit�s state differs from thevalue of the corresponding bit in the pattern being processed. The SAVE operator iscomposed of the

Â

operators and the

F̂1

to the right of

Ŝp

. The network shown is simplyrepeated for additional patterns.

x1x2x3g1g2 c1c2ASAA

AA?F0?F0?F0F1

F0Figure 5. Quantum network for storing a pattern3.3. Grover�s algorithm revisitedGrover�s original algorithm only applies to the case where all basis states arerepresented in the superposition equally to start with and one and only one basis state is tobe recovered. In other words, strictly speaking, the original algorithm would only apply tothe case when the set P of patterns to be memorized includes all possible patterns of lengthn and when we know all n bits of the pattern to be recalled -- not a very useful associativememory. However, several other papers have since generalized Grover�s originalalgorithm and improved on his analysis to include cases where not all possible patterns arerepresented and where more than one target state is to be found [Boy96] [Bir98] [Gro98].Strictly speaking it is these more general results which allow us to create a useful QuAMthat will associatively recall patterns.In particular, [Bir98] is useful as it provides bounds for the case of using Grover�salgorithm for the case of arbitrary initial amplitude distributions (whereas Grover originallyassumed a uniform distribution). It turns out that a high probability for success usingGrover�s original algorithm depends upon this assumption of initial uniformity as thefollowing modified version of the example of Section 3.1.1 will show.

1083.3.1. GROVER EXAMPLE REVISITEDRecall that we are looking for the state

0110

, and assume that we do not perform thefirst two steps of the algorithm shown in Figure 2 (which initialize the system to theuniform distribution) but that instead we have the initial state described by

ψ = 16

(1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1),that is a superposition of only 6 of the possible 16 basis states. The loop of step 3 is nowexecuted. The first time through the loop, step 4 inverts the phase of the state

τ = 0110

resulting in

ψ Îτ → ψ = 16

(1,0,0,1,0,0,-1,0,0,1,0,0,1,0,0,1),and step 5 then rotates all the basis states about the average, which is

14 6

, so

ψ Ĝ → ψ = 12 6

(-1,1,1,-1,1,1,3,1,1,-1,1,1,-1,1,1,-1).The second time through the loop step 4 again rotates the phase of the desired state giving

ψ Îτ → ψ = 12 6

(-1,1,1,-1,1,1,-3,1,1,-1,1,1,-1,1,1,-1),and then step 5 again rotates all the basis state about the average, which now is

116 6

so that

ψ Ĝ → ψ = 18 6

(5,-3,-3,5,-3,-3,13,-3,-3,5,-3,-3,5,-3,-3,5).Now squaring the coefficients gives the probability of collapsing into the correspondingstate. In this case, the chance of collapsing into the

τ = 0110

basis state is 0.662 »44%. The chance of collapsing into one of the 15 basis states that is not the desired state isapproximately 56%. This chance of success is much worse than that seen in Section 3.1.1,and the reason for this is that there are now two types of undesirable states: those thatexisted in the superposition to start with but that are not the state we are looking for andthose that were not in the original superposition but were introduced into the superpositionby the

Ĝ

operator. The problem comes from the fact that these two types of undesirablestates acquire opposite phases and thus to some extent cancel each other out. Therefore,during the rotation about average performed by the

Ĝ

operator the average is smaller than itshould be if it were to just represent the states in the original superposition. As a result, thedesired state is rotated about a suboptimal average and never gets as large a probabilityassociated with it as it should. In [Bir98], Biron, et al. give an analytic expression for themaximum possible probability using Grover�s algorithm on an arbitrary startingdistribution:

Pmax =1− lj − l 2 j=r+1N∑

,(24)where N is the total number of basis states, r is the number of desired states (looking formore than one state is another extension to the original algorithm), lj is the initial amplitudeof state j, and they assume without loss of generality that the desired states are numbered 1to r and the other states are numbered r +1 to N .

l

is the average amplitude of all theundesired states, and therefore the second term of Equation (24) is proportional to thevariance in the amplitudes. Obviously, in the uniform case that the original algorithmassumed, the variance will be 0 and therefore Pmax = 1 ; a n d i n t h e e x a m p l e o f Section˚3.1.1 we do get 96% probability of success. The reason we do not reach thetheoretical maximum is that Equation (24) is a tight bound only in the case of non-integer

109time steps. Since this is not realistic, it becomes in practice an upper bound. Nowconsider the case of the initial distribution of the example in Section 3.3.1. The variance isproportional to 10*0.132+5*0.282 = 0.56 and thus P max = 0.44.In order to rectify this problem, we modify Grover�s algorithm as in Figure 6. Thedifference between this and Grover�s original algorithm is first, we do not begin with thestate

0

and transform it into the uniform distribution. Instead we assume some otherinitial distribution (such as would be the result of the pattern storage algorithm described inSection 3.2). This modification is actually suggested in [Bir98]. The second modification,which has not been suggested before, is that of step 3 in Figure 6. That is, the second staterotation operator not only rotates the phase of the desired states, but also rotates the phasesof all the stored pattern states as well. The reason for this is to force the two different kindsof nondesired states to have the same phase, rather than opposite phases as in the originalalgorithm. After step 4 in Figure 6, then, we can consider the state of the system as theinput into the normal loop of Grover�s algorithm.1.

ψ = Îτ ψ

2.^{ψ = Ĝ ψ}3.

ψ = Î_P ψ

4. ψ =

^

G ψ 5.Repeat

π 4 N

-2 times

6.^{ψ = Î} τ

ψ 7. ψ =

^

G ψ 8.Observe the system

Figure 6. Modified Grover�s algorithmWith this modification of the algorithm, we can once again rework the example ofSection 3.1.1, again starting with the state

ψ = 16

(1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1).The first two steps are identical to those in the previous example:

ψ Îτ → ψ = 16

(1,0,0,1,0,0,-1,0,0,1,0,0,1,0,0,1)and

ψ Ĝ → ψ = 12 6

(-1,1,1,-1,1,1,3,1,1,-1,1,1,-1,1,1,-1).Now, all the states present in the original superposition are phase rotated and then all statesare again rotated about average:

ψ ÎP → ψ = 12 6

(1,1,1,1,1,1,-3,1,1,1,1,1,1,1,1,1)

110 and

ψ^Ĝ → ψ =^1_{4 6}

(1,1,1,1,1,1,9,1,1,1,1,1,1,1,1,1).Finally, we enter the loop of line 5 and have

ψ Îτ → ψ = 14 6

(1,1,1,1,1,1,-9,1,1,1,1,1,1,1,1,1)for step 6 and

ψ Ĝ → ψ = 116 6

(-1,-1,-1,-1,-1,-1,39,-1,-1,-1,-1,-1,-1,-1,-1,-1)for step 7. Squaring the coefficients gives the probability of collapsing into the desired

τ = 0110

basis state as 99% -- a significant improvement that is critical for the QuAMproposed in the next section.4. Quantum Associative MemoryA quantum associative memory (QuAM) can now be constructed from the twoalgorithms of Section 3. Define

P̂

as an operator that implements the algorithm of Figure 4for memorizing patterns described in Section 3.2. Then the operation of the QuAM can bedescribed as follows. Memorizing a set of patterns is simply

ψ = P̂ 0

,(25)with

ψ

being a quantum superposition of basis states, one for each pattern. Now,suppose we know n-1 bits of a pattern and wish to recall the entire pattern. We can use themodified Grover�s algorithm to recall the pattern as

ψ = ĜÎP ĜÎτ ψ

(26)followed by

ψ = ĜÎτ ψ

(27)repeated T times (how to calculate T is covered in Section 4.2), where t = b1b2b3? with bibeing the value of the ith known bit. Since there are 2 states whose first three bits wouldmatch those of t, there will be 2 states that have their phases rotated, or marked, by the

Îτ

operator. Thus, with 2n +1 neurons (qubits) the QuAM can store up to N=2n patterns inO(mn)stepsandrequiresO(

N

) time to recall a pattern (see Figure 7). This last bound issomewhat slower than desirable and may perhaps be improved with an alternative patternrecall mechanism.

1111.Generate the initial state

ψ = 0

2.For m ‡ p ‡ 1

3 . FLIP

ψ

4.^{p̂S ψ}5.SAVE

ψ

6.^{ψ = Îτ ψ}7.^{ψ = Ĝ ψ}8.

ψ = Î_P ψ

9.^{ψ = Ĝ ψ}10.Repeat T times 11.

ψ =

^

I τ ψ

12.

ψ =

^

G ψ

13.Observe the system

Figure 7. Algorithm for QuAM4.1. A QuAM exampleSuppose that we have a set of patterns P = {0000, 0011, 0110, 1001, 1100, 1111}.Then using the notation of Section 3.1.1 and Equation (25) a quantum state that stores thepattern set is created as

0 P̂ → ψ = 16

(1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1).Now suppose that we want to recall the pattern whose first three bits are 011. Thent˚=˚011?, and applying Equation (26) gives

ψ Îτ → ψ = 16

(1,0,0,1,0,0,-1,0,0,1,0,0,1,0,0,1),

ψ Ĝ → ψ = 12 6

(-1,1,1,-1,1,1,3,1,1,-1,1,1,-1,1,1,-1),

ψ ÎP → ψ = 12 6

(1,1,1,1,1,1,-3,-1,1,1,1,1,1,1,1,1),and

ψ Ĝ → ψ = 18 6

(1,1,1,1,1,1,17,9,1,1,1,1,1,1,1,1).At this point, there is a 96.3% probability of observing the system and finding the state

011?

. Of course there are two states that match and state

0110

has a 78% chance whilestate

0111

has a 22% chance. This may be resolved by a standard voting scheme andthus we have achieved our goal -- we can observe the system to see that the completion of

112the pattern 011 is 0110. Notice that the loop of line 10 in Figure 7 is repeated T times butthat in this case it was never entered because T happens to be zero for this example.Figure 8 shows a high-level quantum network for the QuAM. To the left of the longerwavy line, a high-level version of the storage algorithm described in Section 3.2 isrepresented. The ellipses indicate that this sequence is repeated for each pattern to bestored. Notice that most of the ancillary qubit lines used in the storage algorithm do notextend to the second part because they are not needed. In other words the QuAM existsonly in the x register. The operators to the right of the longer wavy line show a high-levelimplementation of the modified Grover�s algorithm described in Section 3.3. The secondpair of ellipses represent the fact that the final two operators will be repeated a number oftimes (as determined by Equation (38) below).

x1x2x3g1g2c1c2SFLIPItGFLIPSTOREIPItGG. . .. . .

Figure 8. High-level quantum network for the QuAMUsing some concrete numbers, assume that n = 24 and m = 214 (we let m be less thanthe maximum possible 216 to allow for some generalization and to avoid the contradictorypatterns that would otherwise result). Then the QuAM requires O (mn ) = O(218 ) < 106operations to memorize the patterns and O (

N

) = O (

216

) < 103 o p e r a t o r s t o r e c a l l a pattern. For comparison, in [Bar96] Barenco gives estimates of how many operationsm i g h t b e p e r f o r m e d b e f o r e d e c o h e r e n c e f o r v a r i o u s p o s s i b l e p h y s i c a l i m p l e m e n t a t i o n technologies for the qubit. These estimates range from as low as 103 (electrons in GaAsa n d e l e c t r o n q u a n t u m d o t s ) t o a s h i g h a s 1 0 13 ( t r a p p e d i o n s ) , s o o u r e s t i m a t e s f a l l comfortably into this range, even near the low end of it. Further, the algorithm wouldr e q u i r e o n l y 2 n +1= 2*16+1 = 33 qubits! For comparison, a classical Hopfield typenetwork used as an associative memory has a saturation point around 0.15n. In otherwords, about 0.15n patterns can be stored and recalled with n neurons. Therefore, withn=16 neurons, a Hopfield network can store only 0.15*16 » 2 patterns. Conversely, tostore 214 patterns would require that the patterns be close to 110,000 bits long and that thenetworkhavethatsamenumberofneurons.SotheQuAMprovidessignificantadvantagesoveraclassicalassociativememory.The QuAM also compares favorably with other quantum computational algorithmsbecause it requires far fewer qubits to perform significant computation that appears to beimpossible classically. For example, Shor�s algorithm requires hundreds or thousands ofq u b i t s t o p e r f o r m a f a c t o r i z a t i o n t h a t c a n n o t b e d o n e c l a s s i c a l l y . V e d r a l , et al. give

113estimates for number of qubits needed for modular exponentiation, which dominatesShor�s algorithm, anywhere from 7n+1 down to 4n+3 [Ved96]. For a 512-bit number(which RSA actually claims may not be large enough to be safe anymore, even classically),this translates into anywhere from 3585 down to 2051 qubits. As for elementaryoperations, they claim O(n3), which in this case would on the order of 108. Therefore, thealgorithm presented here requires orders of magnitude fewer operations and qubits thanShor�s in order to perform significant computational tasks. This is an important results i n c e q u a n t u m c o m p u t a t i o n a l t e c h n o l o g y i s s t i l l i m m a t u r e - - a n d m a i n t a i n i n g a n d manipulating the coherent superposition of a quantum system of 30 or so qubits should beattainable sooner than doing so for a system of 2000 qubits.As mentioned in the introduction, very recently Jones and Mosca have succeeded inphysically implementing Deutsch�s algorithm on a nuclear magnetic resonance (NMR)quantum computer based on the pyrimidine base cytosine [Jon98]. Even more pertinent tothis work, Chuang et al. have succeeded in physically implementing Grover�s algorithmfor the case n=2 using NMR technology on a solution of chloroform molecules [Chu98].It is therefore not unreasonable to assume that a quantum associative memory may beimplemented in the not too distant future.4.2. Probability of successLet N be the total number of basis states, r1 b e t h e n u m b e r o f m a r k e d s t a t e s t h a t correspond to stored patterns, r0 be the number of marked states that do not correspond tostored patterns, and p be the number of patterns stored in the QuAM. We would like tofind the average amplitude

k

of the marked states and the average amplitude

l

of theunmarked states after applying Equation (26). It can be shown that

k0 = 4a − ab

,(28)

k1 = 4a − ab +1

,(29)

l0 = 2a − ab

,(30)and

l1 = 4a − ab − 1

.(31)Here k0 is the amplitude of the spurious marked states, k1 is the amplitude of the markedstates that correspond to stored patterns, l0 is the amplitude of the spurious unmarkedstates, l1 is the amplitude of the unmarked states that correspond to stored patterns afterapplying Equation (26), and

a = 2 p − 2r1 ( ) N

,(32)and

b = 4 p +r0 N

.(33)A little more algebra gives the averages as

k = 4a − ab + r1r0 +r1

,(34)and

l = − ab +

2a N + p − r_0 − 2r_1 ( ) N − r_0 − r_1 − p − r_1 ( ) N − r_0 − r_1

.(35)Now we can consider this new state described by Equations (28-31) as the arbitrary initialdistribution to which the results of [Bir98] can be applied. These can be used to calculatethe upper bound on the accuracy of the QuAM as well as the appropriate number of times toapply Equation (27) in order to be as close to that upper bound as possible. The upperbound on accuracy is given by

Pmax =1− N − p − r0 ( )l0 − l 2 − p − r1( )l1 − l 2

,(36)whereas the actual probability at a given time t is

P(t) = Pmax − N − r0 − r1 ( )l(t)2

.(37)The first integer time step T for which the actual probability will be closest to this upperbound is given by rounding the function

T = π2 − arctan kl r0 +r1

N − r0 − r1 arccos 1− 2 r0 +r1N

(38)to the nearest integer.4.3. Extension to non-binary patternsThe algorithm described in Section 4.1 can handle only binary patterns. Nominal datawith more than two values can be handled one of two ways: convert the multiple valuesinto a binary representation or extend the algorithm to handle data of more than two values.In [Ven98b] a generalization of the pattern storage algorithm to more that two values ispresented; if Grover�s algorithm can likewise be generalized then a straightforwardgeneralization of the QuAM to the case of nonbinary patterns can easily be conceived. Thismay be preferable to converting to a binary format since doing so would introduce anumber of new qubits, requiring larger quantum registers which could result in degradationof pattern completion accuracy.5. Concluding CommentsA unique view of the associative pattern completion problem is presented that allowsthe proposal of a quantum associative memory with exponential storage capacity. Itemploys simple spin-1/2 (two-state) quantum systems and represents patterns as quantumoperators. This approach introduces a promising new field to which quantum computationmay be applied to advantage -- that of neural networks. In fact, it is the authors� opinionthat this application of quantum computation will, in general, demonstrate greater returnsthan its application to more traditional computational tasks (though Shor�s algorithm is anobvious exception). We make this conjecture because results in both quantum computationand neural networks are by nature probabilistic and inexact, whereas most traditionalcomputational tasks require precise and deterministic outcomes.

115This paper presents a quantum computational learning algorithm that takes advantage ofthe unique capabilities of quantum computation to produce an important advance in the fieldof neural networks. In other words, the paper makes an important contribution to both thefield of neural computation and to the field of quantum computation -- producing both anew neural network result and a new quantum algorithm that accomplishes something thatno classical algorithm has been able to do -- creating a reliable associative memory with acapacity exponential in the length of the patterns to be stored.The most urgently appealing future work suggested by the result of this paper is, ofcourse, the physical implementation of the algorithm in a real quantum system. Asmentioned in Sections 1 and 4, the fact that very few qubits are required for non-trivialproblems together with the recent physical realization of Grover�s algorithm helps expeditethe realization of quantum computers performing useful computation. In the mean time, asdiscussed in Section 4, the time bound for recall of patterns is slower than desirable, andalternatives to Grover�s algorithm for recalling the patterns are being investigated. Also, asimulation of the quantum associative memory may be developed to run on a classicalcomputer at the cost of an exponential slowdown in the length of the patterns. Thus,association problems that are non-trivial and yet small in size will provide interesting studyin simulation. We are also investigating associative recall of nonbinary patterns using spinsystems higher than 1/2 (systems with more than two states). Another important area forfuture research is investigating further the application of quantum computational ideas to thefield of neural networks -- the discovery of other quantum computational learningalgorithms. Further, techniques and ideas that result from developing quantum algorithmsmay be useful in the development of new classical algorithms. Finally, the process ofunderstanding and developing a theory of quantum computation provides insight andcontributes to a furthering of our understanding and development of a general theory ofcomputation.References[Bar96]Barenco, Adriano, �Quantum Physics and Computers�, Contemporary Physics, vol. 37 no. 5,pp. 375-89, 1996.[Beh96]Behrman, E.C., J. Niemel, J. E. Steck and S. R. Skinner, �A Quantum Dot Neural Network�,Proceedings of the Workshop on Physics of Computation, Boston, pp. 22-4, November 1996.[Ben82]Benioff, Paul, �Quantum Mechanical Hamiltonian Models of Turing Machines�, Journal ofStatistical Physics, vol. 29 no. 3, pp. 515-546, 1982.[Bir98]Biron, David, Ofer Biham, Eli Biham, Markus Grassl and Daniel A. Lidar, �Generalized GroverSearch Algorithm for Arbitrary Initial Amplitude Distribution�, to appear in the Proceedings ofthe 1st NASA International Conference on Quantum Computation and QuantumCommunications, February 1998.[Boy96]Boyer, Michel, Gilles Brassard, Peter H¿yer and Alain Tapp, �Tight Bounds on QuantumSearching�, Workshop on Physics and Computation, pp. 36-43, November 1996.[Chu98]Chuang, Isaac, Neil Gershenfeld and Mark Kubinec, �Experimental Implementation of FastQuantum Searching�, Physical Review Letters, vol. 80 no. 15, pp. 3408-11, April 13, 1998.[Deu92]Deutsch, David and Richard Jozsa, �Rapid Solution of Problems by Quantum Computation�,Proceedings of the Royal Society, London A, vol. 439, pp. 553-8, 1992.

116[Deu89]Deutsch, David, �Quantum Computational Networks�, Proceedings of the Royal Society,London A, vol. 425, pp. 73-90, 1989.[Deu85]Deutsch, David, �Quantum Theory, The Church-Turing Principle and the Universal QuantumComputer�, Proceedings of the Royal Society, London A, vol. 400, pp. 97-117, 1985.[Fey86]Feynman, Richard P., �Quantum Mechanical Computers�, Foundations of Physics, vol. 16 no.6, pp. 507-531, 1986.[Fey65]Feynman, Richard P., R. B. Leighton and Mark Sands, The Feynman Lectures on Physics,vol. 3, Addison-Wesley Publishing Company, Reading Massachusetts, 1965.[Fre82]Fredkin, Edward and Tommaso Toffoli, �Conservative Logic�, International Journal ofTheoretical Physics, vol. 21, nos. 3/4, pp. 219-253, 1982.[Gr�88]Gr�ssing, G. and A. Zeilinger, �Quantum Cellular Automata�, Complex Systems, vol. 2, pp.197-208, 1988.[Gro98]Grover, Lov K., �Quantum Search on Structured Problems�, to appear in the Proceedings ofthe 1st NASA International Conference on Quantum Computation and QuantumCommunications, February 1998.[Gro96]Grover, L., �A Fast Quantum Mechanical Algorithm for Database Search�, Proceedings of the28th Annual ACM Symposium on the Theory of Computing, ACM, New York, pp. 212-19,1996.[Hop82]Hopfield, J. J., �Neural Networks and Physical Systems with Emergent CollectiveComputational Abilities�, Proceedings of the National Academy of Scientists, vol. 79, pp.2554-2558, 1982.[Jon98]Jones, J. A. and M. Mosca, �Implementation of a Quantum Algorithm to Solve Deutsch�sProblem on a Nuclear Magnetic Resonance Quantum Computer�, Journal of ChemicalPhysics, to appear, 1998.[Joz97]Jozsa, Richard, �Entanglement and Quantum Computation�, Geometric Issues in theFoundations of Science, eds. S. Hugget, L. Mason, K. P. Tod, S. T. Tsou and N. M. J.Woodhouse, Oxford University Press, 1997.[Kos88]Kosko, Bart, �Bidirectional Associative Memories�, IEEE Transactions on Systems, Man, andCybernetics, vol. 18, pp. 49-60, 1988.[Per96]Perus, Mitja, �Neuro-Quantum Parallelism in Brain-Mind and Computers�, Informatica, vol.20, pp. 173-83, 1996.[Sho97]Shor, Peter, �Polynomial-Time Algorithms for Prime Factorization and Discrete Logarithms ona Quantum Computer�, SIAM Journal of Computing, vol. 26 no. 5, pp. 1484-1509, 1997.[Sim97]Simon, D., �On the Power of Quantum Computation�, SIAM Journal of Computation, vol. 26no. 5, pp. 1474-83, 1997.[Ved97]Vedral, V., M. B. Plenio, M. A. Rippin and P. L. Knight, �Quantifying Entanglement�,Physical Review Letters, vol. 78 no. 12, pp. 2275-9, 1997.[Ved96]Vedral, Vlatko, Adriano Barenco, and Artur Ekert, �Quantum Networks for ElementaryArithmetic Operations�, Physical Review A, vol. 54 no. 1, pp. 147-53, 1996.[Ven98a]Ventura, Dan and Tony Martinez, �Quantum Associative Memory with Exponential Capacity�,Proceedings of the International Joint Conference on Neural Networks, pp. 509-13, May1998.[Ven98b]Ventura, Dan and Tony Martinez, �Initializing the Amplitude Distribution of a Quantum State�,submitte to Physical Review Letters, June 16, 1998.

117[Ven98c]Ventura, Dan and Tony Martinez, �A Quantum Associative Memory Based on Grover�sAlgorithm�, submitted to the International Conference on Artificial Neural Networks andGenetic Algorithms, April 1999.[You88]Young, Nicholas, An Introduction to Hilbert Space, Cambridge University Press, Cambridge,England, 1988.

118Chapter 12A Quantum Computational Learning AlgorithmA wise man will hear and will increase in learning.-- Proverbs 1:5submitted to theJournal of Artificial Intelligence Research, July 1998.AbstractAn interesting classical result due to Jackson allows polynomial-time learning of thefunction class DNF using membership queries. Since in most practical learning situationsaccess to a membership oracle is unrealistic, this paper explores the possibility that quantumcomputation might allow a learning algorithm for DNF that relies only on example queries.A natural extension of Fourier-based learning into the quantum domain is presented. Thealgorithm requires only an example oracle, and it runs in O(

2n

) time, a result that appearsto be classically impossible. The algorithm is unique among quantum algorithms in that itdoes not assume a priori knowledge of a function and does not operate on a superposition thatincludes all possible basis states.1. IntroductionThe field of computational learning theory (COLT) attempts to formalize the process ofinductive learning and to develop bounds for classes of functions that are learnable in someformal sense. One particular function class that has received a great deal of attention is theclass of binary functions that are representable in disjunctive normal form (DNF). Thisfunction class is very expressive and has resisted attempts to produce an algorithm forlearning it under the rigorous PAC-learning model often used in computational learningtheory. Recently, however, Jackson has produced an algorithm that learns DNF under theuniform distribution in polynomial time with access to a membership oracle (these termswill be defined shortly). This is an impressive theoretical result that relies on two keyassumptions: uniform distribution of the function examples and access to a membershiporacle. While the assumption of a uniform distribution is often reasonable in practice,access to a membership oracle usually is not.The field of quantum computation (QC) investigates the power of the uniquecharacteristics of quantum systems used as computational machines. Early quantumcomputational successes have been impressive, yielding results that are classicallyimpossible [Sho97] [Gro96] [Hog96] [Ter98]. Thus, in an attempt to extend Jackson�sresult so that it does not rely on a membership oracle, this paper presents a Fourier-basedquantum learning algorithm. Specifically, the algorithm is designed to find the largeFourier coefficients of Boolean functions in polynomial time with access to only a classicalexample oracle. The algorithm is not completely successful because it fails to guaranteelearning in polynomial time. However, it can be shown to learn in time O(

2n

). In

119contrast, classically estimating the Fourier coefficients requires O(2n ) time. Therefore,although we have failed to accomplish the ultimate goal of polynomial-time learning usingonly an example oracle, we have nevertheless discovered a result that is both theoreticallyinteresting(sinceitaccomplishessomethingthatseemsclassicallyimpossible)andtosomeextent useful in a practical sense (since it extends the size of problems to which we canpractically apply a Fourier-based learning scheme. We have, in essence, traded Jackson�simpressivetheoreticalpolynomialtimeboundforapracticalassumptionandamoremodesttime bound. It is also interesting to note that Grover�s well-known quantum searchinga l g o r i t h m a l s o p r o v i d e s t h e s a m e O(

2n

) improvement over its classical equivalent[Gro96].Section 2 provides a simplified overview of computational learning theory and brieflydiscusses work in COLT related to our results. Section 3 introduces quantum computationand some of its basic ideas and early successes. Since a familiarity with basic ideas fromcomputational learning theory is assumed, only a few necessary remarks on the subject areprovided here; quantum computation, on the other hand, is treated more carefully as it islikely that readers will be less familiar with it. Since neither of these subjects can beproperly covered here, references for further study are also provided. Section 4 discussesFourier-based learning methods in some detail. A Fourier-based, inductive quantumlearning algorithm that only requires access to an example oracle is presented in Section 5.Section 5 also discusses why the algorithm will not learn the function class DNF inpolynomial time and then shows that it will learn in O(

2n

) time. The paper concludeswith final remarks and directions for further research in Section 6.2. Computational Learning TheoryA rigorous approach to machine learning is traditionally traced back to Valiant [Val84],and the resulting computational learning theory has provided a formal basis for machinelearning. In particular, the PAC (Probably Approximately Correct) model has yieldedsome nice theoretical results proving learnability of various function classes. Under thismodel an example oracle E for a function f may be queried for a random example of theform x fi f(x) from f according to a distribution D that governs the frequency of theexamples (basically this is equivalent to having access to a �large enough� training set). Afunction class F is termed strongly PAC-learnable if there exists an algorithm A such thatfor any f ˛ F and for any D, A produces a hypothesis h such that P(|h(x)-f(x)| > e) < d,and A requires at most m (where m is polynomial in the size of the input) queries of E andruns in time polynomial in m, 1/d and 1/e. Here e is called the error and d the confidence.In other words, a function class is strongly PAC-learnable if there exists a learningalgorithm that with high probability will produce a relatively accurate hypothesis in apolynomial amount of time. Another type of learning that may be defined is weaklearning. A function class F is weakly PAC-learnable if F is PAC-learnable for e = 1/2 -1/p(n,r), where p is a fixed polynomial and r is the size of f. That is, a function class isweakly PAC-learnable if there exists a learning algorithm that with high probability willproduce a hypothesis that is at least slightly more accurate than random guessing.However, the class DNF (disjunctive normal form) in which functions are expressed asa disjunction of clauses, each of which consists of a conjunction of literals (binary variables

120or their negation), has resisted efforts to develop provably efficient algorithms for itslearnability. This is unfortunate because DNF is an extremely expressive class offunctions, and it would therefore be significant to prove its learnability. Until recently,DNF as a general function class has resisted all attempts to find an algorithm that will learnit in the PAC sense; however, much work has been done regarding its learnability, andsome encouraging results have been obtained for restricted subclasses of DNF [Aiz91][Blu92] [Bsh93] [Kea87]. Currently, a particularly promising approach to the unrestrictedclass DNF is the use of discrete Fourier analysis in the development of machine learningalgorithms, including work by Goldreich and Levin [Gol89], Kushilevitz and Mansour[Kus93], and Jackson [Jac94]. Jackson�s work has yielded the most encouraging resultsso far concerning DNF, as he is able to produce the first positive learning results for theclass of unrestricted DNF. Jackson�s basic approach is to first note that binary functionsmay be represented as a discrete Fourier expansion and that all DNF functions may be atleast weakly approximated using a single Fourier basis function whose coefficient is�large.� His idea is to find those large coefficients by approximating the function usingexamples and to combine them in such a way as to produce a good hypothesis for thefunction. Jackson�s learning algorithm, which he calls the Harmonic Sieve, combinestechniques from discrete Fourier analysis due to Goldreich and Levin [Gol89] andKushilevitz and Mansour [Kus93] with the boosting ideas of Shapire [Sha90] and Freund[Fre90] [Fre92]. The Harmonic Sieve guarantees strong learnability of DNF with twocaveats: first, the function distribution D must be uniform (actually this is relaxedsomewhat, but it is still restrictive) and second, access to a membership oracle M ratherthan to an example oracle E is required. A membership oracle is like a black box version ofthe function to be learned, so that while an example oracle simply returns a randomexample upon being queried, a membership oracle can be queried for specific examples. Inother words, when queried with x, the membership oracle must return f(x). Thischaracteristic makes a membership oracle strictly more powerful than an example oracle,and the Harmonic Sieve�s dependence upon such an oracle, along with its restrictions onthe distribution D, eliminates it from consideration as an algorithm for learning DNF in thePAC sense. Further, although Jackson�s results are extremely impressive from atheoretical standpoint, they will likely yield very few practical results because, in general,access to a membership oracle is not realistic. On the other hand, access to an exampleoracle is much more realistic as this is basically equivalent to having access to a largetraining set.Bshouty and Jackson [Bsh95] realized this and investigated using quantumcomputation to improve Jackson�s work, just as is proposed here. The result was anextension to the Harmonic Sieve that depended upon a quantum example oracle rather thanupon a classical membership oracle. Since the quantum example oracle is strictly lesspowerful than the classical membership oracle, this is a positive theoretical result.However, as the authors point out, it is unclear how to construct a quantum example oracle(other than perhaps by utilizing a classical membership oracle), and therefore their approachis again not useful in a practical sense. In contrast, the algorithm presented here goes onestep further by depending only upon a classical example oracle, thus providing thepossibility of practical algorithms for learning the class DNF.

1213. Quantum ComputationQuantum computation is based upon physical principles from the theory of quantummechanics (QM), which is in many ways counterintuitive. Yet it has provided us withperhaps the most accurate physical theory (in terms of predicting experimental results) everdevised by science. The theory is well-established and is covered in its basic form bymany textbooks (see for example [Fey65]). Several necessary ideas that form the basis forthe study of quantum computation are briefly reviewed here.3.1 Linear superpositionLinear superposition is closely related to the familiar mathematical principle of linearcombination of vectors. Quantum systems are described by a wave function y that existsin a Hilbert space [You88]. The Hilbert space has a set of states,

ϕ i

, that form a basis,and the system is described by a quantum state

ψ

,

ψ = cii∑ ϕ i

.(1)

ψ

is said to be in a linear superposition of the basis states

ϕ i

, and in the general case,the coefficients ci may be complex. Use is made here of the Dirac bracket notation, wherethe ket

⋅

is analogous to a column vector, and the bra

⋅

is analogous to the complexconjugate transpose of the ket. In quantum mechanics the Hilbert space and its basis have aphysical interpretation, and this leads directly to perhaps the most counterintuitive aspect ofthe theory. The counter intuition is this -- at the microscopic or quantum level, the state ofthe system is described by the wave function y, that is, as a linear superposition of all basisstates (i.e. in some sense the system is in all basis states at once). However, at themacroscopic or classical level the system can be in only a single basis state. For example,at the quantum level an electron can be in a superposition of many different energies;however, in the classical realm this obviously cannot be.3.2 Coherence and decoherenceCoherence and decoherence are closely related to the idea of linear superposition. Aquantum system is said to be coherent if it is in a linear superposition of its basis states. Aresult of quantum mechanics is that if a system that is in a linear superposition of statesinteracts in any way with its environment, the superposition is destroyed. This loss ofcoherence is called decoherence and is governed by the wave function y. The coefficientsci are called probability amplitudes, and

ci 2

gives the probability of

ψ

collapsing intostate

ϕ i

if it decoheres. Note that the wave function y describes a real physical systemthat must collapse to exactly one basis state. Therefore, the probabilities governed by theamplitudes ci must sum to unity. This necessary constraint is expressed as the unitaritycondition

ci 2 i∑ =1

.(2)In the Dirac notation, the probability that a quantum state

ψ

will collapse into aneigenstate

is written

ϕ i ψ 2

and is analogous to the dot product (projection) of twovectors. Consider, for example, a discrete physical variable called spin. The simplest spinsystem is a two-state system, called a spin-1/2 system, whose basis states are usually

122represented as

↑

(spin up) and

↓

(spin down). In this simple system the wave functiony is a distribution over two values (up and down) and a coherent state

ψ

is a linearsuperposition of

↑

and

↓

. One such state might be

ψ = 25 ↑ + 15 ↓

.(3)As long as the system maintains its quantum coherence it cannot be said to be either spin upor spin down. It is in some sense both at once. Under the classical interpretation, ofcourse, it must be one or the other, and when this system decoheres the result is, forexample, the

↑

state with probability

↑ ψ 2 = 25 2 = 0.8

.(4)A simple two-state quantum system, such as the spin-1/2 system just introduced, isused as the basic unit of quantum computation. Such a system is referred to as a quantumbit or qubit, and renaming the two states

0

and

1

it is easy to see why this is so.3.3 OperatorsOperators on a Hilbert space describe how one wave function is changed into another.Here they will be denoted by a capital letter with a hat, such as

Â

, and they may berepresented as matrices acting on vectors. Using operators, an eigenvalue equation can bewritten

Âϕ i = ai ϕ i

, where ai is the eigenvalue. The solutions

ϕ i

to such an equationare called eigenstates and can be used to construct the basis of a Hilbert space as discussedin Section 3.1. In the quantum formalism, all properties are represented as operatorswhose eigenstates are the basis for the Hilbert space associated with that property andwhose eigenvalues are the quantum allowed values for that property. It is important to notethat operators in quantum mechanics must be linear operators and further that they must beunitary so that

Â†Â= ÂÂ† = Î

, where

Î

is the identity operator, and

Â†

is the complexconjugate transpose, or adjoint, of

Â

.3.4 InterferenceInterference is a familiar wave phenomenon. Wave peaks that are in phase interfereconstructively (magnify each other�s amplitude) while those that are out of phase interferedestructively (decrease or eliminate each other�s amplitude). This is a phenomenoncommon to all kinds of wave mechanics from water waves to optics. The well-knowndouble slit experiment demonstrates empirically that at the quantum level interference alsoapplies to the probability waves of quantum mechanics. As a simple example, suppose thatthe wave function described in (3) is represented in vector form as

ψ = 15 21

(5)and suppose that it is operated upon by an operator

Ô

described by the following matrix,

Ô = 12 1 11 − 1

.(6)The result is

Ô ψ = 1 2 1 1 1 − 1 1 5 2 1 = 1 10 3 1

(7)and therefore now ψ = 310 ↑ + 10 ↓

.(8)Notice that the amplitude of the

↑

state has increased while the amplitude of the

↓

statehas decreased. This is due to the wave function interfering with itself through the action ofthe operator -- the different parts of the wave function interfere constructively ordestructively according to their relative phases just like any other kind of wave.3.5 EntanglementEntanglement is the potential for quantum states to exhibit correlations that cannot beaccounted for classically. From a computational standpoint, entanglement seems intuitiveenough -- it is simply the fact that correlations can exist between different qubits -- forexample if one qubit is in the

1

state, another will be in the

1

state. However, from aphysical standpoint, entanglement is little understood. The questions of what exactly it isand how it works are still not resolved. What makes it so powerful (and so littleunderstood) is the fact that since quantum states exist as superpositions, these correlationssomehow exist in superposition as well. When the superposition is destroyed, the propercorrelation is somehow communicated between the qubits, and it is this �communication�that is the crux of entanglement. There are different degrees of entanglement and muchwork has been done on better understanding and quantifying it [Joz97] [Ved97]. It isinteresting to note from a computational standpoint that quantum states that aresuperpositions of only basis states that are maximally far apart in terms of Hammingdistance are those states with the greatest entanglement. For example, a superposition ofonly the states

00

and

11

, which have a maximum Hamming spread, is maximallyentangled. Finally, it should be mentioned that while interference is a quantum propertythat has a classical cousin, entanglement is a completely quantum phenomenon for whichthere is no classical analog.3.6 Quantum algorithmsThe field of quantum computation, which applies ideas from quantum mechanics to thestudy of computation, was introduced in the mid-1980s [Fey86] [Ben82]. For a readableintroduction to quantum computation see [Bar96]; for a more rigorous treatment see forexample [Deu85]. The field is still in its infancy and very theoretical but offers excitingpossibilities for the field of computer science -- the most important quantum algorithmsdiscovered to date all perform tasks for which there are no classical equivalents. Forexample, Deutsch�s algorithm [Deu92] is designed to solve the problem of identifyingwhether a binary function is constant (function values are either all 1 or all 0) or balanced(the function takes an equal number of 0 and 1 values). Deutsch�s algorithm accomplishesthe task in order O(1) time, while classical methods require O(2n ) time, where n is thenumber of binary inputs into the function. Simon�s algorithm [Sim97] is constructed tosolve the following promise problem. A function f:{0,1}nfi {0,1} n ˚is guaranteed to beeither a random 1-1 function or a periodic 2-1 function such that f(x) = f(x¯s) for all x for

124some n-bit string s (where ¯ denotes the bitwise exclusive OR). Here again an exponentialspeedup is achieved; however, admittedly, both these algorithms have been designed forartificial, somewhat contrived problems. Grover�s algorithm [Gro96], on the other hand,provides a method for searching an unordered quantum database in time O(

2n

),compared to the classical lower bound of O(2n). Here is a real-world problem for whichq u a n t u m c o m p u t a t i o n p r o v i d e s p e r f o r m a n c e t h a t i s c l a s s i c a l l y i m p o s s i b l e ( t h o u g h t h e speedup is less dramatic than exponential). Finally, the most well-known and perhaps them o s t i m p o r t a n t q u a n t u m a l g o r i t h m d i s c o v e r e d s o f a r i s S h o r� s a l g o r i t h m f o r p r i m e factorization [Sho97]. This algorithm finds the prime factors of very large numbers inpolynomial time, whereas the best known classical algorithms require exponential time.The implications for the field of cryptography are profound because many cryptographicsystems, including the well-known RSA system [Riv78], depend upon the problem ofprime factorization requiring exponential time. These quantum algorithms take advantageof the unique features of quantum systems to provide significant speedup over classicalapproaches.It is worth mentioning that very recently several different groups have succeeded inphysically realizing small-scale quantum computers and implementing some of the abovem e n t i o n e d a l g o r i t h m s w i t h t h e m [ J o n 9 8 ] [ C h u 9 8 ] . A l s o , w o r k o n q u a n t u m e r r o r correction has made impressive advances [Sho95] [Cor98] crucial to the construction ofl a r g e r s c a l e q u a n t u m c o m p u t e r s . T h e r e f o r e , a l t h o u g h s o m e f o r m i d a b l e t e c h n o l o g i c a l hurdlesstillexist,itisnotunreasonabletosuggestthatquantumcomputationalsystemsthatperform nontrivial computation are much closer to realization than was thought possibleeven as recently as two or three years ago. In the mean time, it is important to develop atheory of quantum computation so that when the technology does become available, it mayb e e x p l o i t e d . F u r t h e r , t e c h n i q u e s a n d i d e a s t h a t r e s u l t f r o m d e v e l o p i n g q u a n t u m algorithms may be useful in the development of new classical algorithms. Finally, theprocessofunderstandinganddevelopingatheoryofquantumcomputationprovidesinsightandcontributestoafurtheringofourunderstandinganddevelopmentofageneraltheoryofcomputation.4. Fourier-Based LearningHere is given a brief description of Fourier-based learning as it applies to our approach.In what follows, the general Fourier-based learning approach used by Kushilevitz,Mansour, Jackson and others will for simplicity be referred to as KMJ. The subject ofdiscrete Fourier analysis is well developed and is treated only very briefly here. For a morein depth presentation see any book on Fourier analysis, for example [Mor94].4.1 Some ideas from Fourier analysisA bipolar-valued binary function f: {0,1}n fi {-1,1} can be represented as a Fourierexpansion (the expansion used here is actually a simplified Fourier expansion called aWalshtransform)

f(rx) = f̂(ra)χ ra (rx) ra∈ 0,1{ }n∑

,(9)

125 where the Fourier basis functions

χ ra (rx)

are defined as

χ ra (rx) = (− 1)ra T rx

(10)and the Fourier coefficients being given by

f̂(ra) = 12n f(rb)χ rb(ra) rb∈ 0,1{ }n∑

.(11)Actually, in the general case (11) should use c* (complex conjugate of c); however, in thesimplified case considered here (bipolar rather than complex output), c* = c . The KMJmethodlearnsf in polynomial time by approximating a polynomial number of large Fouriercoefficients in the context of a boosting algorithm due to Freund [Fre90] [Fre92]. In orderto determine the set A of large coefficients, the method requires access to a membershiporacle. The large coefficients,

f̂(ra) (for ra ∈ A)

are then approximated by

^̃f(ra) = 1m f(rx)χ rx(ra) rx∈T∑

,(12)with T being a set of m carefully chosen examples of the form

rx → f(rx)

with

rx ∈ 0,1{ }n

and

f(rx)∈{− 1,1}

. Finally, using the fact that the function can be at least weaklyapproximated with a polynomial number of large coefficients (the set A) and using (12) toapproximate those coefficients, the function f˚may be approximated by

f̃(rx) = ^̃f(ra)χ ra (rx) ra∈A∑

.(13)We propose here a quantum algorithm that determines the set A using only an exampleoracle (i.e. a training set) rather than the membership oracle required by KMJ. In otherwords, the KMJ approach requires the ability to choose which examples will be used tolearn the function (which in typical learning problems we can not do); on the other hand,the method that is proposed here makes no such requirement -- a standard training setsuffices.4.1.1 A FOURIER EXAMPLEA simple example will help illustrate the concept of a Fourier expansion. Let n = 2 and

f = 00011011 → 1− 1

.To calculate the Fourier basis functions use (10) and for example,

χ 00(00) = − 1 00( ) 0( ) = − 10 =1

and

χ 01(11) = − 1 01( ) 1( ) = − 11 = − 1

.The other 14 values for the 4 Fourier functions are calculated similarly. Next, calculate theFourier coefficients using (11). For example,

f̂(11) = 14 f(00)χ 00(11)+ f(01)χ 01(11)+ f(10)χ10(11)+ f(11)χ11(11) ( )

.

126That is,

f̂(11) = 1 4 1( ) 1( )+ 1( ) − 1( )+ − 1( ) − 1( )+ 1( ) 1( ) ( ) = 12

,and the other coefficients are found in the same manner. Finally, the Fourier expansion off can be written using (9),

f(rx) = f̂(00)χ 00(rx)+ f̂(01)χ 01(rx)+ f̂(10)χ10(rx)+ f̂(11)χ11(rx)

.Which in this example evaluates to

f(rx) = 12 χ 00(rx)− 12 χ 01(rx)+ 12 χ10(rx)+ 12 χ11(rx)

,and solving for any of the values 00, 01, 10, or 11 will result in the appropriate output forf. Now if instead of knowing f, we only have a training set such as

T = 000110→ 1− 1

,then the coefficients are approximated using (12) instead of (11). For example now

^̃f(11) = 13 f(00)χ 00(11)+ f(01)χ 01(11)+ f(10)χ10(11) ( )

,which simplifies to

^̃f(11) = 13 1( ) 1( )+ 1( ) − 1( )+ − 1( ) − 1( ) ( ) = 13

.The Fourier expansion is now approximated using (13) instead of (9).

f̃(rx) = ^̃f(00)χ 00(rx)+ ^̃f(01)χ 01(rx)+ ^̃f(10)χ10(rx)+ ^̃f(11)χ11(rx)

,which simplifies to

f̃(rx) = 13χ 00(rx)− 13χ 01(rx)+ 3χ10(rx)+ 13χ11(rx)

.Now solving for 00, 01, or 10 will give 4/3, 4/3, and -4/3 respectively. While these arenot the correct values, they are definitely the correct sign. On the other hand, solving for11 results in 0, which is equivalent to �don�t know�.4.2 Matrix formulationThe first step is to reformulate the Fourier equations in matrix form. Note that the

χ ra

can be considered vectors in a 2n -dimensional space indexed by

rx ∈ 0,1{ }n

. These

form an orthonormal basis for the function space with inner product

χ ra,χ rb = Ex χ ra (rx)χ rb(rx) [ ]= 1 if ra = rb 0 otherwise

.(14)Again, in the general case one of the c in (14) should be c* , but for the special case ofbipolar outputs c* = c. Now let B be the matrix formed by taking the

χ ra

as the rows.Because of the orthonormality of the basis, the columns are also formed by the

. Also,define f as a vector in an 2n-dimensionalspaceindexedby

rx ∈ 0,1{ }n

such that

frx = f(rx)

.(15)Then

1 2^n

Bf = f̂

(16)gives the Fourier coefficients as a vector in a 2n-dimensional space indexed by

ra ∈ 0,1{ }n

so that

f̂ra = f̂(ra)

.(17)To evaluate

χ ra (rx)

, define y as the 2n-vector indexed by

rb ∈ 0,1{ }n

such that

yrb = 1 if rb = rx

0 otherwise

(18)and calculate

By = χ

.(19)Now

χ

is a vector in a 2n-dimensional space indexed by

rb ∈ 0,1{ }n

, the

ra

th element ofwhich is equal to

χ ra (rx)

. Finally, the Fourier representation of f is given as

f(rx) = (By)†( 12n Bf)

.(20)Following the thinking of KMJ, f may be approximated by approximating the Fouriercoefficients using a set of m examples, T. Define

f̃

as a 2n -vector indexed by

rx ∈ 0,1{ }n

such that

f̃rx = f(rx) if rx ∈T 0 otherwise

.(21)Then the Fourier representation of the approximate function is

f̃(rx) = (By)†( 1mBf̃)

.(22)Now, using linear algebra gives

f̃(rx) = (By)†( 1mBf̃) = 1my†B†Bf̃ = 2nm y†f̃ = 2nm f(rx) if rx ∈T 0 otherwise

.(23)Recall that

f(rx)

= {-1,1} and can never equal 0. Therefore, approximating f byapproximating all 2n Fourier coefficients results in memorization of the training set (up tothe sign of the output) and no generalization whatsoever on new inputs. As a consequenceofthis,itisclearthatthegeneralizationinherentinFourier-basedlearningmethodsisdueatleastinparttothefactthatnotalltheFouriercoefficientsareusedintheapproximation.4.2.1 A MATRIX VERSION OF THE EXAMPLEFor clarity, the example of Section 4.1.1 is repeated here using the matrix formulation.According to (15) the function f is now written as a vector,

frx = 1− 1

.The matrix B is

B = 1 1 1 1

1 − 1 1 − 1

1 1 − 1 − 1

1 − 1 − 1 1

and using (16) the Fourier expansion of f is now written

14 Bf = 14 1 1 1 1

1 − 1 1 − 1

1 1 − 1 − 1

1 − 1 − 1 1 1− 1 = 12 1− 1

.Now considering the case where the function is unknown but a training set is available, theapproximate function represented by the training set is written as a vector using (21),

f̃rx = 1− 10

,and the approximate Fourier transform is obtained from (22),

13 Bf̃ = 13 1 1 1 1

1 − 1 1 − 1 1 1 − 1 − 1 1 − 1 − 1 1 1− 10 = 13 1− 131

.Actually, (22) gives not just the approximate Fourier transform for f, but the method forcalculating the individual values for the approximate expansion. For example, to calculatethe approximate value for 11, use (18) to get

y = 01

.Then by (22)

f(rx) = 1 1 1 1

1 − 1 1 − 1 1 1 − 1 − 1 1 − 1 − 1 1 01 † 13 1 1 1 1 1 − 1 1 − 1 1 1 − 1 − 1 1 − 1 − 1 1 1− 10 = 1 − 1 − 1 1 ( )13 1− 131 = 0

,just as in the example of Section 4.1.1 and as proved in (23).

1294.3 Quantum formulationThe next step is to extend the vector representation into the quantum domain. Given aset of n (where n is the length of the binary input

rx

to f ) qubits whose basis states,

rx

,correspond to all the different values for

, define

f = crx rx rx∈ 0,1{ }n∑

,(24)where the amplitudes

crx = f(rx) = − 1,1{ }

(25)are properly normalized according to (2), as a quantum state of the n qubits that describesthe function f. The domain of f is encoded in the state labels and the range of the functionin the phases of the amplitudes. Similarly, given a set of examples T, define

f̃ = crx rx rx∈T∑

,(26)where again the amplitudes are defined as in (25). This quantum state of the n qubitsdescribes the partial function

f̃

. Next, define the operator

B̂

as the matrix B and note thatit acts on a quantum state, transforming it from the

rx

basis to the Fourier basis,

χ ra

.Now that transformation takes the form

B̂ f = f̂

,(27)or

B̂ f̃ = ^̃f

,(28)slightly abusing the hat notation by using it to symbolize both an operator and the quantumstate vector associated with the Fourier expansion of f. Similar to (19)

B̂ rx = χ

(29)results in a quantum state that contains in its amplitudes the values of all Fourier basisfunctions for the input

. Finally,

f(rx) = B̂rx B̂f

(30)represents the full function and

f̃(rx) = B̂rx B̂f̃

(31)represents an approximation of the function from T. Notice that we are still dealing withquantum amplitudes, and therefore the result of the calculation is not directly available tous. As it turns out, the quantum system will not be used to calculate

f(rx)

but only todetermine the relative amplitudes of the Fourier coefficients -- those coefficients that arelarge will have �large� amplitudes.4.3.1 A QUANTUM EXAMPLEFinally, the example of Section 4.1.1 is repeated using the quantum formulation. Thisexample is particularly interesting in that it emphasizes the difference of this quantumformulation from the previous two, indicating that we can carry the analogy only so far.According to (24) the function f is now written as a quantum superposition,

f = 1 2 00 + 1 2 01 − 1 2 10 + 1 2 11

.The operator

B̂

is

B̂= 12 1 1 1 1

1 − 1 1 − 1 1 1 − 1 − 1 1 − 1 − 1 1

and using (27) the Fourier expansion of f is now written

B̂ f = 12 1 1 1 1

1 − 1 1 − 1 1 1 − 1 − 1 1 − 1 − 1 1 12 1− 1 = 12 00 − 12 01 + 12 10 + 12 11

.Now considering the case where the function is unknown but a training set is available, theapproximate function represented by the training set is written as a quantum superpositionusing (26),

f = 13 00 + 13 01 − 13 10

,and the approximate Fourier transform is obtained from (28),

B̂ f̃ = 12 1 1 1 1

1 − 1 1 − 1 1 1 − 1 − 1 1 − 1 − 1 1 13 1− 10 = 12 3 00 − 12 3 01 + 32 3 10 + 12 3 11

.Note that the amplitudes are not the exact Fourier coefficients now, but are insteadproportional to them. This is because of the unique statistical nature of quantum systems.It is also important to mention a subtle point here about using quantum computation toapproximate the Fourier coefficients. Because of the normalization condition (2) we cannot use the appropriate 1/m normalization of Equations (12) and (22). The result of this isthat Equation (31) is not really approximating the Fourier coefficients of the original 2-valued function f:{0,1}nfi{-1,1} but rather is c o m p u t i n g the Fourier coefficients of a 3-valued function

f̃

:{0,1}nfi{-1,0,1}, which has the same �large� coefficients as f, exceptthat they are normalized by an exponential factor. Fortunately, we will not need to use thequantum system to approximate the large coefficients but only to indicate which are thelarge coefficients. Still, this important difference will affect the efficiency of the algorithm,and we will address the problem it creates in Section 5.1. Finally, using (30) and (31)gives us the ability to calculate function values and approximate function values,respectively. For example, to calculate the value for the binary string 11, use (30) to get

f(rx) = B̂rx B̂f = 12 1 − 1 − 1 1 ( )12 1− 1 =1

,

131and use (31) to get

f̃(rx) = B̂rx B̂f̃ = 12 1 − 1 − 1 1 ( ) 12 3 1− 131 = 0

just as in the previous examples and as proved in (23). We might also mention here thatalthough mathematically these equations yield the correct values, from a physicalstandpoint, they are impossible to implement. Fortunately again, we do not need to be ableto implement (30) or (31), but instead just need to be able to implement (28), which isphysically realizable.In the KMJ algorithm, the large coefficients are approximated using the instances in Tas in (12) but recall that deciding which are the large coefficients first requires amembership oracle. The goal of the quantum formulation of the approximate Fourierexpansion in (31) is to determine which are the large coefficients using only the training setT instead of using a membership oracle. The approach is to construct and observe thequantum system of Equation (28). The intuitive idea is that since the large Fouriercoefficients will be represented in this quantum state as amplitudes with �large� magnitude,they will have a �large� probability of being observed. Since observing the system willcause it to collapse to a single basis state corresponding to a single Fourier basis function,the process must be repeated and statistics kept for each basis state until a statisticallysignificant measure of the relative amplitudes of the coefficients is achieved. How manytimes this observation process must be repeated to find a large coefficient will depend onhow many large coefficients there are and on their relative magnitudes. This turns out to bethe catch. As mentioned in 4.3.1, because of the nature of quantum systems, it isimpossible to directly calculate Equation (12). Instead, when using a quantum system theresults of (12) are in essence multiplied by a normalization constant.5. Finding a Large Coefficient by Quantum Fourier SamplingBlum et al. have shown that under the uniform distribution, there exists a Fourier basisfunction that weakly approximates any DNF function f [Blu94]. In other words, thereexists a Fourier basis function,

f̂W

, that agrees with f on at least 1-e inputs, where

ε = 12 − 1p(n,s)

(32)with p being some fixed polynomial, n being the number of inputs to f, and s being the sizeof the representation of f. This implies that the magnitude of the Fourier coefficient for theweak approximator is

f̂W

= O(

1p(n,s)

),(33)and using Chernoff bounds [Hag89] this can be closely approximated using a polynomialnumber m of examples drawn randomly from an example oracle, if we know which of the2n basis functions it is. In other words, since this coefficient is relatively large, if we hadsome way of sampling the Fourier coefficient distribution, it should be readily identifiablew i t h a p o l y n o m i a l n u m b e r o f s a m p l e s . F o l l o w i n g t h i s l i n e o f t h i n k i n g , t h e r e s u l t s

132developed in Section 4 suggest a simple algorithm for finding this large Fourier coefficientwhich is presented in Figure 1.

Repeat until confidence > d

form

f̃

, a quantum superposition representing the training set compute the Fourier transform on the superposition using the operator

B̂

observe the system to produce a random sample of the coefficient distribution

Approximate the most commonly observed coefficient classically

Figure 1. Algorithm for finding large Fourier coefficientsThere are four ingredients for the algorithm, the first three of which are performed on aquantum computer while the fourth is performed on a classical computer . In order for thealgorithm to run in polynomial time, all of them must be shown to be polynomial.Specifically, we must address: 1) The construction of the state

f̃

; 2) The implementationof the operator

B̂

; 3) The number of times this process must be repeated in order to identifya large coefficient; and 4) The classical approximation of that coefficient. Constructing thestate

f̃

is nontrivial and a method for doing so in O(mn) time is detailed in [Ven98].Implementing

B̂

turns out to be extremely easy on a quantum computer, and it is in fact thebasis of most quantum algorithms discovered to date. Computing the Walsh transform of aquantum state is accomplished simply by applying the elementary quantum operator

Ĥ = 12 1 11 − 1

(34)to each qubit in parallel (see for example [Gro96]). In other words,

B̂= Ĥ⊗ L ⊗ Ĥ

, where~ is the tensor product (direct matrix product) and

Ĥ

appears in the product n times, onefor each input. Approximating a coefficient is easy on a classical computer and can beaccomplished using Equation (12) and a polynomial number of function examples.5.1 A quantum quirk in estimating coefficientsThis leaves the question of how many times we must repeat the Fourier samplingprocess in order to find, with high probability, a large coefficient, and in fact, this is adifficult point. To see why, consider the following. The unitarity condition ofEquation˚(2) requires that the squares of the coefficients in a quantum state sum to 1. Forconvenience we reproduce the equation here, recalling that the quantum coefficients ci arewithinamultiplicativeconstantofbeingequaltotheFourier coefficients

f̂(ra)

.

ci 2 i∑ =1

.(35)As mentioned in 4.3.1, what the Fourier sampling algorithm is really doing is notapproximating the Fourier coefficients of

f:{0,1}n → {− 1,1}

but rather is calculating theFourier coefficients of

f̃:{0,1}n → {− 1,0,1}

. Another way to look at this is to say that theFourier sampling algorithm is approximating the coefficients of

but with

133a normalization constant of

1 2n

rather than the

1 m

required by Equation (12). (Eitherviewpoint will produce the same result.) Because of this, in contrast to the nice polynomialsized Fourier coefficient given in (33), the size of the corresponding quantum coefficientcW , iscW=O

m 2n p(n,s)

= O

m2n

,(36)and its square is thus(cW)2=O

m 2n p2(n,s)

= O

m2n

.(37)Therefore Equations (35-37) require that the number C of nonzero coefficients be at least

1= C O m2n 2 ⇒ C = O 2nm

.(38)Also, the smallest possible quantum coefficient, cSiscS =

12n

.(39)Therefore, if the number of examples m is significantly less than 2n,whichwillbethecaseifwerequireapolynomial-timealgorithm,thenthereareanexponentialnumberofnonzerocoefficients in the quantum state with the largest only a factor of

m

larger than thesmallest. (When the system is observed, this difference is magnified to a factor of m;however this is not significant in the end result.) This means that O(2 n ) samples of theamplitude distribution (obtained by observing the quantum system) will be required todiscriminatethe�large�coefficientsfromthe�small�ones.Another way to look at this is to say that the vector representing the function is verys p a r s e . A s a r e s u l t , i t c o r r e l a t e s w e l l w i t h a l m o s t e v e r y F o u r i e r b a s i s f u n c t i o n a n d therefore, the �large� coefficients are not very much larger than the �small� ones. In fact,as mentioned above, this is unavoidable in a quantum system because of the requirementthat all operators be unitary. Therefore, the quantum system is attempting to calculateinformation about an exponential number of Fourier coefficients using only a polynomialnumberoffunctionexamples.Becauseoftheunitarityrequirementthispolynomialamountof information gets normalized by an exponential instead of the polynomial necessary forclosely approximating the coefficients as in (12). Because of the normalization inherent inunitary quantum processes, it is unlikely that a quantum algorithm can be developed toovercome this problem. However, this is certainly not a proof that it is impossible.ThereisanequallyvalidclassicalanalysisbaseduponParseval�sidentitythatwillyieldthesameresult,thoughsomeoftheintermediateresultsaredifferentbyO(

⋅

).5.2 A non-classical result -- finding large coefficients in O (

2n

) timeIf the quantum algorithm of Figure 1 requires exponential time to identify the largequantum coefficients, it is certainly no better than a classical algorithm that simplyapproximates each Fourier coefficient using Equation (12) and thus also requires O(

2n

)time. However, the algorithm actually requires only O(

2n

) steps in order to identify thelarge quantum coefficients and thus still represents a significant improvement over the

134classical approach. To see why, choose the number of examples m drawn from anexample oracle to bem =

2n

.(40)Then by Equation (36) the quantum coefficient cW w h i c h c o r r e s p o n d s t o t h e F o u r i e r functionthatweaklyapproximatesf iscW=O

m 2n p(n,s)

= O

2n 2n p(n,s)

= O

12n 4

,(41)and using Equation (37) its square is(cW)2=O

m 2n p2(n,s)

= O

2n 2n

= O

12n

.(42)Using Equation (38) the number C of nonzero coefficients is now at least

1= C O 12n 4 2 ⇒ C = O 12n

.(43)Since the smallest possible quantum coefficient cS is still give by equation (39), we nowhaveasituationinwhichtherearestillanexponentialnumberofnonzerocoefficientsinthequantum state, but now the largest is a factor of

2n 4

larger than the smallest. When thesystem is observed, this difference is magnified to a factor of

2n

, and therefore O(

)samples of the amplitude distribution will suffice to identify the large coefficient.5.3 Analysis and discussionUsing some concrete numbers, assume that n = 30 and that therefore m =

230

= 21 5 = 32768, numbers which can represent a very non-trivial learning task. Then the algorithmrequires O(215) < 105 operations. For comparison, [Bar96] gives estimates of how manyo p e r a t i o n s m i g h t b e p e r f o r m e d b e f o r e d e c o h e r e n c e f o r v a r i o u s p o s s i b l e p h y s i c a l implementation technologies for the qubit. These estimates range from as low as 103(electron GaAs and electron quantum dots) to as high as 1013 ( t r a p p e d i o n s ) , s o o u r e x a m p l e f a l l s c o m f o r t a b l y i n t o t h i s r a n g e , e v e n n e a r t h e l o w e n d o f i t . F u r t h e r , t h e algorithm would require only 61 qubits. (Although it appears that the algorithm presentedhererequiresonlyn qubits, the algorithm depends on a method for representing the trainingset as a quantum state. As mentioned before, an explicit algorithm for constructing such aquantum state exists [Ven98]; however it requires 2n+1 qubits.)In contrast, Shor�s algorithm requires hundreds or thousands of qubits to perform aninteresting factorization. For example, [Ved96] gives estimates for the number of qubitsneeded for modular exponentiation, which dominates Shor�s algorithm -- anywhere from7n+1 down to 4n+3. For a 512 bit number (which RSA actually claims may not be largeenough to be safe anymore, even classically), this translates into anywhere from 3585down to 2051 qubits. As for elementary operations, they claim O(n3), which would be inthis case O(108 ). Therefore, the algorithm presented here requires orders of magnitudefewer operations and qubits than Shor�s in order to perform significant computationalt a s k s . T h i s i s a n i m p o r t a n t r e s u l t s i n c e q u a n t u m c o m p u t a t i o n a l t e c h n o l o g y i s s t i l l immature, and maintaining and manipulating the coherent superposition of a quantum

135system of 60 qubits should be attainable sooner than doing so for a system of 2000 qubits.In this sense, the algorithm compares nicely with other quantum algorithms.As mentioned earlier, the algorithm also compares favorably with classical approachesto finding large coefficients. Jackson�s Harmonic Sieve runs in polynomial time; however,as discussed in Section 2 this algorithm requires a membership oracle, or black box accessto the function f that we are trying to learn, in order to find the large coefficients. In caseswhere this is not realistic, the algorithm presented here provides an alternative that requiresonly an example oracle. There are no known classical algorithms for finding largecoefficients that use only an example oracle and run any faster than O(2n ), so again thealgorithmpresentedhererepresentsasignificantimprovement.6. Concluding CommentsThis paper presents a quantum computational learning algorithm that takes advantage ofthe unique capabilities of quantum computation to produce a significant result in both thefield of computational learning and the field of quantum computation. The main result ofthe paper is a quantum computational learning algorithm for learning the function classDNF over the uniform distribution using only an example oracle in time significantly fasterthan any known classical algorithm operating under the same constraints. In other words,the paper makes an important contribution to both the field of computational learning theoryand to the field of quantum computation -- producing both a new learning theoretic resultand a new quantum algorithm that accomplishes something that no classical algorithm hasbeen able to do. Further, the algorithm is unique among quantum computational algorithmsas it does not assume a priori knowledge of a function f and does not operate on a quantumsuperposition that includes all possible basis states.Further, the paper introduces a promising new field to which quantum computationmay be applied to advantage -- that of computational learning. In fact, it is the authors�opinion that this application of quantum computation will, in general, demonstrate muchgreater returns than its application to more traditional computational tasks (though Shor�salgorithm is an obvious exception). We make this conjecture because results in bothquantum computation and computational learning are by nature probabilistic and inexact,whereas most traditional computational tasks require precise and deterministic outcomes.One obvious area for future work is, of course, the physical implementation of thealgorithm in a real quantum system. As mentioned in Sections 3.6 and 5.3, the fact thatthis algorithm requires very few qubits for non-trivial problems combined with the recentadvances in quantum technology suggests that the realization of quantum computersperforming useful computation may be possible in the near future. A second importanttopic for future work is to determine whether or not the improvement obtained here overclassical methods is optimal. If it is not, future work may produce further gains. In themean time, a simulation of the quantum algorithm is being developed to run on a classicalcomputer at the cost of an exponential slowdown in the size of the learning problem. Thus,learning problems that are non-trivial and yet small in size will provide interesting study insimulation. Various methods of using and combining the large Fourier coefficients arecurrently being investigated. One method, of course, is to use the boosting method thatJackson uses in his Harmonic Sieve, and we are considering other methods of combination

136as well. We are also investigating using higher spin systems for learning nonbinaryproblems. Another obvious and important area for future research is investigating furtherthe application of quantum computational ideas to the fields of computational learningtheory and machine learning -- the discovery of other quantum computational learningalgorithms.As a final comment, Grover�s well-known algorithm for quantum search also providesa O(

2n

) improvement over classical approaches to the same problem. Grover�s result isparticularly important because in the case of searching an unordered database, the O(2n)bound for classical approaches is tight -- there is no classical way to do better. In the caseof learning DNF using only an example oracle, it is still an open problem whether or not aclassicalalgorithmexiststhatisbetterthanO(2n);however,itisgenerallysuspectedthatnos u c h a l g o r i t h m e x i s t s . T h i s p r o v i d e s f u e l f o r s p e c u l a t i o n t h a t p e r h a p s t h e r e e x i s t s a quantum information theoretic law that bounds the improvement of quantum algorithmsover classical algorithms by O(

2n

). According to Shor�s paper, the best classicalalgorithm for prime factorization of an integer that can be represented in n bits runs in timeO( g ), where g =

en1 3(logn)2 3

[Len93]. Since g = O(

2n

) but g „ Q(

2n

), Shor�salgorithm in some sense does not achieve as much of a speedup as do Grover�s algorithmand the algorithm presented here.References[Aiz91]Aizenstein, H. and L. Pitt, �Exact Learning of Read-Twice DNF formulas�, Proceedings of the32nd Annual Symposium on Foundations of Computer Science, pp. 170-9, 1991.[Bar96]Barenco, Adriano, �Quantum Physics and Computers�, Contemporary Physics, vol. 37 no. 5,pp. 375-89, 1996.[Ben82]Benioff, Paul, �Quantum Mechanical Hamiltonian Models of Turing Machines�, Journal ofStatistical Physics, vol. 29 no. 3, pp. 515-546, 1982.[Blu94]Blum, A., M. Furst, J. Jackson, M. Kearns, Y. Mansour and S. Rudich, �Weakly LearningDNF and Characterizing Statistical Query Learning Using Fourier Analysis�, Proceedings ofthe 26th Annual ACM Symposium on Theory of Computing, pp. 253-62, 1994.[Blu92]Blum, A. and S. Rudich, �Fast Learning of k-term DNF formulas with Queries�, Proceedingsof the 24th Annual ACM Symposium on Theory of Computing, pp. 382-9, 1992.[Bsh95]Bshouty, Nader H. and Jeffrey Jackson, �Learning DNF Over the Uniform Distribution Using AQuantum Example Oracle�, Proceedings of the 8th Annual Conference on ComputationalLearning Theory (COLT95), Santa Cruz, California, pp. 118-127, 1995.[Bsh93]Bshouty, Nader H., �Exact Learning via the Monotone Theory�, Proceedings of the 34thAnnual Symposium on Foundations of Computer Science, pp. 302-11, 1993.[Chu98]Chuang, Isaac, Neil Gershenfeld and Mark Kubinec, �Experimental Implementation of FastQuantum Searching�, Physical Review Letters, vol. 80 no. 15, pp. 3408-11, April 13, 1998.[Cor98]Cory, David G. et al., �Experimental Quantum Error Correction�, LANL e-print archive,quant-ph/9802018, http://xxx.lanl.gov, 1998.[Deu92]Deutsch, David and Richard Jozsa, �Rapid Solution of Problems by Quantum Computation�,Proceedings of the Royal Society, London A, vol. 439, pp. 553-8, 1992.

137[Deu85]Deutsch, David, �Quantum Theory, The Church-Turing Principle and the Universal QuantumComputer�, Proceedings of the Royal Society, London A, vol. 400, pp. 97-117, 1985.[Fey86]Feynman, Richard P., �Quantum Mechanical Computers�, Foundations of Physics, vol. 16 no.6, pp. 507-531, 1986.[Fey65]Feynman, Richard P., R. B. Leighton and Mark Sands, The Feynman Lectures on Physics,vol. 3, Addison-Wesley Publishing Company, Reading Massachusetts, 1965.[Fre92]Freund, Y., �An Improved Boosting Algorithm and its Implications on Learning Complexity�,Proceedings of the 5rd Annual Workshop on Computational Learning Theory, pp. 391-98,1992.[Fre90]Freund, Y., �Boosting a Weak Learning Algorithm by Majority Voting�, Proceedings of the3rd Annual Workshop on Computational Learning Theory, pp. 202-216, 1990.[Gol89]Goldreich, O. and L. A. Levin, �A Hard-Core Predicate for All One-Way Functions�,Proceedings of the 21st Annual ACM Symposium on Theory of Computing, pp. 25-32, 1989.[Gro96]Grover, L., �A Fast Quantum Mechanical Algorithm for Database Search�, Proceedings of the28th Annual ACM Symposium on the Theory of Computing, ACM, New York, pp. 212-19,1996.[Hag89]Hagerup, Torben and Christine Rub, �A Guided Tour to Chernoff Bounds�, InformationProcessing Letters, vol. 33, pp. 305-8, 1989.[Hog96]Hogg, Tad, �Quantum Computing and Phase Transitions in Combinatorial Search� Journal ofArtificial Intelligence Research, vol. 4, pp. 91-128, 1996.[Jac94]Jackson, Jeff, �An Efficient Membership-Query Algorithm for Learning DNF with Respect tothe Uniform Distribution�, Proceedings of the 35th Symposium on the Foundations ofComputer Science, pp. 42-53, 1994. An extended version will appear in the Journal ofComputer and System Sciences.[Jon98]Jones, J. A. and M. Mosca, �Implementation of a Quantum Algorithm to Solve Deutsch�sProblem on a Nuclear Magnetic Resonance Quantum Computer�, Journal of ChemicalPhysics, to appear, 1998.[Joz97]Jozsa, Richard, �Entanglement and Quantum Computation�, Geometric Issues in theFoundations of Science, eds. S. Hugget, L. Mason, K. P. Tod, S. T. Tsou and N. M. J.Woodhouse, Oxford University Press, 1997.[Kea87]Kearns, M., M. Li, L. Pitt and L. Valiant, �On the Learnability of Boolean Formula�,Proceedings of the 19th Annual ACM Symposium on Theory of Computing, pp. 285-95,1987.[Kus93]Kushilevitz, Eyal and Yishay Mansour, �Learning Decision Trees Using the Fourier Spectrum�,SIAM Journal of Computing, vol. 22 no. 6, pp. 1331-48, 1993.[Len93]Lenstra, A. K. and H. W. Lenstra, Jr., eds., �The Development of the Number Field Sieve�,Lecture Notes in Mathematics, vol. 1554, 1993.[Mor94]Morrison, Norman, Introduction to Fourier Analysis, Wiley, New York, 1994.[Riv78]Rivest, R. L., A. Shamir and L. Adleman, �A Method of Obtaining Digital Signatures andPublic-key Cryptosystems�, Communications of the ACM, vol. 21, pp. 120-6, 1978.[Sha90]Shapire, R. E., �The Strength of Weak Learnability�, Machine Learning, vol. 5, pp. 197-227,1990.[Sho97]Shor, Peter, �Polynomial-Time Algorithms for Prime Factorization and Discrete Logarithms ona Quantum Computer�, SIAM Journal of Computing, vol. 26 no. 5, pp. 1484-1509, 1997.

138[Sho95]Shor, Peter, �Scheme for Reducing Decoherence in Quantum Computer Memory�, PhysicalReview A, vol. 52 no. 4, pp. 2493-6, pp. 1995.[Sim97]Simon, D., �On the Power of Quantum Computation�, SIAM Journal of Computation, vol. 26no. 5, pp. 1474-83, 1997.[Ter98]Terhal, Barbara. M. and John. A. Smolin, �Single Quantum Querying of a Database�, PhysicalReview A , to appear, September 1998.[Val84]Valiant, L. G., �A Theory of the Learnable�, Communications of the ACM, vol. 27 no. 11,pp. 1134-42, 1984.[Ved97]Vedral, V., M. B. Plenio, M. A. Rippin and P. L. Knight, �Quantifying Entanglement�,Physical Review Letters, vol. 78 no. 12, pp. 2275-9, 1997.[Ved96]Vedral, Vlatko, Adriano Barenco, and Artur Ekert, �Quantum Networks for ElementaryArithmetic Operations�, Physical Review A, vol. 54 no. 1, pp. 147-53, 1996.[Ven98]Ventura, Dan and Tony Martinez, �Initializing the Amplitude Distribution of a Quantum State�,submitted to Physical Review Letters, June 1998.[You88]Young, Nicholas, An Introduction to Hilbert Space, Cambridge University Press, Cambridge,England, 1988.

139Part IVConclusionHow did it get so late so soon?It�s night before it�s afternoon.December is here before it�s June.My goodness how the time has flewn.How did it get so late so soon?-- Dr. SeussThis dissertation has examined two approaches to dealing with the high-dimensionalspaces inherent in computational learning problems. The first approach, presented inPart˚II, makes the classical assumption that considering the entire state space of largeproblems is an intractable endeavor. Therefore, a method must be developed forconsidering only those parts of the space that are in some sense �important�. The approachtaken here is a hybrid system combining the desirable features of evolutionary computationand neural computation.The second half of the dissertation, detailed in Part III, considers an idea that classicallymakes little sense -- what if we could process the entire state space in a reasonable amountof time? Quantum computation offers this possibility at a price. The tradeoff is thatalthough an exponential amount of information can be processed in polynomial time, mostof that information is not available to us. The trick is to figure out how to get enoughinformation to justify the use of this alternative computational paradigm. The questions ofwhen this may be done and how to do it are beginning to be answered.Part IV consists of a single chapter that sums up the contributions made in thisdissertation, makes some concluding comments and discusses some possibilities for futureresearch directions.

140Chapter 13Concluding CommentsThis is like deja vu all over again.-- Yogi BerraAs mentioned previously, the field of computational learning suffers from the �curse ofdimensionality�. As problem size increases linearly, the amount of information growsexponentially. Most of the work in the field of computational learning deals with how toget around this conundrum and still produce useful computation. In some cases the answerhas been to live with processing all or most of the exponential amount of informationbecause it is critical to consider it all or because it is believed that the problem in questionwill never get �too large�. In most cases, however, scaling to large problems is a criticalfactor, and some method for considering only a very small portion of the availableinformation must be devised. And yet, even though the system has considered only a smallfraction of the available information, it must produce reasonable results.The consequence of these requirements is that a large portion of the research done incomputational learning is focused on discovering heuristics or biases that can be said to beintelligent in some sense about which information is used and which is ignored. The firsthalf of this dissertation follows this trend by producing a novel hybrid system thatcombines the strength of evolutionary computation, which is exploration of huge statespaces, with the strengths of neural computation, which are rapid execution andgeneralization when faced with novel information.The burgeoning field of quantum computation suggests a novel approach to thecomputational learning problem. The unique capabilities of quantum systems provide thepossibility of confronting the �curse of dimensionality� in a manner that is classicallyimpossible, by considering the exponential amount of information in polynomial time usingthe massive state space of the quantum system. This sounds too good to be true, and thereis indeed a catch. Even though quantum systems can and do process an exponentialamount of information in linear space and time, most of that information is unavailableoutside of the quantum system. In fact, by the nature of quantum systems, the very act ofextracting information from them destroys most of that information. In the general case itdestroys all of it except for a small amount that could have been obtained by classicalmeans. However, the amazing aspect of quantum computation is that this is not alwaysquite true. Even though an exponential amount of information is never directly available, itis possible to extract extra global information about the system that is not availableclassically. Therefore, the trick is to recast classical computational problems in a formamenable to this quantum approach such that the global information can be used toadvantage. The second half of this dissertation considers how best to do this and producesseveral interesting results, suggesting that a theory of quantum computational learning is apromising new avenue to explore in the quest for computational intelligence.

1411. Summary and ContributionsThe first three chapters of the dissertation provide background information thatmotivates the work in the two main parts. Chapter 3 makes the first original contribution tocomputational learning by attempting to distill a necessary set of characteristics forcomputationally intelligent systems. These include formal primitives, knowledge(acquisition, representation, explanation), complex symbols, symbol grounding, learning,robustness (and fault tolerance and adaptability), duality, multiple levels and scaling.The two main parts of the dissertation address several of these issues includingknowledge acquisition, learning and robustness in Part II and knowledge representation,learning and scaling in Part III (as noted in Chapter 2, there is work, more of a biologicalbent, that suggests that a quantum mechanical approach to intelligence also embodies issuessuch as symbol grounding, duality and multiple levels of intelligence).Chapter 4 explicitly considers a problem of data acquisition, when it is desirable to havea computational learning system but when no data exists from which it can learn. Thesolution is a hybrid system that makes use of evolutionary computation and black boxaccess to the problem to be learned to acquire useful data for training a neural network orother computational learning mechanism.Chapters 5 and 6 consider the evolutionary and neural component of Chapter 4 as asingle hybrid entity for the purpose of learning optimization. Given a problem for whichthere exists a large range of possible responses, what is the best response in a givensituation? Empirical results over hundreds of experiments suggests that the hybrid does agood job of discovering near optimal solutions with a modest amount of computationalexpense.Chapter 7 naturally extends the idea of optimization to continuous control of a systemwith feedback -- the application of neurocontrol for closed loop systems. Initial empiricalresults suggest that the neural/evolutionary hybrid has potential for developing viableneurocontrol.Chapter 8 begins the consideration of a quantum computational approach tocomputational learning by attempting to construct the quantum analog of a classical artificialneuron model. Although the approach is somewhat naive, it is nevertheless important as afoundation for the ideas developed in the rest of the dissertation.Chapter 9 takes another step towards a viable quantum computational learning systemby introducing the idea of a quantum associative memory that possesses an exponentialcapacity. In other words, an exponential number of memory patterns can be stored andrecalled with a linear number of neurons. This is a significant advance over classicalapproaches to associative memories. This chapter lays the basic foundation for the idea ofquantum associative memory but does not explicitly worry about the problem of physicalrealizability.Chapter 10 deviates from quantum computational learning to make a fundamentalcontribution to the field of quantum computation itself. A quantum algorithm forrepresenting training examples in a quantum system is developed. This contrasts starklywith existing quantum algorithms that assume an entire function is known a priori, whichis almost never the case in computational learning problems. The focus here is developingan algorithm that obeys the laws of quantum mechanics so that it will be realizable in actual

142quantum systems. The result opens the door for the development of useful quantumalgorithms for computational learning.Chapter 11 returns to the idea of a quantum associative memory, building on the resultsof Chapter 10 and of other quantum computational algorithms to demonstrate that such amemory is physically realizable and potentially very advantageous over classical associativememories.Finally Chapter 12 revisits supervised quantum learning, introduced in Chapter 9,though the approach is now based on ideas from machine learning rather than from neuralnetworks. The problem of learning a powerful class of binary functions known DNF(disjunctive normal form) is considered. A Fourier-based quantum learning algorithm ispresented that learns from a set of random training examples. The algorithm achievessignificant speedup over classical methods that also use random examples. It is animportant point that the examples can be random and still produce good results. The bestclassical algorithm requires the ability to request specific examples, which in practice isalmost never realistic. Therefore, the fact that the quantum algorithm can learn usingrandom examples (which is the usual real world situation) is a significant result.The original goal of this dissertation was to make progress in confronting theexponential amount of information involved in computational learning problems. Theresults, in particular, the quantum computational learning results, constitute significantadvances in this aspect of computational learning. Also, from a quantum computationalstandpoint, it is likely that the synergy of quantum computation and computational learning,of which this dissertation offers several examples, will result in the most impressiveachievements for the field. This is because by their very natures quantum computation andcomputational learning both are probabilistic and inexact. Thus it appears thatcomputational learning problems are natural candidates to take advantage of the uniquecapabilities of quantum computation. On the other hand, many traditional computationalproblems require determinism and precision, which will make them less amenable, ingeneral, to quantum solutions. Except for the first two chapters and this one, each chapterhas either already been published in or is currently under review for publication in a well-known conference proceedings or leading research journal.2. Future Research DirectionsSeveral important avenues for future research have been briefly suggested, eitherimplicitly or explicitly in the various chapters. Here, some of the most significant arebriefly discussed.2.1. The Neural/Evolutionary HybridThe most obvious direction for future work involving the neural/evolutionary hybridinvolves application of this method to a large-scale, real-world problem such as networkoptimization (which is actually the problem that inspired this work). The major difficultywith applying the hybrid model to real-world problems is ascertaining what percentage ofoptimum the method achieves. In practice this will usually be impossible; therefore ameasure of performance will have to be obtained by comparing this approach with current

143methods for solving these problems. Of course, this involves access to the system forwhich we wish to develop the hybrid model (such as a large computer network) and this isoften not possible in an academic setting.Obtaining access to such a system will require better arguments for the utility of theapproach and this in turn may be accomplished by further theoretical analysis of themodel�s performance. For example, it would be nice to quantify stability bounds for thesystem. Perhaps the most interesting, and not coincidentally the most difficult, is whetheror not the generalization capabilities of the neural network can be analytically correlatedwith the performance of the evolutionary discovery of training examples. This problemseems inherently difficult for at least two reasons: generalization in even modestly complexneural networks is not well understood and the behavior of evolutionary computationmechanisms is difficult to quantify. The ultimate goal is to be able to say that for a specificproblem that if m training examples with a minimum fitness score of y˚can be found, thenthe system will have a probability P˚of finding a solution that is within e˚of beingoptimum. In other words, it would be extremely desirable to discover some functionf:´·�fi´2, where ´ is the reals and � is the natural numbers, such that f(m,y) = (p,e).Equally useful would be an inverse function g:´2fi´·� such that g(p,e) = (m,y).Also interesting as future work and perhaps more immediately realizable areexperiments with variations on and enhancements to the basic theme. Different searchmechanisms (other evolutionary approaches, simulated annealing, etc.) may be employedas the front end and different learning algorithms (other neural networks, machine learning,fuzzy logic, etc.) as the back end of the hybrid. In fact, a hierarchical hybrid approach canbe envisioned in which a hybrid search algorithm is used to find a training set which is thenused to train a hybrid learning system. Improvements to the basic model which are readilyimplementable include active learning of the training set in which the learner decides whatsorts of training examples will be most helpful and queries the search mechanism for suchexamples. In essence, the evolutionary search primes the neural network which thenprovides feedback to focus the search in areas of the state space for which it currently hasinadequate information. Another obvious idea is to allow the learner to continue to learneven as it is operating as an optimization/control system. This can be accomplished byallowing the evolutionary mechanism to continue to produce training examples after itsinitial creation of a training set. The learner must then be capable of naturally incorporatingthe new knowledge into its existing system model (incremental learning). This will bebeneficial in several ways. First, the evolutionary discovery of good training examples isby far the most time consuming part of the process. If incremental learning is a possibilityand if initially lower performance is acceptable, the training and execution of the neuralnetwork can be done far before the discovery of examples is complete with the knowledgethat system performance will continue to increase as more good training examples arediscovered. This idea can then be combined with the idea of active learning so that thesystem can monitor its performance on-line, and if it notices certain situations in which it isperforming poorly when compared to its average, it can query the evolutionary searchmechanism for training examples to help rectify the situation while still executing on-line.Finally, this ability will translate into the capability to track problems that change over time.For example, consider the problem of traffic control. The proper settings and timings oftraffic lights is dependent on time of day, time of the week, and perhaps even time of the

144year. A neural network controlling this system should be able to adapt to these temporalpatterns.2.2. Quantum Computational LearningObviously, physical implementation of a quantum learning algorithm on a quantumcomputer is an important direction for future research. As mentioned in the body of thedissertation, impressive advances in quantum computational technology are being made. Infact, the technology is developing much faster than any but the most optimistic physiciststhought possible even two or three years ago. Of course, this particular avenue of futurework must be left to the experimental physics community.The work presented here on integrating quantum computation and computationallearning has introduced the promising field of quantum computational learning. The ideaspresented in this dissertation consider applying quantum ideas to only a small handful oflearning algorithms. There are many more possibilities to be considered. Also, it isconceivable that as quantum computational learning ideas become more mature, learningprimitives that have no classical analog may be discovered, just as has happened withquantum computation vs. standard classical computation.The idea of the quantum neuron introduced in Chapter 8 is not well-developed, havingbeen set aside as the research progressed along other lines. The basic idea needs to besubjected to better theoretical analysis. Perhaps a more manageable starting point would beto consider first the case of a small set of discrete weights. The next step is to develop atraining algorithm for the neuron, probably first just a quantum analog of basic Hebbianlearning. Unitary operators for classification must be discovered. Finally, the idea oflinear superposition has so far been applied only to the weights of the neuron. It iscertainly conceivable that this may be extended to include the neuron�s inputs, its output,and its activation function, among other things.As mentioned in Chapter 11, it would be desirable to extend the quantum associativememory�s capability to non-binary patterns. In fact, the ability to represent non-binarypatterns with quantum systems of more than two states is briefly laid out in Chapter 10.Therefore, very basic recall of non-binary patterns should already be possible. However,making intelligent associations will probably require extending the recall mechanism whichin turn depends upon extending Grover�s basic algorithm. Another concern that must beconsidered is that this extension to non-binary patterns involves complex phases. Thedifferent values of a single input are represented as points on the unit circle in the complexplane. This implicitly imposes an ordering on these values in the sense that one value willbe close to a second in terms of phase (position of the circle) while a third will be furtheraway (more out of phase). If the data is linear and therefore also has an explicit ordering,then this may be used to advantage. However, if the data is strictly nominal, it is unclearwhat effect this unavoidable ordering may have on system performance. Also as discussedin Chapter 11, the time bound for recall of patterns in the QuAM is slower than desirable.This is an artifact of the recall mechanism being based on Grover�s algorithm (which by theway has been shown to be optimal for quantum search). Therefore, perhaps an alternativeto Grover�s algorithm for recalling the patterns can be discovered.Also, classical simulation of the quantum associative memory is possible at the cost ofan exponential slowdown in the length of the patterns. Thus, association problems that are

145non-trivial and yet small in size may provide further insight in simulation. However,interesting results will be very modest on a classical computer since only the very smallestproblems can feasibly be simulated and these problems are already easily solved classically.The fact is, for most interesting empirical validations of quantum algorithms, it isimperative that we have a quantum computer.In the meantime, another interesting possibility that has not been explored here at all isthat of developing classical algorithms that are somehow inspired by quantum ones. Ofcourse, the idea has inherent limitations because of the fact that classical and quantumsystems are fundamentally different. However, just the practice of looking at a problemfrom an entirely new perspective, as quantum computation does, can often provide insightsinto the original ideas that are not available any other way. A variation on this idea is thedevelopment of classical approximations to quantum algorithms that perform as well inlimited circumstances. This would be useful in allowing somewhat more empirical analysis(of limited usefulness) of the quantum algorithm by avoiding the exponential slowdownnecessitated by faithfully simulating the quantum system. Further, the classicalapproximation may be useful in its own right as a learning algorithm.A classical simulation of the quantum learning algorithm of Chapter 12 may also bedeveloped at the cost of an exponential slowdown in the size of the learning problem.Also, various methods of using and combining the Fourier basis functions discovered bythe algorithm may be explored. One method, as suggested in Chapter 12, is to use theboosting method that Jackson uses in his Harmonic Sieve, and other methods ofcombination may be conceived as well. Further, generalizing the algorithm to handle non-binary data using higher spin systems may also be investigated. Finally, another obviousand important area for future research is investigating further the application of quantumcomputational ideas to the field of computational learning -- the discovery of other quantumcomputational learning algorithms.Finally, the process of understanding and developing a theory of quantumcomputational learning will contribute to a furthering of our understanding anddevelopment of a general theory of computation.

Quantum and Evolutionary Approaches toComputational LearningDan VenturaDepartment of Computer ScienceDegree of Doctor of Philosophy, August 1998ABSTRACTThis dissertation presents two methods for attacking the problem of high-dimensionalspaces inherent in most computational learning problems. The first approach is a hybridsystem for combining the thorough search capabilities of evolutionary computation with thespeed and generalization of neural computation. This neural/evolutionary hybrid is utilizedin three different settings: to address the problem of data acquisition for training asupervised learning system; as a learning optimization system; and as a system fordeveloping neurocontrol. The second approach is the idea of quantum computationallearning that overcomes the �curse of dimensionality� by taking advantage of the massivestate space of quantum systems in order to process information in a way that is classicallyimpossible. The quantum computational learning approach results in the development of aneuron with quantum mechanical properties, a quantum associative memory and a quantumcomputational learning system for inductive learning.COMMITTEE APPROVAL:

Tony R. Martinez, Committee ChairmanJean-Francois Van Huele, Committee Member

Parris K. Egbert, Committee MemberBryan S. Morse, Committee Member

John C. Higgins, Committee MemberScott N. Woodfield, Graduate Coordinator

Date