In Proceedings of the IEEE Symposium on Parallel and Distributed Computing, pp. 308-315, 1989.On the Pseudo Multilayer Learning of BackpropagationTony Martinez and Michael LindseyComputer Science Dept., Brigham Young University, Provo, Utah 84602AbstractRosenblatt’s convergence theorem for the simple perceptroninitiated much excitement about iterative weight modifying neuralnetworks. However, this convergence only holds for the class oflinearly separable functions, which is vanishingly small compared toarbitrary functions. With multilayer networks of nonlinear units it ispossible, though not guaranteed, to solve arbitrary functions.Backpropagation is a method of training multilayer networks toconverge to the solution of arbitrary functions. This paper describeshow classification takes place in˚single and multilayer networks usingthreshold or sigmoid nodes. It then shows that the currentbackpropagation method can only do effective learning on one layer ofa network at a time.

IntroductionEarly work on iterative gradient descent algorithms by Rosenblatt [6] showed that anetwork of non-linear threshold units with a single layer of weights could always converge toclassify any linearly separable problem. This proof is encouraging, but the ratio of linearlyseparable functions to total functions becomes vanishingly small as the size of the input spaceincreases. It is well known that a mutilayer network of nonlinear units can be made to solveany arbitrary classification. Recent research has sought learning algorithms for multilayernetworks which will converge to solve arbitrary classifications. Although not having thefeature of guaranteed convergence to a solution, the backpropagation [7] mechanism is one ofthe most popular connectionist models in use.This paper discusses how multilayer weight multiplying networks in general, andbackpropagation networks in specific, do classification. It is shown that learning in abackpropagation (BP) network only effectively takes place on one layer at a time, rather thansimultaneously on all layers.

Linear ClassificationIn a simple perceptron [6] learning model, each node is a binary threshold unit, such thatthe output of a node isO = � 0˚˚if˚�xi˚w i˚<˚q1˚˚if˚�xi˚w i˚‡ ˚ q ,(1)where xi are real valued inputs, wi are real valued weights, and q is a threshold value. Itfollows that a single node does a linear separation of its inputs into two output spaces. A twoinput node maps a line through the input space such that everything on one side of the linemaps to 1, and everything on the other to a 0. Nodes with more inputs linearly separate themulti-dimensional space with a hyperplane.Learning in these systems is attained by adjusting the weights, and thus changing theposition of the hyperplane, until it properly separates the input space. This is typically done byusing a training set which contains a set of input vectors and their outputs. Each input vector isiteratively applied to the network. The weights are then adjusted depending on how the realoutput matched the goal output by an equation of the formDwij = c Ep Oi ,(2) where Dwij is the change in the weight from node i to node j, Ep is the error for the givenpattern (typically being Tj - Oj, where Tj is the goal output of node j), and c is a learningconstant.Assuming that the goal function can be separated in a linear fashion, this learning model isguaranteed to converge to a proper solution in finite time [6]. The total number of possiblefunctions which a network of n inputs can be programmed to accomplish is 22n. However, thenumber of linearly separable (LS) functions having n inputs grows only asLS(P,n) = �2�i=0n˚(P-i)!(P-1-i)!˚i!

if˚P˚>˚n˚2Pif˚P˚£˚n(3)where P is the number of patterns to be classified [5]. For a general classifier P is equal to 2n.The ratio of linearly separable (LS) functions to arbitrary functions quickly approaches 0 as nincreases.Although the single layer perceptron is limited to learning LS functions, it is well known[1] that a multilayer network of threshold units (where two layers is sufficient for binaryclassification and three for analog, though not necessarily efficient) can solve any arbitraryfunction. Numerous efforts have been made to find learning algorithms for multilayernetworks with the provable convergence properties of the single layer perceptron. This hasmet with limited success. Although it does not always converge to a correct network, thebackpropagation model of iterative learning is perhaps the most popular current model in itsclass [7].

BackpropagationMuch of the difficulty in finding learning algorithms for multilayer networks lies with theresponsibility problem. When a node is at least once removed from the output layer, how is itto know if its current output aids or hinders the overall network in solving a function, whenonly a global error feedback is given. Since its output may be inverted any number of timesbefore effecting the final output, a node does not know whether to increase or decrease itscurrent sensitivity with the only error measure coming from the output/target differential.Backpropagation (BP) overcomes this through an error signal which passes back one layer at atime such that upon arriving at a given node, there is a causal connection between the node’scurrent output and the final network output Although this wave is inherently sequential, this isconsidered to be quite reasonable and is not the pseudo multilayer learning addressed in thispaper.In deriving the backpropagation algorithm, the goal is to modify weights such that themodification causes a monotonic decrease in a global error signal. The training set method,mentioned above, is again used, but each weight modification is guaranteed to monotonicallydecrease this error signal. Since it is purely monotonic, the algorithm can and will get stuck inlocal minima which are not within the solution space. However, applications to date haveshown it to have a relatively good success rate, even though the learning can be quite slow.Although there are many claimants to the original BP algorithm, the reader is referred to [7]for a lucid derivation of the model. In order to derive the BP algorithm, it is necessary to havea node which executes a differentiable function. The threshold function is not differentiable, sothe sigmoid function (which can be considered as a smooth threshold function) is chosen. Thishas the form ofO = ˚ 1 1˚+˚e˚-˚(�xi˚wi˚+˚q )

.(4)The classifying effect of the two functions will be shown to be quite similar. The learningmechanism, as derived in [7] is based on two simple substitutions of equation 2 above. They

differ only the way that the error signal, Ep, is calculated. Nodes at the output layer modifytheir weights according toDwij = c (Tj - Oj) Oj (1 - Oj) Oi ,(5)where Tj is the target output of the output node, Oj is the actual output, and Oi is the output ofthe node connected to node j by the weight. All nodes internal to the network modify theirweights, starting from the layer closest to the output and working back, by the equationDwij = c (1 - Oj) Oj (�Epk wk) Oi ,(6)where Epk are the calculated error signals of the nodes to which node j outputs.

How Classification Takes PlaceWe discussed above how classification takes place with threshold units. It will now beshow how classification happens with sigmoid units and then how a multilayer network ofunits is able to classify linearly non-separable functions. To simplify the discussion we willconsider only two-input nodes. This allows us to use visualizable figures, since the classifyinggeometry is a line rather than a hyperplane. Also, no generality is lost since any function canbe classified using sufficient layers of two input nodes. Also, we will look at the class ofboolean functions, where inputs and outputs are binary.A single threshold unit can solve the inclusive OR function in an infinite number of ways.Figure 1 shows the graphical mapping of 3 possible implementations of the OR function with atwo input threshold unit.

x1x2(1,0)(0,0)(0,1)(1,1)

Figure 1 - Threshold unit OR functionThe solid circles represents inputs for which a 1 should be output. Each line in the figurerepresents a different setting of the weights and threshold, while the graph shows the possiblesettings of the inputs x1 and x2. Modifications in the weights and/or threshold causes the lineto rotate and shift. Any line which passes through the shaded region will classify the ORfunction. Note that movement of the line within the shaded region causes no change infunctionality. However, when a line shifts out of the shaded region (by perhaps a very smallperturbation) a major change in functionality follows.A sigmoid unit is used to solve the OR function in a similar way. The difference is that thechange over is smooth rather than discontinuous. Figure 2a shows a possible implementationof the OR function with a two input sigmoid unit.

˚ ˚ x1x2(1,0)(0,0)(0,1)(1,1)

0.1.5.91

Figure 2a - Sigmoid Implementation of OR, 2b - Side viewRather than a line discriminator as in figure 1, the sigmoid unit has what one might call a fuzzyline. In figure 1, all values below the line are 0, and all above are 1. In figure 2a it is the sameexcept when one gets close to the line. (Note that for the sigmoid unit the values never quitereach 1 or 0, but any output approximating a 1 or 0 are pragmatically interpreted as if theywere.) Figure 2b shows a side view of the fuzzy step function. Note that points close to themiddle of the line are considered to be between 1 and 0. This has important effects during thelearning algorithm, and a line lying close to training points will be most radically modified.The network stabilizes once the lines have shifted to locations where inputs do not fall upon themiddle unstable portion. After learning has terminated, the backpropagation network classifiesinputs in the same manner as threshold units, and for boolean functions, the sigmoid unitscould be replaced by threshold units, without effecting the networks ability to properlyclassify.

Non-Linearly Separable ClassificationAfter learning, both the threshold and sigmoid units do classification by linearly separatingthe input space into two subspaces. To simplify the discussion of how to solve linearly non-separable functions, the threshold unit is used. This is reasonable, since we have alreadyshown that they classify equivalently, except in the case where the sigmoid fuzzy line is closeto a border, and this is a case which is rectified during the BP learning phase.The simplest example of a linearly non-separable function is the two input XOR. Thiscannot be solved in a single layer since there is no way a line can be placed such that (1,1) and(0,0) are on one side and (0,1) and (1,0) are on the other. The way such a problem is solved isby having units in lower layers transform the input space into one which is linearly separable.Only at this point can the output unit classify the problem. Since convergence is proven for alinearly separable function, the real problem is whether the lower layers can be trained totransform the input space into a linearly separable one. Figures 3, 4, and 5 show how this isdone to solve the XOR function with 2 hidden nodes and one output node. Figure 3 shows thesimple network.

x1x2n1n2zFigure 3 - Network LayoutFigure 4 shows possible setting for nodes n1 and n2 which transform the input into thelinearly separable space. The arrows point towards the side of the line which outputs 1. Theinput space has been transformed such that when both n1 and n2 are 1, node z should output l.This is simply the linearly separable AND function which is implemented by node z (figure 5).

x1x2(1,0)(0,0)(0,1)(1,1)

Figure 4 - Possible setups for Nodes 1 and 2

(1,0)(0,0)(0,1)(1,1) n2n1

Figure 5 - Final Setting of Output Node z.

Why Backpropagation Learning is Pseudo MultilayerHaving shown the actual mechanisms for classifying arbitrary functions with multilayersigmoid and threshold networks, we can now state why we claim backpropagation to be onlypseudo multilayer. In BP learning, changes take place at all layers of the network during eachiteration. However, for output nodes, until the preceding layer has transformed the input spaceinto a linearly separable space, no amount of modification and changing can make the outputnode converge to a correct solution. Also, where more than two layers are used (a choice oftopology to minimize the number of nodes in a single layer, and where this minimizing requiresmultiple layers to accomplish the separability transformation), for any layer, until the precedinglayer has transformed the input into a more linearly separable space, no amount of modificationof that and consequent layers can produce a linearly separable space for the output nodes.Much of this occurrence is due to the BP learning equations. According to these equations,part of a weight’s change is determined by the output of its preceding node, Nj. If the inputinto Nj is "incorrect" because the previous level of weights are not yet linearly separable, theoutput of Nj does properly represent the desired mapping. Thus the change in the weight fromNj is incorrect. Therefore, unlearning can take place on this level of weights until the previouslevel of weights has approached a state of linear separability.This hypothesis was tested through simulation. The question is, what type of weightchanges take place at layers following layers which have not yet done their linearly separablemappings. It was felt that weights at these hidden and output layers could follow threepossible scenarios.1. Converge towards a correct final state (proper multilayer learning).2. Diverge for a while and then converge after the earlier layer(s) has made a linearlyseparable mapping (potentially harmful learning).3. Randomly change and then converge after the earlier layer(s) has made a linearlyseparable mapping (inneffective learning).The decision was made to start with a small network and check the hidden and outputweights after each iteration of backpropagation to see what the weights were doing. We chosea three input, two output network with one hidden layer and a four input one output networkwith two hidden layers for our tests. After running these two tests we found that several of thehidden and outer layer weights diverged from their final state until their preceding layers wereclose to linear separability. (See appendix for complete simulation data).Thus, later layers in a BP network can basically "spin their wheels" until the lower layershave made a proper transformation. It follows then that the upper layers do not do efficientwork until that time. Also, after a lower layer has made a proper transformation, it continues tobe modified, and may leave the proper transformation before (or even after) the upper layershave had sufficient iterations to converge and take advantage of it.

Conclusion and AlternativesThe conclusion is that in BP only one layer does effective modification at a time, whileother upper layers are not yet doing effective modification and lower layers which continue tomodify may be undoing the efforts of consequent layers. This is not meant as a criticism ofBP, but rather as an effort to better understand its learning mechanisms while seeking toimprove its speed and effectiveness.We are currently looking at possible alternatives which either obviate the problem or seek touse BP learning in a more efficient manner. One is to explicitly guide learning through alayered approach. In this case output nodes are held steady in a set function (AND, OR, etc.)while the hidden layer(s) learn. Lower levels can in turn be held stable while the output orupper levels modify. Also, mechanisms to measure the extent to which layers transform theinput space into a more linearly separable one are being looked at to form heuristics for learningat single layers. These measures do not always look at a global error signal, and have thepotential of escaping minima which could not otherwise be avoided. In depth study of how networks really classify can also lead to divergent learning mechanisms which do exhibitsimultaneous multilayer learning [2,3,4].

Bibliography1.Lippmann, R. P., An Introduction to Computing with Neural Nets, IEEE ASSP, Vol. 3,No.4, pp. 4-22, (1987).2.Martinez T. R., Models of Parallel Adaptive Logic, Proceedings of the 1987 IEEESystems Man and Cybernetics Conference, pp. 290-296, (October, 1987).3.Martinez, T. R. and J. J. Vidal, Adaptive Parallel Logic Networks, Journal of Paralleland Distributed Computing, Vol. 5, pp. 26-58, (1988).4.Martinez, T.R., Digital Neural Networks, Proceedings of the 1988 IEEE Systems Manand Cybernetics Conference, (August, 1988).5. Nilsson, N., Learning Machines, McGraw-Hill, (1965).6. Rosenblatt, F. Principles of Neurodynamics, Spartan Books, Washington, D.C., (1962).7.Rumelhart, D. and McClelland, J., Parallel Distributed Processing:, Vol. I, pp. 318-362,MIT Press, (1986).

AppendixThe simulation was initiated with the idea to start with a small network and then work up toa larger network to test the BP multi-layer learning mechanism. The first test was performedusing a small network with three input nodes, three hidden nodes, and two output nodes(figure 6).

12345678910

Figure 6 - 3-3-2 NetworkThe learning constant was 5.0, momentum of 0, and the training set was:000->00, 011->11, 111->00, 010->11, 101->01, and 001->10The initial weights were set to:w1,4 = -.11w1,5 = -.1w1,6 = .15w4,7 = -.1w4,8 = .01w2,4 = .3w2,5 = 0w2,6 = -.81w5,7 = .1w5,8 = .05w3,4 = -.2w3,5 = -.2w3,6= .1w6,7 = .01w6,8= -.1w9,4 = 0w9,5 = .78 w9,6 = -.2w10,7 = -.13w10,8 = .4The network converged after 136 iterations, with several interesting results. Theobservations were:1. w5,7 climbed to 5.81 after 83 iterations at which time it began a gradual decline to itsfinal state of 4.81.2. w6,7 climbed to 1.29 after 35 iterations at which time it started to decline to -1.47.

3. w10,7 performed similar to the above as it climbed to 1.7 after 9 iterations and thendeclined to -6.71.4. w5,8 rose to .29 after 46 iterations and then fell to -5.58.A larger network (4->2->2->1) was then chosen for the second test (figure 7).

123456789

101112

Figure 7 - 4-2-2-1 NetworkThe learning constant was 10.0 and the training set was:1111->1, 0000->1, 0111->0, and 0110->0 (This is part of the 4-way XOR problem.)The initial weights were set to:w1,5 = .2w1,6 = .17w5,7 = -.1w5,8 = .3w7,9 = .25w2,5 = -1.5w2,6 = 1.11w6,7 = .1w6,8 = -.15w8,9 = .1w3,5 = 1.2w3,6 = - .3w11,7 = 0w11,8 = .81w12,9 = -.1w4,5 = 1.9w4,6 = -2.2w10,5 = -.3w10,6 = 0The network took 99 iterations to converge and the following weights produced interestingresults:1. w5,7 decreased to -2.45 after 75 iterations and then increased back up to -1.44.2. w5,8 dropped to -3.53 after 72 iterations and the rose to -2.19.3. w11,7 dropped to -1.58 after 39 iterations and then proceeded to climb to a final stateof .86.