Learning and GeneralizationwithBounded Order Rule SetsA ThesisPresented to theDepartment of Computer ScienceBrigham Young UniversityIn Partial Fulfillmentof the Requirement for the DegreeMaster of SciencebyTimothy L. AndersenApril 1995 iiAcceptance PageThis thesis, by Tim Andersen, is accepted in its present form by the Department ofComputer Science of Brigham Young University as satisfying the thesis requirement forthe degree of Master of Science.

Tony R. Martinez, Committee Chairman

Theodore A. Norman, Committee Member

William A. Barrett, Committee Member

DateDavid W. Embley, Graduate Coordinator iiiTable of ContentsAcceptance Page................................................................................... iiTable of Contents.................................................................................. iiiList of Figures..................................................................................... vi1 Introduction..................................................................................... 12 Machine Learning History and Related Work............................................... 32.1 Inductive Learning.................................................................. 32.2 The Importance of Inductive Learning........................................... 32.3 History of Inductive Learning..................................................... 43 Rule Induction.................................................................................. 93.1 The Focus of this Thesis........................................................... 93.2 Justification for Rule Induction................................................... 93.3 Issues with Rule Induction Systems.............................................. 113.4 The Approach Used in this Thesis................................................ 134 Terms and Definitions......................................................................... 165 On The Complexity of Learning DNF Rules................................................ 215.1 The Vastness of the Hypothesis Space........................................... 225.2 Minimum Rule Set.................................................................. 245.2.1 Generalization and Learning Algorithms............................. 255.2.2 Proof of NP-Completeness............................................ 275.2.3 Discussion on the NP-completeness of MIN RS.................... 335.3 Maximizing Classification Accuracy.............................................. 365.4 NP-Completeness Conclusion.................................................... 396 Methods......................................................................................... 416.1 Resolving Conflicts Between Matched Rules................................... 426.1.1 A True Democracy...................................................... 426.1.2 Winner Takes All........................................................ 45 iv6.1.3 The Republic............................................................. 466.2 Metric Assignment.................................................................. 486.2.1 Count..................................................................... 486.2.2 One........................................................................ 486.2.3 p(o|f)...................................................................... 496.2.4 Training the Metric Via Delta Rule.................................... 496.2.5 Greedy Training Methods.............................................. 516.2.5.1 A Greedy Democracy........................................ 516.2.5.2 Top Down Greedy Generation of Rule Lists............. 566.2.5.3 Bottom Up Greedy Generation of Rule Lists............. 587 Data Sets And Experiments................................................................... 608 Results........................................................................................... 648.1 General Results from Phase 1..................................................... 658.1.1 Bupa Data Set............................................................ 658.1.2 CPU Data Set............................................................ 678.1.3 Iris Data Set.............................................................. 688.1.4 Lenses Data Set.......................................................... 708.1.5 Monk 1 Data Set......................................................... 718.1.6 Monk 2 Data Set......................................................... 728.1.7 Monk 3 Data Set......................................................... 748.1.8 Pima Data Set............................................................ 758.1.9 Tic-tac-toe Data Set...................................................... 788.2 Results from C4.5.................................................................. 819 Discussion...................................................................................... 869.1 Comparison With C4.5............................................................ 869.2 Utility of Low Order Rules........................................................ 8810 Conclusion and Future Research............................................................ 94 v11 Bibliography................................................................................... 97 viList of FiguresFigure 3.1. Rule set for mushroom classification............................................ 13Figure 3.2. DNF representation................................................................ 13Figure 5.1. Generalization algorithm........................................................... 26Figure 6.1. Formal democratic voting algorithm............................................. 43Figure 6.2. Example Learning Problem....................................................... 43Figure 6.3. Set of rules for classifying mushrooms.......................................... 44Figure 6.4. Example mushroom................................................................ 44Figure 6.5. Set of matching rules............................................................... 44Figure 6.6. Rule list generalization algorithm................................................. 45Figure 6.7. Republic voting method........................................................... 46Figure 6.8. Set of rules selected by the Republic voting method........................... 47Figure 6.9. Count metric assignment method................................................. 48Figure 6.10. p(o|f) metric assignment method................................................ 49Figure 6.11. Delta Rule training algorithm.................................................... 50Figure 6.12. Function FindWorstOptRule.................................................... 54Figure 6.13. Function FindBestPoolRule..................................................... 54Figure 6.14. Procedure DeleteBadRules....................................................... 55Figure 6.15. Greedy training algorithm........................................................ 55Figure 6.16. Top down greedy list algorithm................................................. 57Figure 8.1. Bupa................................................................................. 65Figure 8.2. CPU.................................................................................. 67Figure 8.3. Iris.................................................................................... 71Figure 8.4. Lenses............................................................................... 73Figure 8.5. Monk1............................................................................... 76Figure 8.6. Monk2............................................................................... 77Figure 8.7. Monk3............................................................................... 78 viiFigure 8.8. Pima.................................................................................. 80Figure 8.9. Tic-tac-toe........................................................................... 82Figure 8.10. C4.5 results........................................................................ 85Table 9.1. Comparison of learning methods with C4.5..................................... 91Table 9.2. Comparison with C4.5, rule order = 2............................................ 91Table 9.3. High-order vs low-order rules..................................................... 93Figure 9.4. Delta Rule........................................................................... 94Figure 9.5. Topdown............................................................................ 95Figure 9.6. Democracy - p(o|f)................................................................. 96Figure 9.7. Republic - Counts.................................................................. 96

IntroductionThis thesis deals with the problem of inducing useful rules, or extracting critical,higher-order conjunctions of attributes, from a set of preclassified examples, where little ornothing is known about the underlying functional form of the distribution from which theexamples were taken. This problem has been extensively studied in the literature, andbelongs to the general area of constructive induction (Elio 1991; Pagallo 1990; Wnek 1994;Raedt 1992; Donoho 1994).All of the rule-based methods found in the literature use some form of heuristic inorder to limit the size of the search space, and the number and types of rule sets considered.The approach taken in this thesis differs in that it does not limit the size of the rule searchspace. Rather, every possible conjunction of input attributes is considered by the learningalgorithm as a potential rule component. In so doing, this thesis is attempting to determine(mainly from an empirical standpoint) how generalization performance is affected whencertain areas of the search space are ignored (as is the case with most rule-based learningmethods), as compared to when the entire search space is considered. If it can be shownthat higher-order rules are not required to approxi mate many real world learning problems,or in other words that many real world classification problems can be solved using onlyrelatively low-order, simple rules, then this would allow for a vast reduction in the size ofthe search space, and would justify a search bias which favors lower-order, more generalrules.In dealing with the above question, this thesis develops and studies several methodsfor inducing rules and using them for classification of novel examples. This thesis alsouses results obtained with the C4.5 rule-induction method for comparison purposes, and tosupport the main points of the thesis. In addition, the difficulty of generating optimal rulesets is discussed, where the measure of optimality is the complexity or size of the rule set

2and/or the degree of predictive accuracy, and the problem of NP-completeness is discussedin relation to these two optimality measures.

32 Machine Learning History and Related Work2.1 Inductive LearningInductive learning is defined to be the process of learning from examples. Ingeneral, the method of learning from examples proceeds in two phases. The first phase iscalled the adaptive phase or training phase. During this phase the learning algorithm ispresented preclassified examples from the problem domain. The algorithm attempts toextract information from these examples that will hopefully lead to a general functionalmapping of input vectors to output classification (predicted) which minimizes classificationerror for all of the data points in the problem domain.The second phase is the non-adaptive phase or execution phase. During this phasethe algorithm is presented novel examples which it then attempts to classify correctly usingthe functional mapping derived during the first phase of the algorithm. In general, thealgorithm will not attempt to adjust the functional mapping during this phase (however,there are algorithms which can do this). In the case where the underlying functional formof the true distribution is unknown, the problem of determining how well the functionalmapping derived by the learning algorithm agrees with the actual underlying functionalmapping is usually approximated in the following manner. A set of preclassified examples,usually called a test set, is withheld during the training phase. This set of examples is thenpresented after training to see how well the learning algorithm is able to predict the outputclassifications for the examples in this set.2.2 The Importance of Inductive LearningThere are two main reasons for the existence of inductive learning systems. Thefirst reason is that there are many potentially profitable classification problems, such as inthe field of sociology and economics, where our degree of knowledge concerning theproblem consists mostly (or entirely) of examples obtained by observing the environment.In general, the set of observed examples is very small compared to the set of all possible

4examples, and outside of this relatively small set of observed examples there may be littleor no domain knowledge, or the existing domain knowledge may be incomplete. That is,the existing domain knowledge will not be sufficient to provide a satisfactory solution tothe problem. In this case, we would like to be able to present these examples to aninductive learning system which could with high probability attempt to discover asatisfactory approximation to the true function which governs the underlying distribution.The solution which the inductive learner derives should then allow us to correctly predictthe classification of previously unseen examples from the problem domain.The second reason for the existence of inductive learning systems is that althoughwe may have the domain knowledge necessary to solve a particular problem, it may beprohibitively expensive or difficult to encode that knowledge in the form of a computerprogram. For example, Quinlan points out that the standard rate of knowledge acquisitionfrom a human expert is only a few rules per day (Quinlan 1986). Since a typical expertsystem can require on the order of several hundred to several thousand rules to implement,it is costly to use the interview approach to knowledge acquisition in most cases.However, while extracting domain knowledge from human experts can be relativelyexpensive and time-consuming, the process of obtaining a set of preclassified examplesfrom the problem domain is generally much easier and less expensive. Thus, the cost ofknowledge acquisition and the number of required man-hours can be reduced by using anautomated learning system to extract much of the required knowledge directly from a set ofpreclassified examples from the problem domain.2.3 History of Inductive LearningBecause of the potential value of such systems, several neural, statistical, andmachine learning methods have been proposed as solutions to the problems of inductivelearning and pattern recognition. The statistical methods used for pattern recognition andclassification include nearest neighbor techniques, bayesian estimation techniques, and

5parametric and nonparametric clustering techniques (Afifi and Clark 1990; Dasarathy 1991;Fukun 1990; McLachlan 1992; Schalkoff 1992).Nearest neighbor techniques (Dasarathy 1991) use distance metrics to determinesimilarity of new patterns to a set of stored exemplars, and classifies new patternsaccording to the classification of the nearest stored exemplar(s). This makes sense only ifnearness in pattern space is a strong indicator of pattern classification, but can suffer whenthis is not the case, for example when a single critical variable is responsible fordetermining pattern classification. The nearest neighbor method can also suffer in thepresence of noise.Bayesian techniques are based upon the principle of minimizing the total expectedloss. From this standpoint, they theoretically represent the statistically optimumclassification technique. However, this optimum can be difficult to achieve in practice, inpart due to the problem of having to know or estimate the required a priori probabilitiesand the underlying problem distribution.Machine learning methods include incremental version space merging (Mitchell1990; Hirsh 1990), genetic algorithms (Greene and Smith 1993; De Jong, Spears, andGordon 1993; Booker, Goldberg and Holland 1989), decision trees (Quinlan 1986) andother rule-induction methods (Weiss and Indurkhya 1993; Ozden and Wallace 1993;Chidanand, Damerau and Weiss 1994; Quinlan 1993), and other methods that incorporatemeta-knowledge in the learning algorithm (Brazdil 1990).The version space method (Mitchell 1990; Hirsh 1990) works by storing the set ofall possible hypotheses which are consistent with the set of observed examples. It storesthis set by keeping track of its boundaries, which can be represented by the single mostgeneral hypothesis G consistent with the set of observed examples, and the single mostspecific hypothesis S consistent with the set of observed examples. The algorithm is saidto converge completely when S and G are the same hypothesis (S = G). The mainweakness of the algorithm is that it requires that there not be any inconsistencies in the

6training set. Also, the set of training examples is often not sufficient to produce completeconvergence. That is, after observing all training instances it is still often the case that S isnot equal to G.Genetic algorithms (Greene and Smith 1993; De Jong, Spears, and Gordon 1993;Booker, Goldberg and Holland 1989) utilize a heuristic search method based uponpopulation genetics that works relatively well on large search spaces. Initially, the searchbegins with a few randomly selected individuals, where each individual represents a singlepoint in the search space. The system is then allowed to run for several generations, whereat every generation each individual is evaluated according to some fitness function, andbased upon that evaluation individuals are allowed to pair and produce offspring throughthe genetic process of recombination. Individuals with better fitness scores have a greaterchance of participating in this phase. After each generation, individuals with the lowestfitness scores are dropped from the population. While genetic algorithms have provensuccessful at searching extremely large search spaces and finding good solutions, the basicparadigm does not always include generalization capability (predicting classification ofnovel inputs), and so this has to be added to the basic model by the user.There are a number of different tree-induction methods, such as ID3, C4.5,CART, and other variants (Quinlan 1986; Quinlan 1987; Quinlan 1993; Brieman et al1983). One of these methods, the C4.5 tree induction algorithm, is used on the data sets inthis thesis for comparison purposes. These methods use a divide and conquer strategy,which works by partitioning the training set into successively smaller chunks until eachpartition contains training examples which are all, or mostly all, from the same outputclass. The basic decision tree induction method begins by creating a single node, or root ofthe tree. A test is introduced at this node which splits the training set into two, or possiblymore, parts (Buntine and Niblett 1992). Generally, the algorithm attempts to find a test ona single attribute which fulfills some kind of optimality measure. For each partition createdby this split a new node is created, and the examples of each node’s corresponding partition

7are passed to it. A test is then introduced at each newly created node which optimally splitsthat node’s example set or partition. The formula used for partitioning the training set,called the splitting criterion, plays a large role in determining the size and shape of theresultant decision tree. Once the formation of the decision tree is complete it is possible toutilize the tree directly in the generation of production rules (Quinlan 1987; Ozden andWallace 1993). One of the main problems with decision tree formation is directly related tothe divide and conquer strategy which they employ. That is, as the training set is split intoprogressively smaller parts at each successive node in the tree, the number of trainingexamples remaining in a particular partition may be too small from a statistical standpoint toprovide for reliable decision making. Several strategies have been employed to address thisissue, including rules for prepruning and post pruning the tree which utilize statisticalmeasures of reliability (Breiman et al 1983, Quinlan 1986, Ozden and Wallace 1993).Other rule induction systems include SWAP-1, (Weiss and Indurkhya 1991;Chidanand, Damerau, and Weiss 1994) AQ inductive algorithms (Michalski 1983, 1986;Wnek 1994), RULES (Pham and Aksoy 1995), BBG (Van Horn and Martinez 1993) andCN2 (Clark and Niblett 1990).Neural Networks are designed to use simple algorithms which are applied over andover again in parallel until the network has successfully learned the problem. In general,neural networks do not require a priori knowledge about problems which they are intendedto solve, but rather learn about the problem through the presentation of preclassifiedexamples from the problem domain. Processing in the net has inherent parallelism, andmost nets are capable of varying degrees of self organization (Beale 1990; Fahlman andLebiere 1991; McCLelland and Rumelhart 1986; Redding, Kowalczyk and Downs 1993;Romaniuk and Hall 1993; Schalkoff 1992).The ASOCS (Martinez 1986; Martinez and Vidal 1988; Martinez 1990; Martinezand Campbell 1991; Martinez 1991) learning systems are incremental learners. Thedifferent ASOCS architectures (AA1, AA2, AA3) are connectionist implementations of

8boolean logic. As such, they have a number of advantageous features. The variousASOCS architectures are fast, learn incrementally, do not require that variables bepredefined, and guarantee learning of arbitrary boolean mappings. Unfortunately, some ofthe ASOCS architectures have been shown to have poor generalization capabilities. ThePASOCS (Priority ASOCS) model has been developed to address some of theshortcomings of the earlier models.

93 Rule Induction3.1 The Focus of this ThesisThe focus of this thesis is on the problem of inducing rules which can be used forclassification or decision making through direct analysis of preclassified examples from theproblem domain. The goals of this thesis are two-fold in this area.•First, this thesis discusses the computational complexity of solving some ofthe main problems with which rule induction algorithms are confronted,such as generating rules, minimizing rule set complexity, and maximizingrule set accuracy. In conjunction with this discussion, this thesis develops aformal proof of NP-Completeness concerning the problem of generatingminimum size (simple) rule sets, and it also discusses the complexity ofmaximizing rule set accuracy.•The second and main goal of this thesis is to demonstrate the benefit (or lackthereof) of utilizing higher-order rules for classification and decision makingtasks.3.2 Justification for Rule InductionSince the focus of this thesis is on rule-induction, one might ask why we shouldattempt to develop such systems when there are other learning systems, such as artificialneural networks, which appear to perform well on a variety of complex learning problems(Mooney et al 1989; Weiss and Kapouleas 1989). Three of the main reasons for thedevelopment and use of rule induction systems are:• Explanatory capability.• Similarity to human reasoning.• We can always improve on current models.

10One of the main reason for generating/using rules is that they provide us with aneasy to understand explanation (for a human) as to why the decision was made. There aremany areas in which we not only want to know which decision to make, but we would alsolike to know why we should make that decision. For example, if a computer rejects a loanapplication, the persons making the application may wish to know why their loan wasrejected. This information would help them to rectify the problem with their financialsituation which led to the rejection.Another reason for using rules is that it appears that Humans often use rules in theirreasoning processes for certain types of situations, such as certain pattern classificationtasks. For example, a human may classify an animal that has not been seen before as apredator if the animal has large, sharp teeth. In this case, the rule for classification is "if ananimal has large, sharp teeth, it is a predator". In addition, a human might associate someform of probability with the rule, such as, "if an animal has large, sharp teeth, it is usuallya predator". It is therefore desirable to build learning systems which generate these typesof easily understood, and "human usable" rules. By examining the rules generated by suchsystems it is often possible for humans to obtain a better understanding of variousclassification and decision problems. Also, it is simpler to augment such a system bydirectly adding the rules which humans have learned via experience than it is to augment asystem where the reasons for making certain decisions are less apparent, such as with aback-propagation neural network.A final reason for the development of a variety of learning systems, including ruleinduction systems, is that it would seem unlikely that any one learning system or method oflearning will outperform all others on all learning tasks of interest (Schaffer). While thereare many inductive learning systems which perform well for the most part, there is alwaysroom for improvement. Also, there has been much work done on the use of multiple stylesof generalization which has shown that a great deal of benefit (in the form of increasedclassification accuracy) can be obtained by combining different types of learning systems

11into a single, unified learning system that uses the results of each individual classifier inorder to make a final decision (Wolpert 1993; Battiti and Colla 1994). It has even beensuggested that for this type of system one should choose classifiers which are as differentas possible in their learning method and in the types of errors which they produce (Wolpert1993). Thus, the development of many different types of learning algorithms is a usefuland necessary element of the field of inductive learning.3.3 Issues with Rule Induction SystemsWith any rule induction system we must deal with the following problems:• Generation of individual candidate rules.• Selection of the final set of rules which will be used in classification.• Organization of the rules for classification.The creation of individual rules is essentially a search through the space of allpossible rules. Since the set of all possible rules is exponential in size, the search spacegenerally must be limited in some fashion. During the rule generation process, somelearning algorithms seek to discover the single most optimal rule at each successive step.That is, given a set of rules Ft, the learning algorithm seeks to add a rule f to Ft, producinga set of rules Ft+1 which maximizes the classification performance of the set of rules.Since the size of the set of all possible rules from which f must be selected is exponential inthe number of possible attributes, it would appear that the problem of selecting the singlemost optimal rule could be very difficult.Another difficulty which the learning algorithm must deal with is the selection of thefinal set of rules, and their organization for classification. The method used to organize therules often affects which rules will be selected during this phase. Two possible methodsfor organizing the rules are ordering the rules into a list and using the first matching rule inthe list to classify each incoming example, or allowing each matching rule to vote for a

12particular classification for each incoming example. Obviously there are many differentways in which rules could be used for classification. But whatever the method used fororganizing the rules and using them for classification, it is preferable that the learningalgorithm select a set of rules which is optimal in at least two ways. First, we would likethe learning algorithm to select the set of rules which maximizes classification performance.Second, we would like the learning algorithm to select the simplest set of rules, all otherthings being equal.The first measure of optimality (selecting the set of rules which maximizesclassification performance) at first glance seems like it ought to be simple, and it can be ifthe maximum classification performance for a given set of rules is 100 percent. However,if the maximum possible classification performance for a given set of rules is less than 100percent, then the problem of determining the set of rules which maximizes classificationperformance becomes much more difficult. This is discussed further in section 5.3.Achieving the second measure of optimality (selecting the simplest set of rules) isproven to be NP-Complete in section 5.2 of this thesis, and is likely to be even moredifficult to approximate than the problem of selecting the set of rules which maximizesclassification performance. This thesis uses a straightforward transformation fromminimum set cover to show that this problem is NP-Complete. This transformation issimilar to that used by (Van Horn 1994) for the minimum feature set problem. Due to thenature of this transformation, it can also be shown that the minimum rule set problem is atleast as hard to approximate as minimum set cover, for which no known approximationalgorithm comes within a constant factor of optimal.While it is unlikely that any rule induction algorithm can guarantee optimumsolutions to the problems of rule set simplicity and rule set accuracy (unless P = NP), itdoes not preclude a rule induction algorithm from generating near-optimal, or satisfactorysolutions to these problems.

133.4 The Approach Used in this ThesisThis thesis utilizes a learning method which extracts conjunctions of attribute valuesfrom an existing data set through direct analysis of the examples contained in that data set.Rules are then created by associating each selected attribute conjunction with an appropriateoutput classification. The rules are then used to classify novel examples from the problemdomain through a number of different methods which are explained in chapter 6. Since thenumber of potential rules for a given data set is exponential in the number of inputs it isgenerally not feasible to search the entire attribute space for critical attribute conjunctions.The method proposed in this paper to prune the search space is to limit the order ofconsidered attribute conjunctions or rules, where the order is said to be the number of termsin the conjunction. In other words, the approach used in this thesis is to bound the searchthrough the attribute space so that it encompass only lower-order rules.For example, consider a mushroom classification problem, where the inputs to theproblem are stalk length (SL), stalk color (SC), and cap color (CC). Figure 3.1 lists apossible set of rules for this problem. These rules have an equivalent DNF representation,which is shown in figure 3.2. Rule f1 is a 3rd order rule, rule f2 is a 2nd order rule, andthe remaining rules are all 1st order rules.

SLSCCCOutcomef1SL: longSC: yellowCC: orange-->ediblef2SL: longSC: *CC: orange-->deathf3SL: longSC: *CC: *-->ediblef4SL:*SC: redCC: *-->ediblef5SL:*SC: *CC: orange-->deathFigure 3.1. Rule set for mushroom classification.

14 f1SL: long � SC: yellow � CC: orange-->edible1.00 f2SL: long � CC: orange-->death.95 f3SL: long-->edible.91 f4SC: red-->edible.82 f5CC: orange-->death.75Figure 3.2. DNF representation.There are several reasons why it is likely that the restriction of the search space tolower-order rules will not prove to be an unreasonable approach in the general case. Thefirst is that it is not feasible to look at the whole search space for many problems of interest(since it is exponential in size), so some form of heuristic must be implemented to restrictthe size of the search space. Since higher-order rules appear to be particularly hard togenerate due to the greater number of terms which their attribute conjunctions contain, theyoffer themselves as ready candidates for exclusion. Also, if the search space is limited torules of order j or less, then the size of the search space is polynomially bounded by j, amuch more manageable size.Another reason for favoring lower-order DNF rules is that they are by nature moregeneral. That is, in general lower order rules cover more of the input space (they matchmore of the possible examples in the problem domain) than higher order rules. One of themain goals in any learning problem is to be able to accurately predict classification forexamples which have not been seen before. Since lower order rules have a higherprobability of matching a novel example due to the fact that they cover more of the potentialinput space, it would appear that in general they will be matched more often, and willtherefore be more useful in predicting classification for novel examples.The second advantage of lower-order rules is that they tend to occur more often inthe training set than higher order rules. Since lower order rules will, in general, occurmore often, it is easier to determine if the correlation’s they exhibit with particular patternclasses are valid. If a higher order rule only occurs once or twice in a relatively largetraining set, it is impossible to tell if the occurrence of that rule is merely a statistical

15aberration, or a valid predictor of pattern classification. In summary, high-order rules tendto occur less often in the training set (and will therefore tend to be less useful forgeneralization purposes), are more susceptible to noise, and the amount of search requiredto discover them may be very large. Indeed, it is expected that the use of higher-order ruleswill often be detrimental to the generalization performance.The major goal of this paper is to show whether or not satisfactory learning can beaccomplished on real world problem domains if the order of stored rules is bounded. Ifthis can be shown, then it would allow for a large reduction in the size of the search spacerequired to find critical rules. In order to do this, this paper first proposes methods whichutilize bounded order rules to perform learning and generalization, then applies thesemethods to several data sets and analyzes the results. This paper attempts to demonstratehow limiting the order of stored rules affects the ability of the proposed methods to learnand generalize correctly. In so doing, an assessment of the viability of learning using onlylow-order rules is made.

164

Terms and DefinitionsThe following terms and definitions are used throughout the remainder of thisthesis. First, the idea of the problem domain is defined. Then the definition of an examplefrom the problem domain is given. Next, the definition of a rule is given, and finally,definitions which relate rules to examples are given.Definition 4.1 D is defined to be the problem domain (the set of all possible data points).Definition 4.2 O is defined to be the finite set of states into which the individual elementsof D may be classified.Definition 4.3 For 1 £ i £ |O|, the ith class of O is written as oi.Definition 4.4 Each data point d ˛ D is composed of two parts (in the following a dotnotation is used, for example, d.a is written to indicate d’s input vector a):a)d.a = a1a2 . . . am, an input vector of m nominally valued attributes.b) d.c = d.c1c2 . . . c|O|, a probability vector of real values on the range [0,1].The length of the vector is equal to the number of possible outputclassifications for any pattern in D. Note that while this information is saidto exist, it is not necessary that it be known (in general, this information isnot known).Definition 4.5 Let d ˛ D. Then the probability that the classification of d is oi is written asd.ci. For each data point d ˛ D we define the sum

d.ci

i=1|O|∑

= 1.

17Definition 4.6 Given a problem domain D, m is defined to be the number of nominallyvalued attributes for any input vector d.a, where d ˛ D . m is defined to be constant forany given problem domain.Definition 4.7 Given a data point d ˛ D , the individual a i �s of d are commonly calledattributes or features. For the purposes of this thesis, the number of discrete values whichany given attribute ai of d may take is constant and finite. The finite set of states which aimay take is written as Si. Furthermore, each Si always contains the * state (the asterisk is aspecial �don�t care� state, the use of which is explained in definition 4.18). That is, * ˛ Sifor all i , 1 £ i £ m .Definition 4.8 Let d, q be any two data points from D (d , q ˛ D). If d.a = q. a then thisimplies that d = q (thus if d.a = q.a then d.a = q.a˚).Definition 4.9 A Data Set E is defined to be a finite set of preclassified data points(examples or instances) from a particular problem domain D.Definition 4.10 Let e ˛ E. Then e is an instance or example from the data set E. For 1 £j £ |E | we write e j to indicate the j th example in E (where the elements of E have beenordered arbitrarily from 1 to |E|).Definition 4.11 Each example ˛ E is composed of three parts:a) e.a = a1a2 . . . am, an input vector of m nominally valued attributes.b) e.o = oi, an output classification which is equal to some oi ˛ O.

18c) e.id = an integer valued identification label. It is required that for all e, y ˛E that e.id = y.id if and only if e = y . Further, for all e ˛ E , 1 £ e.id £ |E |.Definition 4.12 Given E, a finite set of preclassified data points from a problem domain D,then the following is true:

(∀ e)(e ∈ E → (∃oi)(oi ∈ O∧ e.o = oi)∧ (∃d)(d ∈ D∧ d.a = e.a))

.Definition 4.13 A rule f of a data set is composed of 3 basic parts:a) f.a = a1a2 . . . am, an input vector of m nominally valued attributes.b) f.o = o i , a nominally valued output classification with which the rule isassociated.c)f.p, a relative strength metric which indicates the degree of correlation thatthe rule has with the output f.o in relation to other rules.Definition 4.14 We write F to indicate the current set of all rules for a data set.Definition 4.15 Let fj be the j th rule of F (where the rules in F have been arbitrarilyordered from 1 to |F|).Definition 4.16 A set of rules F is said to be d e f i n e d o n a p r o b l e m d o m a i n D iff thefollowing is true:

(∀ f)(f ∈ F → (f.o ∈ O)∧ (∀ j)((1≤ i ≤ m) → f.ai ∈ Si))

Definition 4.17 Let f ˛ F. Then the order of rule f i s d e f i n e d t o b e t h e n u m b e r o f attributes of f.a which are not equal to ’*’ (don’t care).

19Definition 4.18 We define a matching function for attributes of rules and examples calleda_match(a, b) (attribute match) as follows:define a_match(a, b) such thata_match(a, b) = 1 if ((a = b) � (a = * ) � (b = * )),else a_match(a, b) = 0.Definition 4.19 A rule f ˛ F is said to match an example e ˛ E iff

a_match(f.ai,e.ai) = m i=1m∑

.We thus define a matching predicate for rules and examples r_match(f, e) (rule match) asfollows:r_match(f, e) = True if

a_match(f.ai,e.ai) = m i=1m∑

,otherwise r_match(F, E) = False.Definition 4.20 A rule f is said to be a proper subset of a rule y iff

(∃i)((1≤ i ≤ m)∧ (f.ai ≠ y.ai))∧ (∀ i)(((1≤ i ≤ m)∧ (f.ai ≠ y.ai))→ (f.ai = *))

.In this case we write f � y.Definition 4.21 Let f , z ˛ F, where F is a set of rules defined on a problem domain D .Then f is said to be distinct from z iff( $i ) ( ( 1 £ i £ m) � (f.ai „ z.ai)) � (f.o „ z.o).

20This implies that the value of f.p (where f.p is the relative strength metric of the rule) doesnot affect the process of determining whether or not two rules are distinct.Definition 4.22 It is required that all rules in the set of rules F be pairwise distinct.Definition 4.23 Given a set of preclassified examples E from a problem domain D, thenwe say that a set of rules F is derived or derivable from E iff the elements of F are allpairwise distinct and("f)(f ˛ F fi (f is defined on D) � ($e)(e ˛ E � r_match(f,e)).Definition 4.24 A rule f is said to be positive in relation to an example e iff f.o = e.o.Otherwise the rule is said to be negative in relation to the example.Definition 4.25 Let E be a data set of preclassified examples from a problem domain D.Then let T and V be two non-empty sets which form a partition of E. In other words let Tand V be two sets such that T�E � V�E � T¨V=E � T ˙ V = ˘. Then T is called thetraining set and V is called the test set (verification set).

215On The Complexity of Learning DNF RulesThe usual approach to learning from examples is as follows: given a data set Dcontaining preclassified examples from a particular problem domain, randomly partition thedata set into two (not necessarily equal) parts, a training set T and a test set V . Run thelearning algorithm in adaptive mode using only the examples in the training set T. Next,run the learning algorithm in nonadaptive mode on the test set V to determine generalizationaccuracy.During the adaptive phase, the learning algorithm attempts to extract critical rulesfrom the examples in the training set. The hope is that the training set contains theinformation necessary to extract these rules, and does not contain invalid information whichcould lead to the extraction of misleading rules. In spite of the fact that this ideal situationis usually not realized, it is generally the case that the data set will contain enough validinformation to come up with a reasonably good hypothesis.Obviously, since the number of possible attribute combinations is exponential in thenumber of inputs, we will not be able to look at all of the possible combinations for everylearning problem of interest. This means that in the search for potentially interesting rules arealistic learning algorithm will have to ignore certain, potentially vast areas of the searchspace, in particular with problems that have large numbers of input attributes.The first question we may ask is can we guarantee that ignoring certain areas of thesearch space will not adversely affect the solution generated by our learning algorithm? Ifthe answer to this questions is no, then another question we may wish to ask is that if areasof the search space are ignored, how harmful will this be to the solution? This thesisattempts to address these issues in this chapter.There are two main measures of optimality which are used by most rule inductionsystems to constrain the set of acceptable hypotheses. The first of these is classificationaccuracy. That is, we would like the learning algorithm to generate the rule set which

22maximizes classification accuracy. The second measure of optimality is rule set simplicity.In other words, if there are two (or more) distinct rule sets that exhibit the same degree ofclassification accuracy, we would like the learning algorithm to pick the simplest such ruleset.This section discusses the problem of rule induction, and the difficulty ofgenerating optimal rule sets by first discussing the size of the hypothesis space in section5.1, which turns out to be very large indeed (a super exponential). The difficulty offinding the simplest (or smallest) rule set which solves a particular learning problem isdiscussed in section 5.2, and a proof of the NP-Completeness of this problem is given.Finally, the problem of optimizing rule set accuracy is discussed in section 5.3.5.1The Vastness of the Hypothesis SpaceThe functional mapping of input vectors to output classification derived by thelearning algorithm is called the hypothesis. Different learning algorithms may have vastlydifferent ways of representing hypotheses. For example, many rule induction algorithmsrepresent hypotheses with sets of rules that are in disjunctive normal form, while neuralnetworks represent hypotheses with networks of nodes that are connected via weightedlinks. In general, the set of all possible hypotheses on a particular problem domain whichare representable by a given learning algorithm is extremely large. This set is usually solarge, that it simply is not feasible to check every possible hypothesis in order to determinewhich is the best.For example, let us consider the method used for representing hypotheses in thispaper. Let R be the set of all possible rules, then the size of the set of all possible rules isexponential in the number of input attributes, and can be calculated from the followingformula:

| R| = | Si | i=1m∏

.

23Furthermore, each and every rule in the set of all possible rules is available forselection by the learning algorithm as a member of the final set of rules which will be usedfor decision making. The number of different possible rule sets which the learningalgorithm can generate is thus the power set of the set of all possible rules. The size of thisset is then 2| R | . N o t i c e t h a t t h i s i s a l r e a d y a v e r y l a r g e n u m b e r ( s u p e r - e x p o n e n t i a l ) . Furthermore, let us assume that the learning algorithm organizes the selected rules into anorderedlist(inthiscasethefirstmatchingruleisusedtoclassifynovelexamples).Foranygiven set of rules F, the number of different ways to order the rules is |F|!. So, the actualnumber of different hypotheses theoretically expressible by one of the simpler learningalgorithms used in this thesis turns out to be (note that the summation has a super-exponential number of terms, each term being a factorial):

|Fi|!

i=12|R|∑

,where Fi represents the ith possible rule set (the set of all possible rule sets having beenordered from 1 to 2|R|). This is a number that grows very quickly with the number of inputa t t r i b u t e s , a n d w i t h e v e n a r e l a t i v e l y s m a l l n u m b e r o f i n p u t a t t r i b u t e s t h e n u m b e r o f differenthypothesestheoreticallyexpressiblebythelearningalgorithmcanquicklyoutpacethenumberofatomsinthegalaxy.Simply demonstrating the size of the hypothesis space for this approach does notprovehowdifficultitmightbetofindthe"best"hypothesis.Indeed,itmightbehopedthati n s p i t e o f t h e e x t r e m e l y l a r g e h y p o t h e s i s s p a c e , t h e r e m i g h t e x i s t a p o l y n o m i a l t i m e a l g o r i t h m w h i c h c a n d e t e r m i n i s t i c a l l y f i n d t h e o p t i m u m h y p o t h e s i s , p e r h a p s b y implementingsometypeofgreedysearchmechanism.

245.2Minimum Rule SetIn the problem of learning from a set of training examples T, the learning algorithmcan be thought of as selecting a potential hypothesis from the set of all possible hypotheseswhich would correctly classify (total error < e) the elements of T. In general, when given achoice between two or more hypotheses which exhibit the same degree of classificationaccuracy, the most preferable hypotheses is the one which is the simplest, and so we wouldlike the learning algorithm to select the simplest such hypothesis.This requires the definition of some reasonable measure of simplicity, which will ofcourse depend upon the form that the explanations may take. If the hypothesis takes theform of a set of rules, where the set of rules is selected from all possible sets of rules, thenone measure of simplicity which could be used would be the size of the set of rulesselected. In other words, assuming that F1 , F 2 are sets of rules, then we say that F 1 issimpler than F 2 if |F 1 | < |F 2 |. This is obviously true if F 1 is a proper subset of F 2 . Theweakness of this definition is that F1 might not really be simpler than F2 in the case whereF 1 ¸ F 2 , even though |F 1 | < |F 2 |. This is true since the simplicity measure is not takinginto account the complexity of the individual rules in F1 and F2. However, the strength ofthismeasureofsimplicityisthatitisarelativelystraightforwardandintuitivenotionthatiseasily measured. For the proof of NP-completeness in this thesis we consider F1 to besimpler than F2 if |F 1| < |F2|, even if F 1 ¸ F2. However, we informally extend the proofto the problem of determining the simplest set of rules when individual rules have anassociatedcomplexity,whichcanalsobeseentobeNP-Completeinthegeneralcase.More formally, suppose that we have a set of preclassified examples T from aproblem domain D, and that we have a set of rules F which we may use to classify theseexamples. Suppose further that we have a generalization algorithm gen which takes asinput examples from T and a set of rules F , and classifies elements of T based upon therules in F. Given an example e, the output of the function gen(e,F) is said to be defined ifthere is an f ˛ F such that f matches e , otherwise the output of g e n ( e ,F ) is undefined

25(since in this case it would not have any matching rules with which to classify e). Otherthan this requirement, there need not be any other restrictions on how gen may use the rulesin F to classify the examples in T.Given this information, one might ask the question, is there some subset F’ � Fsuch that the output of gen(e,F’) is correct (the error of classification is minimized) for all e˛ T? If so, what is the smallest such subset of F? Alternately, one might ask the (weaker)question, is there some subset F’ � F such that the output of gen(e,F’) is defined for all e˛ T (in this case we don’t care if the predicted classification is correct, only that

someclassification is predicted)? And if so, what is the smallest such subset of F? It is showninthisthesisthatbothofthesequestionsareNP-complete.5.2.1 Generalization and Learning AlgorithmsThere are an infinite number of ways that rules could be used to predictclassification. For the purposes of the proof given in this thesis, it is not necessary that anyspecific generalization method for resolving conflicts between matched rules be defined. Itis only required (for the proof) that for each example there exists at least one rule whichmatches the example and correctly predicts the classification of the example.Although no specific generalization method is required, for the sake of simplicity(and the purposes of illustration), we define a generalization scheme which uses a votingmethod that sums the metrics of all matched rules for the respective possible outputclassifications, then chooses the output classification with the greatest sum. Again, theproof of NP-completeness for the problem of minimizing the size of the rule set does notdepend upon this form of generalization. It is merely used for convenience.The formal generalization algorithm is given below in figure 5.1.

26Given a set E of examples from a problem domain D,a set F’ of rules defined on D,thenfor each e ˛ E, choose the predicted output classification oi which maximizes thesummation.If there exists an e ˛ E such that there is no f ˛ F’ which matches e, then the output of thegeneralization algorithm is said to be undefined. Otherwise the output is said to be defined(ties are resolved arbitrarily).

f.p f∈F'∧ f_match( f,e)∧ f.o=oi ∑

Figure 5.1. Generalization algorithmThe proof is then defined for any learning algorithm which satisfies the following:Givena set T of preclassified training examples,a set F of rules derived from T,return a set of rules F’ ˝ F such that

(∀ e)(e ∈ E → gen(e,F') = e.o)

.(Alternately, in the case where there are inconsistencies in the set of examples, we wouldchoose the set of rules F’ which minimizes the error of misclassification).This implies that the learning algorithm returns a set of rules F’ such that the outputof the generalization algorithm is always defined for each example e ˛ T. Further, for eachexample e ˛ T, there will be a rule f ˛ F’ which matches e and correctly predicts e’s

27output classification. In other words, the following is true of the set of rules F’ returnedby the learning algorithm:

(∀ e)(∃f)(e ∈ T → f ∈ F'∧r_match( f,e)∧ e.o = f.o)

.5.2.2 Proof of NP-CompletenessWe first begin by defining the problem of minimum set cover, called MIN SC.MINIMUM SET COVER (MIN SC)INSTANCE: = (X, C, k), a collection C of subsets of a set X, positive integer k.THE PROBLEM: find some C’ ˝ C such that |C’| £ k and

Ci = X

Ci ∈C'U

.This problem is known to be NP-complete.We now formally define the problem of minimum rule set, called MIN RS.MINIMUM RULE SET (MIN RS)INSTANCE: = (T,F,k), a set of training examples T , a set of rules F, and a positiveinteger k.THE PROBLEM: Find some F’ ˝ F such that |F’| £ k and

(∀ e)(e ∈ T → gen(e,F') = e.o)

.Note that, as stated above, this means the following condition (as a minimum requirement)must hold:

(∀ e)(∃f)(e ∈ T → f ∈ F'∧r_match( f,e)∧ e.o = f.o)

.Lemma 1 MIN RS ˛ NP:Proof. Given an instance (T,F,k) of MIN RS, a non-deterministic algorithm need onlyguess a subset F’ of F of size £ k, and then run the generalization algorithm on eachexample in T to determine if the condition

(∀ e)(e ∈ T → gen(e,F') = e.o)

holds true.Assuming that the function gen is bounded by a polynomial, then the time bound for thisprocess will also be a polynomial. Thus MIN RS ˛ NP.Lemma 2 There is a function m which maps instances of MIN SC to instances of MINRS which has the following properties:1. The function m is computable in polynomial time.2. If there is cover C’ ˝ C for X such that |C’| £ k, then there is a rule set F’ ˝F such that |F’| £ k+1 and

(∀ e)(e ∈ T → gen(e,F') = e.o)

3. If there is a rule set F’ ˝ F such that |F’| £ k+1 and

(∀ e)(e ∈ T → gen(e,F') = e.o)

, then there is a cover C’ ˝ C for X such that |C’|£ k.Proof. (In the following proof we assume that C contains a cover for X). Given aninstance (X,C,k) of MIN SC we define the following mapping function m to an instance(T,F,k) of MIN RS:

29Let n = |X|+1, m = |C|+1. Enumerate the instances of X and C. Then X = {x1, x2, .. . ,x n - 1 }, and C = {C 1 , C 2 , . . . ,C m - 1 } . Let T = {e 1 , e 2 , . . ., e n }, where for 1 £ j < n, e j in T corresponds to element xj inX. For each e j ˛ T, where 1 £ j < n, letej.a = a1 a 2 . . . am , whereal = 1 if xj ˛ Clelse a l = 0.e j. o = 1.For j = n letej.a = a1 a 2 . . . am , where a l = 0 for all a l in e j.aej. o = 0.Let F = {f 1 , f 2 , . . ., f m }, where for 1 £ j < m , f j in F corresponds to set C j in C(in other words, there is exactly one f j in F for each C j in C ). For each fj ˛ F ,where 1 £ j < m , letf j . a = a 1 a 2 . . . a m , w h e r e al = 1 if j= lelse al = *.fj. o = 1For j = m let

30fj.a = a1 a 2 . . . am , where a l = * for all a l in fj.afj . o = 0.We first show that the mapping function fulfills the first condition. The timerequired to create the set of training examples T is bounded above by O(mn2). There are nexamples in T. Each example has a vector of length m. For each element of the vector, thetime required to determine if xj ˛ Ck is at most n-1, where n-1 is the maximum size of anysubset of X (since n = |X|+1). Thus an upper bound for the creation of T is O(mn2).The upper bound for the creation of F is O(m2). There are m rules in F. Each rulein F has a vector of length m. The operation j=k takes time O(1). Therefore we have theupper bound of O(m2) to create F.F r o m a b o v e w e h a v e O ( m 2 + m n 2 ) a s t h e u p p e r t i m e - b o u n d f o r t h e m a p p i n g f u n c t i o n . T h i s u p p e r b o u n d t h u s f u l f i l l s t h e f i r s t c o n d i t i o n t h a t t h e m a p p i n g c a n b e computedinpolynomialtime.We will now show that the mapping fulfills the second requirement. That is, it hasthe property that if there is cover C’ ˝ C such that |C’| £ k, then there is a rule set F’ ˝ Fsuch that |F ’ | £ k +1 and

(∀ e)(e ∈ T → gen(e,F') = e.o)

. Assume that there is a cover C ’ such that C’ ˝ C and |C’| £ k. Select F’ ˝ F where F’ = {fj | C j ˛ C ’ } ¨ {fm }, then thesize of F’ £ k+1. For all f j, where j < m, let fj.p = 2. Let fm .p = 1.From the construction we know that the only rule which matches example n is rulefm (in other words,

f| f ∈ F ∧ f_match( fj,en)

{ } = {fm}

). Since f m . o = 0 and fm . p = 1wehave

f.p f∈F'∧r_match( f,en )∧ f.o=0 ∑ =1

and

f∈F'∧r_match( f,en )∧ f.o=1 ∑ = 0

,

31which implies that gen(en,F’) = en.o = 0.W e a l s o k n o w f r o m t h e c o n s t r u c t i o n t h a t f o r a l l 1 £ j < m,

xi|ei ∈ T ∧ r_match(fj,ei) { } = Cj

. Therefore, since C ’ is a cover for X, and for each C j˛ C’ we have fj ˛ F’, we know that

{xi |ei ∈ T ∧ r_match( fj,ei)}

f j ∈F',j≠mU = X

.Therefore,

{ei |ei ∈ T ∧ r_match( fj,ei)}

F j ∈F',j≠mU = T − en

.This means that for each example e ˛ T (with the exception of example en) there is at leastone rule f ˛ F ’ with f.o = 1 and f.p = 2 which matches e. In addition, we know that rulefm matches all e ˛ T. Therefore the following equations hold true for all e ˛ T, where e „en .

f.p f∈F'∧r_match( f,e)∧ f.o=0 ∑ =1 f∈F'∧r_match( f,e)∧ f.o=1 ∑ ≥ 2

,which implies that for all e ˛ T where e „ e n , g e n ( e , F’ ) = 1, thus fulfilling the secondproperty.Lastly, we show that the mapping has the property that if there is a rule set F’ ˝ Fsuch that |F’| £ k+1 and

(∀ e)(e ∈ T → gen(e,F') = e.o)

,then there is a cover C’ ˝ C such that |C’| £ k.

32Assume that there is a set of rules F’ ˝ F such that | F ’ | £ k + 1 a n d

(∀ e)(e ∈ T → gen(e,F') = e.o)

. Since rule fm is the only rule which matches example en,this rule must be assigned a positive metric, and be included in the set F’ in order forexample en to be classified correctly. Let fm ˛ F’ and fm .p = x, where x is a positive realnumber. Since we have assumed that all examples from T are classified correctly, weknow that for all e ˛ T, where e „ en , there must be some f j ˛ F’ which matches e , andsuch that fj.o = 1 and fj.p > x. We also know that in this case j „ m (since fm.o = 0).This implies that for each such fj there is a corresponding Cj ˛ C (since rule fj in F,j < m , corresponds to set C j in C from the construction). Let

C'= Cj| f j ∈ F'∧ j ≠ m { }

.From the above paragraph we know that

(∀ i)(∃j)(ei ∈ T ∧ i ≠ n → fj ∈ F'∧ j ≠ m∧ r_match(fj,ei))

.Then this implies that

ei |ei ∈ T ∧ fj ∈ F'∧ j ≠ m∧ r_match( fj,ei)

{ } = T − {en }

,and thus

xi |ei ∈ E ∧ fj ∈ F'∧ j ≠ m∧ r_match( fj,ei) { } = X

.Furthermore, from the construction we have that for any j such that 1 ‡ j ‡ m,

Cj = xi|ei ∈ T ∧ r_match(fj,ei) { }

.Therefore,

Cj = xi |ei ∈ T ∧ fj ∈ F'∧ j ≠ m∧ r_match( fj,ei) { } = X C^j ∈C' U

.Therefore C’ is a cover for X of size £ k.Theorem 1 MIN RS is NP-complete.Proof. By Lemma 1, we know that MIN RS is in NP. By lemma 2, we know that thereis a mapping function which maps instances from a known NP-complete problem (MINSC) to instances of MIN RS which can be computed in polynomial time. The mapping hasthe property that if a yes answer is obtained for MIN SC, then a yes answer can beobtained for MIN RS. Conversely, if a yes answer is obtained for MIN RS, then a yesanswer can be obtained for MIN SC. Therefore, MIN RS is NP-complete.5.2.3 Discussion on the NP-completeness of MIN RSThe proof above can also be used to show that the question of determining thesmallest set of rules F’ ˝ F such that

(∀ e)(∃f)(e ∈ T → f ∈ F'∧r_match( f,e)∧ e.o = f.o)

is NP-complete. The motivation for this question is that we assume that gen does not havea chance of correctly predicting the classification for an example e if there isn’t at least onerule in F’ with the appropriate output which matches e, and so we are asking, "can we findthe smallest set of rules which has even a remote chance of correctly classifying examplesfrom T?" Intuitively, this question would seem easier to answer than that of MIN RS,since we no longer have the requirement to check the output of the generalization algorithm.However, this question is also NP-complete.

34With some modification, the proof can also be extended to show that the evenweaker question of determining the smallest set of rules F’ ˝ F such that

(∀ e)(∃f)(e ∈ T → f ∈ F'∧r_match( f,e))

is NP-complete. We know that the output of the generalization algorithm is undefined foran example e if it does not have any rules which match e, so as a minimum requirement weknow that for each example e in T we must have at least one rule in F’ which matches e.Otherwise the output of gen is guaranteed to be incorrect since it will be undefined. Thus,the NP-completeness of this question implies the NP-completeness of MIN RS, since MINRS contains this problem as a sub-problem (in other words, there are problems where wewill have to be able to answer this question in order to be able to answer MIN RS).The actual output of the generalization algorithm gen is not referenced in either ofthe two NP-complete questions stated above. This implies that no matter how thegeneralization algorithm utilizes rules to predict classification, the general question of MINRS is NP-complete regardless of the exact form of the generalization algorithm. This holdsas long as we require that

(∀ e)(∃f)(e ∈ T → f ∈ F'∧r_match( f,e))

in order for theoutput of gen to have a chance of being correct.The NP-completeness of MIN RS is not dependent upon the format used for rulesor examples given in this paper. For any rule format, the set of examples that a given rulematches is always a subset of the total set of examples. We can define this set as followsfor any given rule f, where r_match is a deterministic matching function:

e|e ∈ T ∧ r_match( f,e) { }⊆ T

.Thus, for this paper, we could have defined the following mapping from instances of MINSC to MIN RS for the rules in MIN RS:

35For each fj ˛ F, where 1 £ j < m , letr_match(fj,e i) = 1 if x i ˛ C jelse r_match (fj,e i) = 0fj.O = 1For j = m letr_match(fj,e i) = 1 for all e i ˛ Tfj.O = 0.Note that with this mapping the set of examples which each rule matches is the same as inthe mapping given in the proof to theorem 1. However, the mapping does not dependupon any specific formulation for the rules or for the examples, nor does it specify theexact inner workings of the function f_match. Thus, the results of this paper can begeneralized to any rule-based system where examples are classified by first matching themwith rules via some type of deterministic matching function, and then using those rules toclassify the examples.For example, consider a system which uses an ordered list of rules to classifyexamples. The system classifies novel examples by selecting the first rule in the list whichmatches each example and classifying it accordingly - a winner take all strategy. Thequestion we would ask is, what is the shortest such list which classifies all examplescorrectly? With slight modification, the proof of theorem 1 can be used to show that thisproblem is NP-complete. In this case the set F’ does not change, and the modificationsimply relies on the fact that rule fm must be the last rule in the list, and the other elementsof F’ may then be arbitrarily ordered ahead of fm.

36It can also be seen that the problem of determining the simplest set of rules whichaccurately describes a given data set is (in general) still NP-Complete, even when thecomplexity of individual rules is included in the calculation of the over-all complexity of agiven set of rules. For example, in the proof of theorem 1 the rules f1 through fm-1 all haveexactly one input value specified, with all other input variables set to a "don’t care" state,while rule fm has ALL of its variables set to the "don’t care" state. Thus, a reasonable rulecomplexity measure might assign each of the rules f1 through f m - 1 the same complexityvalue (since each of these rules requires a test on exactly one of the input variables - allinput variables being 3-state variables), and would assign a lower complexity value to rulefm(sinceitdoesnotrequireatestonanyvariablestodetermineamatch-italwaysmatchesany example). In this case the proof of theorem 1 remains unchanged, since the set F’ willremain unchanged. We have already shown that the set F’ must contain rule fm, since it isthe only rule which covers example n. The remaining rules are then of equal complexity,and we are thus free to choose rules from the remaining set of rules without the need toworry about the complexity of individual rules. The set of rules F’ which we obtain in thiscase is then equal to the set of rules F’ which we obtain in theorem 1 (in other words, if F’is an answer for MIN RS, then F’ will also be an answer in this case, and visa versa).5.3Maximizing Classification AccuracyThe maximization of classification accuracy is an important optimality measurewhich all rule-induction algorithms attempt to approximate. Generally speaking, it isdesirable that the learning algorithm select the set of rules which optimizes classificationaccuracy over the examples in the training set. There are, of course, other important factorswhich also constrain which rules are available for selection, such as the complexity of theset of rules (discussed above), the statistical significance of the individual rules, andavoiding learning noise or overfitting the data in the training set. Even though these areimportant issues, this section mostly ignores them and is only concerned with the singleoptimality measure of classification accuracy. However, the problem is stated in terms of

37maximizing the classification accuracy over any given set of rules, where the set of rulescould be constrained in a variety of ways. So, even with a constraint on what types of rulesets are available, the problem can still be computationally intractable.The general problem can be stated as follows.MAX RULE SET ACCURACY (MAX RSA)INSTANCE: = (E,F), a set of examples E and a set of rules F.THE PROBLEM: Find a metric assignment for F which maximizes the set of elements ofE which are correctly classified.At first glance, the MAX RSA problem seems simple enough. However, it isanalogous to the NP-complete problem of MAX 2SAT (Garey and Johnson 1979), whichasks, "Given a set U of variables, a collection C of clauses over U such that each c ˛ C has|c| = 2, find a truth assignment for U which maximizes the number of satisfied clauses inC." Both of these problems are relatively simple if the maximum percent accuracy(maximum number of clauses which can be satisfied) is 100 percent, and are in factsolvable in polynomial time if this is the case.However, if the maximum percent possible is less than 100 percent, then theproblem of maximizing the accuracy over a set of rules becomes much more difficult. Forexample, if we think of each rule as being an input to a single perceptron, where the inputis high if the rule is matched and low otherwise, then the problem of finding a metricassignment to F which maximizes the number of correctly classified examples is equivalentto finding the hyperplane in the extended input space (by training the perceptron node viathe Delta Rule or something similar) which optimally separates the elements of the trainingset.The problem of finding the optimal ordering for a set of rules in a rule list can alsobe computationally intractable. This problem is essentially a subset of the problem of

38allowing all rules to vote according to a strength metric. For example, a scheme whichallows all rules to vote could implement a rule list by assigning the bottom rule in the list ametric of 1. The next rule would be assigned a metric of 2, the next 4, and so on, doublingthe metric at each step. This assignment will guarantee that the top rule in the list will win,no matter how the rules below it vote, since each rule in the list has been assigned a metricvalue which is one greater than the summed metrics of all other rules below it.The difficulty of finding an optimal ordering for a particular set of rules is furtherillustrated by the following example. Suppose that we have the set of examples E ={e1 , e 2 , . . . e 1 0 }, where for 1 £ i £ 5 ei .o = 1, otherwise e i .o = 0. Suppose also that wehave the set of rules F = {f1,f2,f3}, where

f1.o =1 and ee ∈ E ∧ r_match(f1,e)

{ } ={e1,e2,e3,e4,e6} f2.o = 0 and ee ∈ E ∧ r_match(f2,e)

{ } ={e4,e5,e7,e8,e9,e10} f3.o = 0 and ee ∈ E ∧ r_match(f3,e)

{ } ={e5,e6}

Suppose further that the learning algorithm is a greedy, top down list building algorithmwhich selects the single most optimum rule at each step, and the measure of optimality isthe percentage accuracy of the rule over the remaining set of unmatched examples.Initially, the accuracies for the rules are f1 = 80%, ,f2 = 67%, and,f3 = 50%. Thus the firstr u l e i s s e l e c t e d t o b e a t t h e t o p o f t h e l i s t . M a t c h e d e x a m p l e s a r e r e m o v e d f r o m consideration,andtheremainingrulesnowmatch

ee ∈ E ∧ r_match(f2,e)

{ } ={e5,e7,e8,e9,e10} ee ∈ E ∧ r_match(f3,e) { } ={e5}

The accuracy for rule f2 is now 80%, and the accuracy for rule f3 is 0%. Thus, rule f2 isselected and added below rule f1 in the list, covering the remaining examples. The overallaccuracy for the set of rules is 80%. However, a more accurate rule list can be created if

39the learning algorithm first selects rule f3, the rule which initially has the worst accuracys c o r e , t h e n f 1 and finally f 2 . I n t h i s c a s e t h e o v e r a l l a c c u r a c y i s 9 0 % , w i t h o n l y o n e example being misclassified. In general, given any greedy approximation algorithm forfind MAX Rule Set Accuracy, it should be possible to construct a problem which leads thealgorithmastray.5.4NP-Completeness ConclusionThe problem of determining the smallest set of rules which covers a set of examplesand correctly predicts their classification has been shown to be NP-Complete for a specifictype of rule and generalization algorithm. It has also been shown how the more generalproblem, where the specific form of the rules and generalization algorithm is not exactlydefined, is NP-Complete given a few reasonable assumptions about how rules matchexamples, and how the generalization algorithm uses those rules to classify examples. Theassumptions are that the matching of rules with examples must be deterministic, and theoutput of the generalization algorithm is undefined in the case where an example has nomatching rules. In addition, the probable NP-Completeness of the problem of maximizingthe classification accuracy of a given set of rules has been discussed.Assuming that MAX RSA is NP-Complete (a proof of this is currently inpreparation), and having proven the NP-Completeness of MIN RS, this implies that wewill have to use an algorithm which returns an approximate solution for these problems,since an algorithm which returns the optimal solution will take time exponential in the sizeof the problem. In addition, the proof of the NP-Completeness of MIN RS given in thisthesis uses a transformation from MIN SC to MIN RS which is similar to that given by(Van Horn and Martinez 1994) for the minimum feature set problem. Due to the nature ofthis transformation it can also be shown that in addition to being NP-Complete, theproblem of approximating MIN RS is at least as difficult as the problem of approximatingMIN SC (for which it has been shown that no arbitrarily close approximation exists). Inaddition to this, the current best approximating algorithm for MIN SC is only guaranteed to

40approximate MIN SC to within a factor ln|X| + 1 of the size of the optimal solution (not aconstant factor). This implies that it will be very difficult to find any approximatingalgorithm for MIN RS which returns a result better than a log factor of optimal.

416MethodsThe main goal of this thesis is to demonstrate the benefit (or lack thereof) of higher-order rules. Thus, the approach used in this thesis does not limit the size of the searchspace in the sense that it generates the set of all possible rules for a particular problem,where the rules are in DNF (disjunctive normal form), and then selects from this set thefinal set of rules which will be used for classification. Rather, the algorithm generates allinteresting attribute conjunctions, where we say that a attribute conjunction is interesting ifit appears as part of at least one example from the training set, and then tests eachconjunction to determine if it will be included as part of a rule in the final set of rules.In order to demonstrate the benefit of higher-order rules, the learning algorithm isfirst run using the set of all possible rules. After assessing the generalization accuracy ofthe learning algorithm using unbounded rule sets, an upper bound is placed on the order ofrules, and the learning algorithm is ran using this bounded-order set. This continues untilall possible upper bounds on rule order have been tested. The results are then analyzed andcompared with results obtained with a well established machine learning method, the C4.5decision tree induction algorithm.It is recognized that there are a number of interdependent factors which willinfluence the outcome of this phase of the research. For example, the choice of method formetric assignment could have an effect on which of the voting schemes appears to work thebest and different data sets could also bias the results. However, the goal of this thesis isnot to find the optimum method for metric assignment and conflict resolution. Rather, thegoal of this thesis is to find reasonable methods for assigning metrics and resolvingconflicts between matched critical rules, and then use these methods to show that many, ifnot most real world learning problems are not benefited by the addition of higher-orderrules.

42While there are obviously many other ways in which rules could be used for patternclassification, it was felt that the methods listed here are sufficient to demonstrate the mainpoints of this thesis. It is true that some conflict resolution methods could show somefavoritism for higher-order rules, while other methods might favor the use of lower-orderrules. However, some of the conflict resolution methods used in this thesis have beenwidely used in the field of rule induction, such as methods which organize the rules intolists. Since these widely used methods appear to favor lower-order rules from an empiricalstandpoint, this is an indication that search techniques involving these methods can bejustifiably limited (or biased) to lower-order rules. In addition, some of the methods usedin this thesis are novel, such as the Greedy training method given in section 6.2.5.1. Ifthese methods also favor lower-order rules, then it could indicate from an empiricalstandpoint that in general the restriction of the rule search space to lower-order rules is avalid search bias.The methods which are used in this thesis to resolve conflicts between matchedrules, or the generalization schemes, are defined in section 6.1. The various methodstested in this thesis for assigning metrics to rules are defined in section 6.2.6.1Resolving Conflicts Between Matched RulesThe voting methods used in this thesis involve assigning a metric to each rule, andthen allowing all matching rules to compete or vote for an output classification according totheir assigned metric. Several different approaches to rule voting are implemented. Theseare given in sections 6.1.1 through 6.1.3.6.1.1A True DemocracyThe most obvious voting scheme is that of a true democracy in which all individualsare allowed to vote. The democratic voting method used in this thesis differs slightly froma normal democracy (where each individual casts a vote of equal value) in that eachindividual rule votes according to the strength of its metric. Given an example, the metrics

43of all matching rules are summed, and the output class with the greatest corresponding sumis chosen as that example’s classification. The formal algorithm is given in figure 6.1.Given the following:a problem domain Da set E of examples taken from Da set F of features defined on DFor each e ˛ E, choose the predicted output classification the output class oiwhichmaximizesthesummation(tiesbeingresolvedarbitrarily):.

f.p f∈F∧r_match( f,e)∧ f.o=oi ∑

Figure 6.1. Formal democratic voting algorithm.Problem domain D = the set of all mushrooms. Each mushroom is measured on 3 attributes, stalk length (SL), stalk color (SC), and capcolor (CC). The problem is to determine from these three attributes whether a givenmushroom will cause nausea, death, or delight upon being eaten.Figure 6.2. Example Learning Problem.For example, suppose that we have the learning problem defined in figure 6.2.Furthermore, suppose that the learning algorithm has selected the set of rules listed infigure 6.3. Given the instance with input values shown in figure 6.4, the set of ruleswhich matches this example is then shown in figure 6.5. The generalization algorithm thensums the metrics of these rules for their corresponding output classes, and obtains a sum of1.75 for the edible class, and a sum of 1.70 for the death output class. The generalizationalgorithm would therefore choose the edible class as the predicted output classification forthe given example, since it had the greatest corresponding sum.

44Rule set F =

SLSCCCOutcome

Metricf 1SL: longSC: yellowCC: orange-->edible1.00f2SL: longSC: *CC: orange-->death.95f3SL: longSC: *CC: *-->edible.91f4SL:*SC: redCC: *-->edible.82f5SL:*SC: *CC: orange-->death.75Figure 6.3. Set of rules for classifying mushrooms.Mushroom = SL: longSC: redCC: orangeFigure 6.4. Example mushroom.f2SL: longSC: *CC: orange-->death.95f3SL: longSC: *CC: *-->edible.90f4SL:*SC: redCC: *-->edible.85f5SL:*SC: *CC: orange-->death.75Figure 6.5. Set of matching rules.The advantage of this method is that it allows greater flexibility in the way rules areused to classify novel examples than, say, organizing the rules into a list and using the firstmatching rule to classify novel examples. This means that for any given set of rules andexamples, this method will be theoretically capable of doing at least as well at classifyingnovel examples as any method which organizes the rules into a list, assuming thatappropriate metric values are assigned to the rules. The problem, of course, is to find theappropriate metric values, which may in fact be very difficult. Another disadvantage ofallowing all matching rules to vote is that the set of all matching rules may be quite large.Thus, the reason for making a decision will be more difficult for a human to comprehend,with potentially tens or hundreds of rules combining to predict classification, than it wouldwith a rule list implementation, where only a single rule is being used to make the decision.

456.1.2Winner Takes AllThe single greatest rule voting method chooses the matching rule which has thegreatest metric, and uses that rule’s corresponding output classification as the example’spredicted output classification. This is equivalent to ordering the rules in a list and usingthe first matching rule to predict classification, a commonly used approach. The formalalgorithm is given in figure 6.6. Going back to the example given above, the generalizationalgorithm will predict that the example will cause death upon being ingested, since this isthe output classification associated with rule f2 (this rule has the greatest metric of allmatching rules). Notice that this prediction differs from that predicted by the Democraticvoting scheme.Giventhefollowing:aproblemdomainDa set E of examples taken from Da set F of features defined on DFor each example e ˛ E, define Fe to be the set of rules from F which match e. In otherwords, let.Then for all e ˛ E, if Fe = ˘ then the predicted output classification is undefined, elsechoosethepredictedclassificationtobef.o, where the following is true about the rule f(ties are resolved arbitrarily):.

Fe = f f ∈ F ∧ r_match(f,e) = True { } (f ∈ Fe)∧ (∀ y)(y∈ Fe → f.p ≥ y.p)

Figure 6.6. Rule list generalization algorithm.The advantage of this method is that it is relatively simple to implement, and thedecision making process is more easily comprehended by a human. Also, since thismethod is simpler than the voting method, the number of different hypotheses which thismethod can represent is a proper subset of the number of different hypotheses which the

46democratic voting method can represent. This is both an advantage and disadvantage. Bychoosing this method for generalizing new instances, the size of the hypothesis space hasbeen greatly reduced. This should mean that, assuming the hypothesis one is looking for(or a reasonable approximation to it) is in the reduced search space, it should be easier tofind. However, if the reduced search space does not contain a good hypothesis, thelearning algorithm is dead before it begins.6.1.3The RepublicThe Republic voting method allows only those matched rules whose attributeconjuncts are not a subset of any other matched rule’s attribute conjuncts to vote for theexample’s output classification. The formal algorithm is given in figure 6.7. The intuitionbehind this method is as follows. Suppose that there are two rules, r1 and r2, where the setof input attribute-value pairs which are conjuncted in r1 is a proper superset of the set ofinput attributes-value pairs that are conjuncted in r2 (for example, the rules f1 and f2 givenin figure 6.3 fulfill these criteria). Then we know that for any given example, if r1matchesthat example then this implies that r2 will match that example. In other words, r1isamores p e c i f i c r u l e t h a n r 2 , w h i c h i m p l i e s t h a t t h e c a s e w h e r e r 1 i s m a t c h e d r e l a t e s m o r e informationthanthecasewhereonlyr2ismatched.Giventhefollowing:aproblemdomainDa set E of examples taken from Da set F of features defined on DFor each e ˛ E, choose the predicted output classification the output class oiwhichmaximizesthesummation(tiesbeingresolvedarbitrarily):.

f.p f∈F∧r_match( f,e)∧ f.o=oi ∧(∀ y)(y∈F∧r_match(y,e)→ f⊄ y) ∑

Figure 6.7. Republic voting method.For example, r1 c o u l d b e t h e r u l e t h a t a n a n i m a l w i t h l o t s o f s h a r p t e e t h i s a predator, while r2 could be the rule that an animal with lots of teeth is a predator. It is

47obvious that if an animal has lots of sharp teeth (matching rule r1)thenitisalsotruethattheanimal has lots of teeth (matching rule r2 ). It is also obvious that the knowledge that aparticular animal has lots of sharp teeth is a more likely indication that the animal is apredator than only knowing that the animal has lots of teeth. Therefore, if r1 is matched itseems reasonable that we should ignore the lower confidence (metric) of r2 in calculatingtheoutputclassification.WhiletheexamplegivenabovedemonstratesthattheRepublicmethodisintuitivelyappealing,theuseofthismethoddoeshavethedrawbackthatitwilldecreasethelikelihoodthat lower-order rules will participate in voting. Given a particular instance from theproblem domain, the set of matching rules which will be allowed to vote for that instance’sclassification will then tend to be composed mostly (or possibly entirely) of higher-orderrules. Since higher-order rules cover less of the input space than lower-order rules, thepredictive value of such rules can be difficult to ascertain due to the decreased probabilitythattherewillbesufficientnumbersoftraininginstanceswhichmatchthem.Thisproblemc a n b e r e m e d i e d s o m e w h a t b y d e l e t i n g r u l e s w h i c h d o n o t o c c u r o f t e n e n o u g h i n t h e trainingsettobestatisticallysignificant.f2SL: longSC: *CC: orange-->death.95f4SL:*SC: redCC: *-->edible.85Figure 6.8. Set of rules selected by the Republic voting method.Returning to the mushroom classification problem given in figure 6.2, the Republicmethod would select the set of rules listed in figure 6.8 to participate in voting. The sumfor the edible class would then be .85, and the sum for the death classification would be.95, so the generalization algorithm would predict the example of figure 6.4’s outputclassification to be death.

486.2Metric AssignmentThe methods for assigning metrics are largely dependent on what method is used toresolve conflicts between matched rules. This thesis implements several methods forassigning metrics to rules. These are listed along with a brief description of each method insections 6.2.1 through 6.2.5.6.2.1CountOne of the simpler metric assignment method is to count the number of times a rulematches an example of the same output class from the training set, and then set the rule’smetric equal to this number (see figure 6.9). While this metric assignment method is easyand straightforward to apply to a set of rules, it has the drawback of not doing any rule setminimization by itself.For each f ˛ F,

f.p = ee ∈ T ∧ e.o = f.o∧ r_match(f,e) { }

Figure 6.9. Count metric assignment method.With this method, rules which occur infrequently in the training set will be assignedrelatively small metric values. This is desirable, since rules which occur less often may bethe result of noise, or some other aberration. Thus, this method naturally limits the effectof such rules on generalization, without the need to resort to statistical significance tests.6.2.2OneThis is the simplest method of all, and is an implementation of a true democracy.For all f ˛ F it assigns f.p = 1. This method will be useful as a baseline indicator.Assuming that each rule in the set of rules has a better than even chance of predicting thecorrect classification, then this method should produce reasonably good results, especiallyas the maximum order of stored rules is increased.

496.2.3p(o|f)This method attempts to estimate the probability that a given rule is associated witha particular output by examining the examples in the training set, and then assigns the rulesmetric to be equal to this probability. The method for calculating this probability is given infigure 6.10 below.For each f ˛ F,

f.p = ee ∈ T ∧ e.o = f.o∧ r_match(f,e) { } ee ∈ T ∧ r_match(f,e) { }

Figure 6.10. p(o|f) metric assignment method.The main problem with this method is that rules which occur only once will havethe highest possible metric (1.00), in spite of the fact that a rule which occurs several timesand exhibits the same degree of correlation with a particular output (100 percent), and thuswill be assigned the same metric value, would appear to be more reliable.6.2.4Training the Metric Via Delta RuleAn algorithm similar to the Delta Rule training algorithm is used to assign metrics torules. This algorithm (given in figure 6.11) has the advantage that it is guaranteed toconverge to a solution if the elements in the training set are linearly separable. In the casewhere the training set is not linearly separable the Delta Rule training algorithm is often ableto generate a relatively good, approximate solution.

Given:

E, a set of examples

F, a set of rules c, an integer valued constant while (∃e)(e ∈ E ∧ gen(e,F) ≠ e.o) for each e ∈ E do if gen(e,F) ≠ e.o do let W ={f f ∈ F ∧ r_match(f,e)∧ f.o ≠ e.o∧ gen(e,F) = f.o} let V ={f f ∈ F ∧ r_match(f,e)∧ f.o = e.o} for each f ∈ W let f.p = f.p − c for each f ∈ V let f.p = f.p +c end end end

Figure 6.11. Delta Rule training algorithm. While there are many training sets which do not exhibit linear separability, theprocess of combining attributes into higher-order rules can generate a linearly separableinput space from one that was initially non-linearly separable. In fact, a linearly separableproblem can always be generated from a non-linearly separable one if we are willing (andable) to look at combinations of attributes which are of high enough order (assuming thatno two examples from the training set with the same input values have differentclassifications, or in other words assuming that the training set is consistent). However,the hope is that most real-world problems will exhibit the characteristic of linear separabilitywith sets of rules that are of relatively low-order, since it would appear that generatinghigher and higher order rules is in general a prohibitively expensive and difficult task.The weakness of this method is that the higher order rules tend to be assigned largermetric values. This is not a problem if the high-order rules are important. However, ingeneral this training method when used on higher-order rule sets leads to memorization ofthe training set, rather than the desired, general functional mapping.

516.2.5Greedy Training MethodsThis thesis implements three greedy training methods, one of which is used inconjunction with the DEMOCRACY voting scheme, and the others are used in conjunctionwith the MONARCHY or rule list voting scheme. The three methods are referred to asGreedy, Topdown (a top down method), and Bottomup (a bottom up method). Eachalgorithm, along with the intuition behind each, is explained in detail shortly. The threegreedy training methods have several common elements. These are:¥Initially, the set of rules used by the generalization algorithm for classifying newinstances (called OPT) is empty.¥There is a pool of rules which the greedy training method can draw upon.¥At each step of the algorithm, either the single most optimal rule from the pool ofrules is added to OPT, or the metric of a rule from OPT is modified, whicheverproduces the greatest gain in classification accuracy.¥The algorithm terminates when no gain can be made in classification accuracy.¥The algorithm naturally minimizes the size of the set OPT.

6.2.5.1

A Greedy DemocracyIn addition to the items listed in definition 4.13 of chapter 4, each rule is augmentedwith the following information:

52score:Indicates the net gain in number of examples from the training setwhich will be correctly classified if the given rule’s metric is set tof.opt_met (see below).pos:The number positive, misclassified examples from the training setwhich this rule matches (an example is said to be positive in relationto a rule if the example’s output matches the rule’s output).neg:The number of negative, correctly classified examples from thetraining set which will become misclassified if the rule’s metric is sethigh enough to correctly classify all of the examples indicated bypos.curr_neg:The number of negative, incorrectly classified examples from thetraining set which this rule matches.curr_pos:The number of positive, correctly classified examples from thetraining set which will become misclassified if the rule’s metric is setlow enough to cause all examples indicated by curr_neg to becorrectly classified.opt_met:Set to one of either two values. Either it is set to the smallestpositive integer needed for the rule to classify all pos examples, or itis set to zero, whichever gives the greatest increase in classificationaccuracy.This extra information is required as part of the book-keeping procedures of the Greedytraining algorithm.The basic Greedy algorithm is formally defined in figures 6.12 through 6.15.Initially, the set of rules used by Greedy for classification (called OPT) is empty. There isa set of rules (called POOL) which Greedy can draw upon to add rules to OPT in order toincrease classification performance. At each step of the algorithm, all of the rules in POOLare evaluated, and each rule is assigned a score which is based upon how much that rulewould increase classification performance if it was added to OPT (functionFindBestPoolRule, figure 6.13) . The score is simply the net gain in the number ofcorrectly classified examples if the given rule is added to OPT with a metric value set toopt_met. In this case, opt_met is set to the smallest integer which will guarantee that all ofthe positive examples which the given rule matches will be correctly classified.

53In addition to evaluating all of the rules in POOL at each step, the algorithm alsoevaluates all of the rules in OPT (function FindWorstOptRule, figure 6.12). Each rule inOPT is given a score based upon the increase in classification accuracy obtained if thatrule’s metric is increased to the point where all of the positive examples it matches arecorrectly classified. After all of the rules in OPT and POOL have been assigned scores, therule with the greatest score is selected and added to OPT with metric set to opt_met (or ifthe rule is already in OPT its metric is increased to opt_met).Finally, at the end of each step each rule in OPT is tested to see if the removal of therule from OPT increases classification accuracy (procedure DeleteBadRules,figure6.14).If it does, or if classification accuracy is not affected by removal of the rule, then the rule isimmediately removed from OPT and returned to POOL. This is repeated until no morerules can be removed from OPT.

For each f ∈ OPT do

W = ee ∈ E ∧ gen(e,OPT) ≠ e.o∧ e.o = f.o { } f.pos = W let OPT' be a set of rules which is equal in all respects to the set of rulesOPT let f'∈ OPT' where f' is equal to f of OPT increase f'.p to the smallest integer x such that

(∀ e)(e ∈ W → gen(e,OPT') = e.o) f.neg = ee ∈ E ∧ gen(e,OPT) = e.o∧ gen(e,OPT') ≠ e.o { } f.opt_metric = f'.p f.score = f.pos − f.neg end let y be a rule such that the following statement holds for y:

y ∈ OPT ∧ (∀ z)(z ∈ OPT → (z.score ≤ y.score)) return y

Figure 6.12. Function FindWorstOptRule.

for each f ∈ POOL do

W = ee ∈ E ∧ gen(e,OPT) ≠ e.o∧ e.o = f.o { } f.pos = W let f.p equal the smallest integer x such that

(∀ e)(e ∈ W → gen(e,OPT ∪ {f}) = e.o) f.neg = ee ∈ E ∧ gen(e,OPT) = e.o∧ gen(e,OPT ∪ {f}) ≠ e.o { } f.opt_met = f.p f.score = f.pos − f.neg end let y be a rule such that the following statement holds for y:

y ∈ POOL ∧ (∀ z)(z ∈ POOL → (z.score ≤ y.score)) return y

Figure 6.13. Function F i n d B e s t P o o l R u l e .

do For each f ∈ OPT do f.curr_ pos = ee ∈ E ∧ gen(e,OPT) = e.o∧ gen(e,OPT − f) ≠ e.o { } W = ee ∈ E ∧ gen(e,OPT) ≠ e.o∧ gen(e,OPT − f) = e.o { } f.curr_neg = W f.score = f.curr_neg − f.curr_ pos end let y be a rule such that the following statement holds for y:

y ∈ OPT ∧ (∀ z)(z ∈ OPT → (z.score ≤ y.score)) if y.score ≥ 0

OPT = OPT − y

POOL = POOL + y end while a rule is deleted

Figure 6.14. Procedure D e l e t e B a d R u l e s .

let POOL = F let OPT = ∅ do P_rule = FindBestPoolRule()

O_rule = FindWorstOptRule() if O_rule.score ≥ P_rule.score if O_rule.opt_metric = 0

OPT = OPT − O_rule

POOL = POOL +O_rule end else

O_rule.p = O_rule.opt_metric end end else

POOL = POOL − P_rule

OPT = OPT + P_rule end DeleteBadRules() while improvement takes place

Figure 6.15. Greedy training algorithm.We are guaranteed that the algorithm will terminate in at most |E| steps, since at eachstep of the algorithm there is either a net increase of at least one in the number of examples

56correctly classified, or there is not and the algorithm terminates. Also, when the algorithmdoes terminate (and at any point during the execution of the algorithm) there will be at most|E| rules in the set of rules OPT, since each step of the algorithm adds at most one rule toOPT. Furthermore, the upper time bound on the FindBestPoolRule function is O(|F|), theupper time bound on FindWorstOptRule is O(|E|), and the upper time bound onDeleteBadRules is O((|E|2+|E |)/2). Therefore we have a worst case upper time bound ofO(|E||F| + (|E|3+|E|2)/2) on the execution of the algorithm.

6.2.5.2

Top Down Greedy Generation of Rule ListsThe top-down greedy training algorithm for generating rule lists, or Topdown, isgiven in figure 6.16. Initially, all examples are assumed to be incorrectly classified, andthe set of rules OPT is empty. At each step of the algorithm, the single most optimal rulefrom POOL is selected and added to the bottom of the list of rules. The algorithmterminates when no more progress can be made in correctly classifying examples from thetraining set.

POOL = F

OPT = ∅ , an ordered list of rules.

MISCLASS= E do for each f ∈ POOL if ee ∈ MISCLASS∧e.o = f.o∧ r_match(f,e) { } = ∅ let POOL = POOL − f else f.score = ee ∈ MISCLASS∧e.o = f.o∧ r_match(f,e) { } ee ∈ MISCLASS∧e.o ≠ f.o∧ r_match(f,e) { } end if POOL ≠ ∅ let f ∈ POOL such that (∀ y)(y ∈ POOL → y.score ≤ f.score) put f at the bottom of the list OPT

MISCLASS= MISCLASS− ee ∈ MISCLASS∧r_match(f,e) { } end while POOL ≠ ∅ and MISCLASS≠ ∅

Figure 6.16. Top down greedy list algorithm.Each step of the algorithm begins by deleting all of the rules in POOL which do notmatch any of the positive examples remaining in MISCLASS. The remaining rules inPOOL are assigned a score which is the ratio of the number of positive examples which therule matches to the number of negative examples which the rule matches. The score is saidto be infinite in the case where the number of negative examples which the rule matches iszero. After assigning each remaining rule in POOL a score, the algorithm selects the mostoptimal rule, or the rule with the largest score, to add to the bottom of the list. In the casewhere the score between two or more rules is equal, then the rule which matches thegreatest number of positive examples is preferred. The examples which the rule matchesare then deleted from MISCLASS, and the selected rule is deleted from the pool of rules.As with the Greedy training method, the maximum number of iterations of the mainloop is bounded by the number of examples in E, since at each step the algorithm eitheradds a rule which classifies at least one example from E (and all matching examples are

58then deleted from further consideration), or the algorithm terminates. Each iteration of themain loop assigns a score to (or deletes) each rule of POOL, then selects the rule with thelargest score. Assuming that the rule with the largest score is kept track of during theassignment process, this will require at most |F| steps. Thus the upper time bound on theexecution of Topdown is O(|E||F|).

6.2.5.3

Bottom Up Greedy Generation of Rule ListsIn addition to the top-down training method, this thesis also tests a bottom-upapproach, called Bottomup. The main difference between this approach and the top-downapproach is that it adds rules to the top of the list (as it’s name implies).

POOL = F

OPT = ∅ , an ordered list of rules.

CLASS= ∅

MISCLASS= E do for each f ∈ POOL f.score = ee ∈ MISCLASS∧e.o = f.o∧ r_match(f,e) { } − ee ∈ CLASS∧e.o ≠ f.o∧ r_match(f,e) { } end if (∃f)(f ∈ POOL ∧ f.score > 0) let f ∈ POOL such that (∀ y)(y ∈ POOL → y.score ≤ f.score) put f at the top of the list OPT

POOL = POOL − f

MISCLASS= MISCLASS+ ee ∈ CLASS∧e.o ≠ f.o∧ r_match(f,e) { } − ee ∈ MISCLASS∧e.o = f.o∧ r_match(f,e) { } CLASS= CLASS+ ee ∈ MISCLASS∧e.o = f.o∧ r_match(f,e) { } − ee ∈ CLASS∧e.o ≠ f.o∧ r_match(f,e) end while there is progress and MISCLASS≠ ∅

Figure 6.17. Bottom up greedy list algorithm.The Bottomup training method keeps track of two sets of examples. The first set,called CLASS, keeps track of the examples which are classified correctly. Conversely, the

59other set, called MISCLASS˚keeps track of the examples which are not classified correctly.Initially, the set CLASS is empty and the set MISCLASS contains all of the examples in thetraining set. In addition, the algorithm has a set of rules, called POOL, to draw upon forclassifying examples from the training set.Each step of the algorithm proceeds as follows. First, each rule in POOL isassigned a score, the score being equal to the net gain in the number of examples whichwill be correctly classified if the given rule is added to the top of the list of rules. After allrules in POOL are assigned a score based on the current situation, the single most optimalrule, or the one with the largest score, is added to the top of the list OPT. The rule is thendeleted from POOL. The sets MISCLASS and CLASS are then adjusted to reflect theaddition of the new rule.The upper time bound on the execution of Bottomup is the same as that for the topdown method, O(|E||F|).

607 Data Sets And ExperimentsThe research was done in two phases. The first phase of the research attempted toestablish the utility of low-order rules versus high-order rules from an empirical standpoint.During this phase of the research, every possible upper bound on the order of extractedrules is used, and the results of the various learning algorithms are reported. A comparisonis then made with the results obtained using only 1st order rules, the results obtained using1st and 2nd order rules, the results obtained using 1st, 2nd and 3rd order rules, and so onup to the maximum possible order of rules (the number of inputs).The main goal of this paper being to determine the learning and generalization traitsof bounded order rule sets on real world problems, several data sets taken from real worldproblems were selected for testing. In addition to the real world data sets, 3 artificial datasets, called the Monk data sets, are also used. Each data set is randomly divided into twoequal parts, a training set and a test set (the exception to this is that the training sets used forthe three Monk data sets are identical to the ones supplied by Professor Thrun in theoriginal problem). The data in the training set is used during the training phase of thealgorithm to obtain critical rules and for metric calculation, while the data in the test set isused to test the generalization capabilities of the extracted rules.During the learning phase of the algorithm a search bounded above by some integerless than (or equal to) the number of inputs for critical rules contained in the training set isconducted, and each discovered rule is assigned a metric. After the training phase the testset is used to determine how well the algorithm is able to generalize (predict classification)on novel patterns, utilizing only those rules and metrics extracted during the training phase.15 Runs using different, randomly selected training sets and test sets were conducted foreach metric and generalization method on each data set, and the average accuracy for the 15runs was calculated.

61Due to time constraints, the Delta Rule training method was limited to 200 iterationsthrough the training set. The extremely large number of rules generated with some of thedata sets made it impractical to do more, and going beyond 200 iterations did not appear tosignificantly improve results for the most part.The second phase of the research compares the results obtained during the firstphase with those obtained using the C4.5 tree induction algorithm. The results show thatC4.5 is not able to do significantly better than many of the methods explored in this paperusing relatively low-order rules (for example, using only 1st and 2nd order rules, theperceptron training method did relatively well in comparison with C4.5).Since the learning algorithms explored in this thesis require discrete valuedattributes, all of the continuous valued attributes were discretized utilizing a simple equalinterval discretization technique. Because of the simplicity of this technique, it is possiblethat some of the discretized data sets will be more difficult to learn due to the potential lossof valuable information. On the other hand, it�s possible that they may be easier to learn(although this is less likely). In any case, by comparing the results with those obtained viathe C4.5 learning algorithm, it is possible to see how well the learning methods explored inthis paper are doing with what they are given.The data sets which are tested in this thesis are:• Bupa• CPU• Iris• Lenses• Monk1• Monk2• Monk3• Pima

62• Tic-tac-toeAll of these data sets were obtained from the UC Irvine Machine Learning Database.The Bupa data set contains 345 examples. Each example represents a patient whomay or may not have some form of liver disorder. The data contains the results of 6 testswhich have been administered to each patient. The goal is to determine from the results ofthese 6 tests which patients have liver disorders.The CPU data set contains 209 examples, each of which represents a type ofcomputer. The goal is to predict the relative performance of each computers’ CPU basedupon a series of measurements (such as cache memory size, cycle time, etc.).The Iris data set contains 150 examples. The data contains 3 classes of iris plants.The goal is to determine which class of iris plant each example belongs to frommeasurements such as sepal length, petal length, etc. This data set has been usedextensively in the machine learning literature.The Lenses data set is an extremely small data set which contains only 24 examples.Each possible example is represented. Each example represents a patient, where the goal isto determine which type of contact lenses to fit to the patient from the patients knowncharacteristics. Unfortunately, since the data set is so small, most learning algorithms havea difficult time generalizing on unseen test cases.The Monk data sets are artificial data which were used in one of the firstinternational comparison of learning methods. Each data set contains 432 examples. Thetarget concept for Monk1 was generated from the rule (a1 = a2 � a5 = 1). The correlationbetween a1 and a2 would seem to imply the need for the learning system to generate secondorder rules in order to be able to accurately describe the target concept. The concept forMonk2 was generated with the rule that exactly two of the 6 input attributes be equal to 1.It would seem that higher-order rules might be necessary to solve this problem, since to becertain that something is in the concept we must know what all the inputs are (however, it

63is often possible to tell that something is NOT in the concept from a subset of the inputs,for example if the first three inputs are equal to 1). Finally, the concept for Monk3 wasgenerated from the rules (a5 = 3 � a4 = 1) � (a5 „ 4 � a2 „ 3). In addition, 5 percentclass noise was added to the elements of the training set (which is pre specified). This isthe simplest data set of the three.The Pima data set contains 768 examples of Pima Indians. The goal is to determinewhich of the patients are diabetic from a series of standard tests prescribed by the WorldHealth Organization.The Tic-tac-toe data set contains 958 examples. The data set encodes the completeset of all legal board configurations at the end of tic-tac-toe games. The goal is to determineif the board represents a win for the player playing �x�.

648 ResultsThe results of the first phase of the research are shown in section 8.1. Underneatheach figure is listed the conflict resolution and metric assignment method which were usedto obtain the results given in the figure. For some of the metric assignment methods(Greedy, Topdown, Bottomup, and Delta Rule), only the metric assignment method islisted, since each of these methods was used with only a single method for conflictresolution.Since we are mainly interested in the generalization capabilities of the methods, onlythe results on the test set are reported. The accuracy on the training set was generally closeto 100 percent for each of the methods tested in this paper. This is especially true of thegreedy and perceptron training methods, and the top down and bottom up list buildingmethods.In each of the graphs below, the numbers along the vertical axis indicate thepercentage accuracy on the test set, and the numbers along the horizontal axis indicate theupper bound on stored rules. Also, the standard deviation for each of the data points on thegraph is listed at the bottom of the graph, below the upper bound on rule order with whichit is associated.The results obtained with C4.5 are shown in section 8.2. The first three bars ofeach graph show the average results over 15 runs for the unpruned and pruned decisiontrees, and for the rule list generated by the C4.5rules rule list generation algorithm. Thesecond three columns of each graph show the single best result obtained with the methodsused in this paper, the average of each methods single best result, and the overall averageof all the results of each method. Again, only the results on the test set are reported.

658.1 General Results from Phase 18.1.1 Bupa Data Set.6060.56161.562123456s=5.0s=5.2s=5.1s=4.9s=4.8s=4.8

585960616263123456s=4.1s=4.0s=2.7s=3.8s=4.0s=4.5 Figure 8.1a. Democracy - Counts.Figure 8.1b. Republic - Counts.

404550556065123456s=3.4s=2.7s=3.2s=3.3s=3.3s=3.3

4045505560123456s=3.6s=3.4s=2.9s=2.4s=3.3s=2.8Figure 8.1c. Democracy - one. Figure 8.1d. Republic - one.

66 s=4.8 s=3.7 s=3.1 s=3.0 s=3.0 s=3.0

58596061123456

5960616263123456s=4.7s=3.6s=3.2s=4.4s=3.7s=4.7 Figure 8.1e. Democracy - p(o|f). Figure 8.1f. Republic p(o|f).

6061626364123456s=3.2 s=3.0 s=3.1 s=3.5 s=2.6 s=2.6

555657585960123456s=4.5 s=4.0 s=4.4 s=5.1 s=2.8 s=4.2Figure 8.1g. Delta_RuleFigure 8.1h. Greedy.

5456586062123456s=2.3 s=3.1 s=4.7 s=2.9 s=4.9 s=4.1

5657585960123456s=2.7 s=4.6 s=3.4 s=3.3 s=2.7 s=3.6Figure 8.1i. Topdown. Figure 8.1j. Bottomup.

678.1.2 CPU Data Set8181.58282.58383.58484.51234567s=2.9 s=2.0 s=2.2 s=2.1 s=2.2 s=2.4 s=2.4

80818283848586871234567s=3.6 s=2.5 s=2.4 s=2.5 s=2.4 s=3.2 s=3.6Figure 8.2a. Democracy - Counts.Figure 8.2b. Republic - Counts.

5560657075801234567s=5.9 s=3.8 s=3.9 s=3.6 s=3.5 s=3.7 s=3.7

15253545556575851234567s=2.3 s=3.1 s=7.9 s=9.9 s=4.4 s=4.6 s=4.8Figure 8.2c. Democracy - one.Figure 8.2d. Republic - one.1 2 3 4 5 6 7

828384858687s=2.8 s=2.8 s=2.8 s=2.7 s=2.8 s=2.6 s=2.6

8182838485861234567s=2.7 s=3.5 s=3.1 s=3.4 s=3.0 s=4.1 s=4.3Figure 8.2e. Democracy - p(o|f).Figure 8.2f. Republic p(o|f).

6882838485861234567s=5.1 s=5.3 s=4.7 s=3.3 s=4.9 s=4.4 s=4.7

8283848586871234567s=2.7 s=2.1 s=2.9 s=1.9 s=3.3 s=2.3 s=3.4 Figure 8.2g. Delta_Rule Figure 8.2h. Greedy.

7677787980811234567s=2.7 s=3.8 s=4.1 s=5.3 s=4.8 s=3.5 s=5.8

808284861234567s=3.9 s=3.9 s=3.8 s=3.8 s=4.0 s=4.4 s=3.4 Figure 8.2i. Topdown. Figure 8.2j. Bottomup.8.1.3 Iris Data Set

8888.58989.5901234s=3.1 s=2.7 s=2.6 s=2.6

80828486881234s=3.3 s=4.1 s=5.4 s=5.6 Figure 8.3a. Democracy - Counts. Figure 8.3b. Republic - Counts.

698687888990911234s=4.2 s=2.7 s=2.6 s=2.8

85868788891234s=4.2 s=3.6 s=5.2 s=5.6 Figure 8.3c. Democracy - one. Figure 8.3d. Republic - one.

9292.59393.5941234s=2.9 s=2.5 s=2.0 s=2.0

8888.58989.59090.51234s=3.1 s=3.0 s=5.5 s=5.0 Figure 8.3e. Democracy - p(o|f). Figure 8.3f. Republic p(o|f).

888990911234s=4.3 s=3.4 s=2.8 s=2.8

878991931234s=4.2 s=4.1 s=5.8 s=1.4Figure 8.3g. Delta_Rule. Figure 8.3h. Greedy.

919293941234s=3.1 s=3.4 s=2.1 s=2.8

8586878889901234s=7.0 s=3.7 s=2.1 s=4.8 Figure 8.3i. Topdown. Figure 8.3j. Bottomup.

708.1.4 Lenses Data Set5959.259.459.659.8601234s=12.5 s=12.6 s=11.7 s=11.7

556065701234s=12.3 s=11.6 s=14.8 s=14.9 Figure 8.4a. Democracy - Counts.Figure 8.4b. Republic - Counts.

52545658601234s=12.5 s=11.7 s=11.1 s=11.1

405060701234s=18.6 s=13.6 s=15.8 s=15.6 Figure8.4c. Democracy - one. Figure 8.4d. Republic - one.

545658601234s=7.6 s=8.6 s=9.5 s=9.5

596163651234s=9.8 s=10.2 s=15.3 s=15.8 Figure 8.4e. Democracy - p(o|f). Figure 8.4f. Republic p(o|f).

716062646668701234s=17.1 s=13.3 s=9.7 s=10.8

53586368731234s=18.0 s=18.8 s=11.3 s=15.8 Figure 8.4g. Democracy - Delta_Rule.Figure 8.4h. Greedy.

7075801234s=10.3 s=12.5 s=11.7 s=8.4

556065701234s=9.4 s=16.4 s=15.4 s=9.4Figure 8.4i. Topdown.Figure 8.4j. Bottomup.8.1.5 Monk 1 Data Set

656769717375123456

4050607080123456 Figure 8.5a. Democracy - Counts.Figure 8.5b. Republic - Counts.

708090100123456

5060708090123456Figure 8.5c. Democracy - One.Figure 8.5d. Republic - One.

7260657075801 2 3 4 5 6

6065707580123456Figure 8.5e. Democracy - p(o|f).Figure 8.5f. Republic - p(o|f).

60657075808590951 2 3 4 5 6

60708090100123456Figure 8.5g. Delta Rule.Figure 8.5h. Greedy.

60708090100123456

60708090100123456 Figure 8.5i. Topdown. Figure 8.5j. Bottomup.8.1.6 Monk 2 Data Set

656769717375123456

5560657075123456Figure 8.6a. Democracy - Counts.Figure 8.6b. Republic - Counts.

735560657075123456

203040506070123456Figure 8.6c. Democracy - One.Figure 8.6d. Republic - One.

67.56868.56969.57070.51 2 3 4 5 6

5560657075123456Figure 8.6e. Democracy - p(o|f).Figure 8.6f. Republic - p(o|f).

50556065707580851 2 3 4 5 6

505560657075123456Figure 8.6g. Delta Rule. Figure 8.6h. Greedy.

505560657075123456

5560657075123456Figure 8.6i. Topdown.Figure 8.6j. Bottomup.

748.1.7 Monk 3 Data Set858789919395123456

60708090123456Figure 8.7a. Democracy - Counts.Figure 8.7b. Republic - Counts.

406080100123456

406080100123456Figure 8.7c. Democracy - One.Figure 8.7d. Republic - One.

828792971021 2 3 4 5 6

708090100123456Figure 8.7e. Democracy - p(o|f).Figure 8.7f. Republic - p(o|f).

9394959697981 2 3 4 5 6

9092949698100123456Figure 8.7g. Delta Rule.Figure 8.7h. Greedy.

7560708090100123456

9092949698100123456Figure 8.7i. Topdown.Figure 8.7j. Bottomup.8.1.8 Pima Data Set

626466687012345678s=1.9 s=2.9 s=2.9 s=2.7 s=2.7 s=2.7 s=2.7 s=2.7Figure 8.8a. Democracy - Counts.

6065707512345678s=2.1 s=3.1 s=2.7 s=2.4 s=2.1 s=1.7 s=1.6 s=1.4Figure 8.8b. Republic - Counts.

60626466687012345678s=1.6 s=1.6 s=2.2 s=2.5 s=1.8 s=1.7 s=1.7 s=1.6Figure 8.8c. Democracy - One.

7602040608012345678s=2.8 s=2.8 s=2.4 s=3.0 s=2.0 s=1.7 s=1.8 s=2.0Figure 8.8d. Republic - One.

6264666870727412345678s=3.0 s=3.8 s=3.8 s=3.6 s=3.2 s=3.0 s=3.0 s=3.0Figure 8.8e. Democracy - p(o|f).

6065707512345678s=1.9 s=2.6 s=2.1 s=2.5 s=1.9 s=1.9 s=1.8 s=1.8Figure 8.8f. Republic - p(o|f).

60626466687012345678s=3.6 s=2.1 s=1.5 s=2.1 s=2.0 s=1.8 s=2.2 s=2.0Figure 8.8g. Delta Rule.

7764666870727412345678s=2.0 s=2.0 s=1.4 s=1.8 s=2.5 s=2.8 s=2.6 s=2.4Figure 8.8h. Greedy.

6065707512345678s=2.1 s=2.2 s=2.0 s=2.4 s=1.7 s=2.1 s=1.6 s=1.5Figure 8.8i. Topdown.

64666870727412345678s=1.8 s=1.5 s=2.0 s=2.2 s=2.3 s=2.3 s=2.0 s=2.2Figure 8.8j. Bottomup.

788.1.9 Tic-tac-toe Data Set6465666768123456789s=2.2 s=2.4 s=3.2 s=3.7 s=3.8 s=3.8 s=3.8 s=3.8 s=3.9Figure 8.9a. Democracy - Counts.

65707580859095123456789s=2.2 s=3.2 s=4.2 s=4.3 s=4.5 s=2.2 s=2.6 s=2.1 s=2.6Figure 8.9b. Republic - Counts.

3040506070123456789s=2.2 s=2.2 s=3.9 s=3.0 s=3.9 s=2.6 s=2.9 s=2.5 s=2.4Figure 8.9c. Democracy - one.

79304050607080123456789s=2.2 s=2.6 s=2.9 s=1.8 s=4.0 s=1.4 s=2.2 s=2.5 s=2.1Figure 8.9d. Republic - one.

6065707580123456789s=1.5 s=1.6 s=2.6 s=3.1 s=3.0 s=2.8 s=3.1 s=3.1 s=3.0Figure 8.9e. Democracy - p(o|f).

60708090123456789s=2.2 s=2.8 s=3.4 s=3.0 s=2.7 s=1.7 s=2.6 s=2.5 s=2.7Figure 8.9f. Republic - p(o|f).

80859095100123456789s=1.0 s=1.0 s=1.6 s=1.2 s=1.0 s=4.1 s=3.7 s=3.4 s=5.2Figure 8.9g. Democracy - Delta Rule.

80707580859095100123456789s=2.7 s=2.3 s=2.2 s=0.8 s=0.7 s=2.3 s=0.6 s=2.0 s=0.7Figure 8.9h. Greedy.

70727476123456789s=2.7 s=3.4 s=1.4 s=2.1 s=1.8 s=1.2 s=2.5 s=1.7 s=1.7Figure 8.9i. Topdown.

707580859095100123456789s=2.7 s=2.1 s=1.0 s=0.7 s=0.6 s=0.6 s=0.5 s=0.3 s=0.5Figure 8.9j. Bottomup.

818.2 Results from C4.50102030405060708090100non-prunedprunedrulesBestBest Avg.OverallAvg.Figure 8.10a. C4.5 Bupa Indian data results.

0102030405060708090100non-prunedprunedrulesBestBest Avg.OverallAvg.Figure 8.10b. C4.5 CPU data results.

820102030405060708090100non-prunedprunedrulesBestBest Avg.OverallAvg.Figure 8.10c. C4.5 Iris data results.

0102030405060708090100non-prunedprunedrulesBestBest Avg.OverallAvg.Figure 8.10d. C4.5 Lenses data results.

830102030405060708090100non-prunedprunedrulesBestBest Avg.OverallAvg.Figure 8.10e. C4.5 Monks-1 data results.

0102030405060708090100non-prunedprunedrulesBestBest Avg.OverallAvg.Figure 8.10f. C4.5 Monks-2 data results.

840102030405060708090100non-prunedprunedrulesBestBest Avg.OverallAvg.Figure 8.10g. C4.5 Monks-3 data results.

0102030405060708090100non-prunedprunedrulesBestBest Avg. OverallAvg.Figure 8.10h. C4.5 Pima data results.

850102030405060708090100non-prunedprunedrulesBestBest Avg.OverallAvg.Figure 8.10i. C4.5 Tic-tac-toe data results.

869 DiscussionThe following methods consistently returned better results:• Delta Rule• Greedy• Topdown• Bottomup• Democracy-p(o|f)• Republic-CountsIn the discussion that follows, we use the results obtained with these methods andignore the other results for the sake of simplicity. The last two methods, Democracy-p(o|f)and Republic-Counts, are fairly representative of the simpler metric assignment methods.These simpler methods often did better as the upper bound on rule order was increased.The Delta Rule training method appeared to be the most robust when restricted to low-orderrules, and in one case was able to come up with a solution which was much better than anyof the other algorithms (on the monk2 data set). The Greedy, Topdown, and Bottomupmethods were also good performers, and were able to generate final rule sets which wereoptimum in the number of rules with some of the data sets (on the monk1 and monk3 datasets). Thus, the results obtained with these methods are representative of all of the results,and restricting the discussion to them does not hinder the goals of this thesis.9.1 Comparison With C4.5Table 9.1 compares the best results obtained with C4.5 against the best resultsobtained with the 6 learning methods listed above. The best result for each data set isshown in bold. The "Average" column contains the average result across all data sets foreach method. As can be seen from this table, C4.5 was never able to outperform all of the

87other learning methods (although it did tie for first place with several of the otheralgorithms on the monk1 and monk2 data sets). In fact, C4.5 can be seen to be in thelower half performance-wise on most of the data sets.BupaCPUIrisLensesMonk1Monk2Monk3PimaTic-tac-toeC4.558.984.391.466.710070.310073.383.3Delta Rule6485.690.7 70 92 83.3

97.9

68.1

97.2

Greedy

59.6

86.1

92.1 75 100 70.3 100 73 97.6

Topdown

60.8

80.8

93.2

81.7 100 70.3 100 80.9

Delta Rule 64 84.1

90.4 70 92 83.3

97.9

67.7

97.2

83.0

Greedy

59.6

86.1

88.8

62.8 100 70.3 100 73 78.5

79.9

Topdown

60.8

80.8

92.2

73.9 100 70.3 100 73.6

72.3

80.4

Bottomup

57.7

85.5

89.3

66.7 100 70.3 100 68.5

76.6

79.4

Dem - p(o|f)

60.1

85.6

92.6

56.1

69.2

70.3

87.1

71.8

64.8

73.1

Rep - Counts

62.2

83.5 88 61 61 70.3

82.3

88C4.5 did increase slightly in comparison with the other learning methods when they wererestricted to low-order (£ 2) rules.From the standpoint of generalization performance then, the learning methodsexplored in this thesis were able to do just as well as the C4.5 learning algorithm,exceeding it�s performance in several instances, even when the search space was restrictedto low-order rules. Since C4.5 is capable of generating higher order rules, and yet was stillunable to outperform any of the above learning methods even when they were restricted tolow-order rules, this is evidence of the power of these learning methods restricted to low-order rules. In addition to providing empirical evidence of the power of the learningmethods explored in this thesis, this is also evidence that the simple heuristic of restrictingthe rule search space to low-order rules is not unreasonable.9.2 Utility of Low Order RulesFurther indication of the utility of low-order rules can be seen in table 9.3. Thistable reports the best results obtained on each data set for each of the generalizationmethods. For each method, the first result reported is for unbounded order rule sets (the�best� row), and the second result reported is with rule order restricted to 2 or less (the�Order <= 2� row). The numbers in parentheses indicate the actual upper bound on ruleorder with which the reported result is associated. The winning result for each data set isshown in bold.

89BupaCPUIrisLensesMonk1Monk2Monk3PimaTic-tac-toeRepublic - CountsBest62.2 (2)86.5 (5)88 (1)69.5 (4)80.8 (6)70.3 (2)92.3 (4)72.0 (4)93.7 (6)Order <= 262.2 (2)83.5 (2)88 (1)61.1 (2)61.0 (2)70.3 (2)82.3 (2)69.3 (2)66.1 (2)

97.9 (1)

68.1 (7)

97.2 (1)

Order <= 2

64 (1)

84.1 (2)

90.4 (2)

70 (1)

92.0 (2)

83.3 (2)

97.9 (1)

67.7 (1)

97.2 (1)

Greedy

Best

59.6 (1)

86.1 (2)

92. (4)

75 (3)

100 (2)

70.3 (1)

100 (2)

73.0 (1)

97.6 (3)

Order <= 2

59.6 (1)

86.1 (2)

88.8 (2)

62.8 (1)

70.3 (1)

100 (2)

73.0 (1)

97.9 (7)

Order <= 2

57.7 (1)

85.5 (2)

89.3 (2)

66.7 (2)

70.3 (1)

68.5 (1)

76.6 (2)

100 (2)

100 (2)

100 (2)

100 (2)

100 (2)

100 (2)

100 (2)Table 9.3. High-order vs low-order rules.In most cases, the best overall results were obtained with the search space restrictedto rules of order less than or equal to 2. The exception to this occurred with the Iris andLenses data sets. While the Lenses data set seemed to exhibit the need for higher-orderrules, the extremely small number of training examples, and the resultant high standarddeviations associated with the results reported on this data set, make it difficult to be certainthat this is the case. However, it did appear that the Iris data set required higher-order rulesin order to achieve the greatest accuracy, although the Democracy-p(o|f) scheme (92.6) wasable to come close to the best results (Democracy - p(o|f) 93.9) using only 2nd and 1storder rules.Even in the case where the best results for a given data set were obtained usinghigh-order rules, such as the results reported on the CPU data set (the Republic-Countsmethod using 5th order rules won with 86.5 percent accuracy), at least one of the methodswas able to come relatively close using only low-order rules (the Greedy method with 2ndorder rules achieved 86.1 percent accuracy). In such cases the extra benefit gained bygoing to high-order rules is probably not enough justification for the large amount of extrawork required to get there.It is interesting to note that the Delta Rule method, which was in general one of themore accurate at predicting classification when restricted to low-order rules, did not benefit

90appreciably from the addition of higher-order rules. In fact, with several of the data setsthe accuracy of the Delta Rule method dropped markedly with the addition of higher-orderrules. An example of this can be seen in figure 9.4, which shows the results reported withthe Delta Rule method on the Monk2 data set.

50556065707580851 2 3 4 5 6Figure 9.4. Delta Rule.One reason for this tendency is that the training algorithm tends to favor the lessgeneral, higher-order rules. This is because higher-order rules are less likely to matchcounter examples in the training set, and the training algorithm will thus increment theirassociated metrics until all of the examples in the training set which they match areclassified correctly. Thus, while the algorithm is able to learn the training set with 100percent accuracy (or near 100 percent), the mapping that it learns does not generalize wellon novel instances. In other words, the Delta Rule learning algorithm tends to memorizethe training set when presented with higher-order rules.Another possible reason for this tendency is that the algorithm for finding rulesdoes not yet make any attempt to minimize the set of rules to only those rules that areneeded to solve the problem. Rather, all possible rules bounded by the upper bound onrule order are saved and used by the algorithm. Some of these rules are likely to lead thetraining algorithm astray, causing it to "memorize" the training set rather than learn thedesired general concept description. This problem could be alleviated somewhat by firstdeleting rules which did not pass a statistical significance test before beginning the trainingprocedure.

91Other methods were also often led astray by the addition of higher-order rules. Forexample, figure 9.5 shows results reported on the Pima data set with the Topdownalgorithm. In this case, adding higher-order rules decreased generalization performancefrom the relatively good score of 74% accuracy using only 1st order rules, down to about65% accuracy.

6065707512345678s=2.1 s=2.2 s=2.0 s=2.4 s=1.7 s=2.1 s=1.6 s=1.5Figure 9.5. Topdown.In addition, although the simpler metric assignment methods often continued tobenefit from the addition of higher and higher order rules, the best results obtained withthese methods did not significantly surpass the results obtained with the other methods(restricted to low-order rules) on any of the data sets used in this paper. Even with thesemethods the benefit of adding higher-order rules tended to level off as the bound on ruleorder was increased. Figures 9.6 and 9.7, which show the results reported on the Bupaand Monk3 data sets respectively for two different metric assignment methods, are anexample of this tendency. s=4.8 s=3.7 s=3.1 s=3.0 s=3.0 s=3.0

58596061123456

60708090123456Figure 9.6. Democracy - p(o|f).Figure 9.7. Republic - Counts.

92The results show that restricting the search space to low-order rules does notadversely affect the over-all ability of these learning methods to generalize accurately on thedata sets used in this thesis. Indeed, in some cases the addition of higher-order rules wasactually detrimental to the performance of the generalization algorithm. There were, ofcourse, cases where the generalization performance was enhanced by the addition of high-order rules. These tended to occur with the simpler metric assignment methods, which ingeneral did not perform as well as the more complex methods (such as Delta Rule, Greedy,Topdown, etc.). Even so, the increase in generalization performance gained by theaddition of higher-order rules often tended to level off with increasing rule order, implyingthat more and more work had to be done for an increasingly smaller amount of payback.There are several possible interpretations for the results reported in this thesis. Oneinterpretation is that there was simply not enough data in any of the training sets to reliablyestimate the metrics for higher-order rules. Thus, utilizing higher-order rules on these datasets is about as likely to be harmful as it is beneficial. Another possible explanation is thatthe data sets which were hard to classify (such as Bupa and Pima) are mostly random,negating the benefit of higher-order rules, and the ones which are easy to classify (such asthe Iris data) are so regular that higher-order rules do not add much. A third and finalexplanation could be that the methods used in this thesis for taking advantage of higher-order rules are inadequate, and that with better methods we would be able to demonstrate asignificant benefit from the addition of higher-order rules.None of these explanations is unreasonable, and they are probably all true to somedegree. There is certainly not enough data in some of the data sets (the Lenses data, forexample) to reliably estimate metric value�s for higher-order rules. Many real-world datasets exhibit a great deal of regularity. There are data sets which have several inputattributes that are largely uncorrelated with the output. And certainly the current methodsfor extracting and using higher-order rules have room for improvement. However, ratherthan being an argument for higher-order rules, all of these explanations can actually be used

93as arguments against them. If the current learning methods have a difficult time usinghigher order rules, and the data that we have is not sufficient to reliably extract them, then itis probably a good practice to avoid them, or at least be biased against their usage.

9410 Conclusion and Future ResearchThe results of the experiments were encouraging. It would appear that a biastowards the use of lower-order rule sets can be beneficial on many real world problemdomains and warrants further research. Although relatively simple methods were used forrule extraction and metric assignment, surprisingly good results were obtained on all of thedata sets using only low-order rules. Assuming that the data sets used in this thesis arerepresentative of most real-world data sets, then an approach to pattern recognition thatlimits itself (or highly favors) lower-order rules is not unreasonable.The Delta Rule method exhibited the most robust performance when limited to low-order rules. Using the Delta Rule training method limited to first and second order rules,satisfactory solutions were obtained for all of the learning problems studied in this paper.It is likely that even better results could be obtained with rule sets limited to low-order rulesby making improvements to the methods for metric assignment and conflict resolution, andby discarding rules which are not statistically significant.Other methods, such as the Greedy, Topdown, and Bottomup methods, alsoexhibited excellent performance on many of the data sets when restricted to low-orderrules, and showed a general lack of benefit from the addition of higher-order rules. Inaddition, all of these methods fared well in comparison tests with the C4.5 tree inductionalgorithm.The general lack of benefit from the addition of higher-order rules, and theperformance of the learning methods explored in this paper in relation to the resultsobtained via C4.5, leads to the conclusion that higher-order rules are not necessarilyrequired in order to find a satisfactory solution to many learning problems. And,depending upon the problem to be solved and the learning and generalization methodsused, the use of higher-order rules can actually be detrimental to classification accuracy.

95From an intuitive standpoint, it would seem that higher-order rules will be moredifficult to generate and less effective at generalizing new instances than low-order rules fora variety of reasons. These include the fact that higher-order rules tend to occur less oftenin the training set, they are less general, and they tend to be more susceptible to noise. Theempirical evidence presented in this thesis supports this intuition.While this thesis has demonstrated that a bias towards low-order rules can bebeneficial, we believe that there are some real-world learning problems which will requirehigher-order rules in order to learn adequately. Also, it is believed that the generalizationaccuracy of many of the learning algorithms could be improved through statistical tests ofrules and through other methods for reducing the size of the final set of rules. Other areasof possible improvement include different metric assignment methods and differentmethods for resolving conflicts between matched rules. Thus, future research will focuson the following areas:• Efficient methods for extracting good higher-order rules.• Greedy branch and bound algorithms.• Coverage of the training set - generating rules as needed to cover theremaining set of mis-classified examples.• Set intersection, set difference of example attributes - an n2 operation inthenumberofexamples.• Metric assignment methods.• Smarter greedy methods which find the optimal metric for the optimalrule at each step (greedier greedy).• Smarter greedy list building algorithms which combine aspects of bothtop down and bottom up list building techniques.• Rule set minimization methods.• Deletion of statistically insignificant rules.• Stochastic minimization using training cycles of the Delta Rule algorithm.

96• Smarter greedy algorithms for rule set minimization.

9711 BibliographyAfifi, A. A. and Virginia Clark. C o m p u t e r A i d e d M u l t i v a r i a t e A n a l y s i s . New York:Van Nostrand Reinhold Company, 1990.Battiti, Roberto, and Anna Maria Colla. Democracy in Neural Nets: Voting Schemes forClassification. Neural Networks; Vol 7, No 4, pp. 691-707, 1994.Beale, Russell and Tom Jackson. Neural Computing. Bristol: IOP Publishing Ltd,1990.Booker, L. B., D. E. Goldberg, and J. H. Holland. Classifier Systems and GeneticAlgorithms. Artificial Intelligence, Vol. 40, 1989, pp. 235-282. North Holland,Amsterdam.Brazdil, Pavel B. and Kurt Konolige. eds. Machine Learning, Meta-Reasoning andLogics. : Kluwer Academic Publishers, 1990.Breiman, L., J. H. Friedman, R. A. Olshen, and C. J. Stone. Classification andRegression Trees. Belmont, CA: Wadsworth Int., 1983.Buntine, Wray and Tim Niblett. A Further Comparision of Splitting Rules for Decision-Tree Induction. Machine Learning, vol 8, 1992, pp. 75-85.

98Chidanand, A., F. Damerau, and M. W. Sholom. Automated Learning of Decision Rulesfor Text Categorization. ACM Transactions on Information Systems, Vol. 12,No. 3, July 1994, pp 233-251.Clark, P., and T. Niblett. The CN2 Induction Algorithm. Machine Learning, Vol. 45,1990, pp. 304-307.Dasarathy, Belur V. ed. Nearest Neighbor Norms: NN Pattern ClassificationTechniques. Los Alamitos: IEEE Computer Society Press, 1991.De Jong, Kenneth, William Spears and Diana Gordon. Using Genetic Algorithms forConcept Learning. Machine Learning, Vol 13, pp 161-188, 1993.Donoho, Steven K. and David C. Wilkins. Using Apprenticeship Techniques to GuideConstructive Induction. Knowledge Acquisition, vol 6, pp 295-314, 1994.Elio, Renee and Larry Watanabe. An Incremental Deductive Strategy for ControllingConstructive Induction in Learning from Examples. Machine Learning, vol 7, pp7-44, 1991.Fahlman, S. E. and C. Lebiere. The Cascade Correlation Learning Architecture. 1991.Fukun ga, Keinosuke. Introduction to Statistical Pattern Recognition. San Diego:Academic Press, Inc., 1990.Garey, Michael R. and David S. Johnson. Computers and Intractability. New York:W. H. Freeman and Company, 1979.

99Greene, D. P. and S. F. Smith. Competition-Based Induction of Decision Models fromExamples. Machine Learning, 13:229-257, 1993.Hirsh, Haym. Incremental Version-Space Merging: A General Framework for ConceptLearning. Boston: Kluwer Academic Publishers, 1990.Martinez, T. R., "Adaptive Self-Organizing Logic Networks", Ph.D. Dissertation, UCLATechnical Report- CSD 860093, June, 1986.Martinez, Tony and Jacques Vidal. Adaptive Parallel Logic Networks. Journal of Paralleland Distributed Computing. Vol 5, pp 26-58, 1988.Martinez, Tony R., "Adaptive Self-Organizing Concurrent Systems", Progress in NeuralNetworks, vol. 1, ch. 5, ed. O. Omidvar, Ablex Publishing, pp. 105-26, 1990.Martinez, T. R. and Campbell, D. M., "A Self-Adjusting Dynamic Logic Module", Journalof Parallel and Distributed Computing, v11, no. 4, pp. 303-13, 1991.Martinez, Tony. ASOCS: Towards Bridging Neural Network and Artificial IntelligenceLearning. 2nd Government Neural Network Workshop, 1991.Martinez, T. R. and Campbell, D. M., "A Self-Organizing Binary Decision Tree forIncrementally Defined Rule Based Systems", IEEE Transactions on Systems,Man, and Cybernetics, v21, no. 5, pp. 1231-8, 1991.McClelland, James L. and David E. Rumelhart. Parallel Distributed Processing.Cambridge: The MIT Press, 1986.

100McLachlan, Geoffrey J. Discriminant Analysis and Statistical Pattern Recognition.New York: John Wiley & Sons, Inc., 1992.Michalski, R. S., I. Mozetic, J. Hong, and N. Lavrac. The Multi-purpose IncrementalLearning System AQ15 and its Testing Application to Three Medical Domains.Proceedings of the Fifth National Conference on Artificial Intelligence, pp.1041-1045, Philadelphia: Morgan Kaufmann, 1986.Michalski, R. S., and J. Larson. Incremental Generation of VL1 Hypotheses: TheUnderlying Methodology and the Description of the Program AQ11. TechnicalReport ISG 83-5, Urbana: University of Illinois, Computer Science Department,1983.Mitchell, T. M. Generalization as Search. Readings in Machine Learning, pp. 96-107,San Mateo, Morgan Kaufmann, 1990.Mooney, Raymond, Jude Shavlik, Geoffrey Towell and Alan Gove. An ExperimentalComparison of Symbolic and Connectionist Learning Algorithms. Proceedings ofthe Eleventh International Joint Conference on Artificial Intelligence, MorganKaufmann, San Mateo, Calif., 1989.Ozden, G. and W. A. Wallace. Induction of Rules Subject to a Quality Constraint:Probabilistic Inductive Reasoning. IEEE Transactions on Knowledge and DataEngineering, Vol 5, No 6, pp 979-984, 1993.Pagallo, Giulia and David Haussler. Boolean Feature Discovery in Empirical Learning.Machine Learning vol 5, pp 71-99, 1990.

101Pham, D. and M. Aksoy. RULES: A Simple Rule Extraction System. Expert Systemswith Applications, Vol. 8, No. 1, pp. 59-65, 1995.Quinlan, J. R. Induction of Decision Trees. Machine Learning, 1:81-106, 1986.Quinlan, J. R. Generating Production Rules from Decision Trees. Proc. Int’l Joint Conf.Artificial Intelligence (IJCAI-87), Morgan Kaufmann, San Mateo, Calif., 1987,pp. 304-307.Quinlan, R. J. Programs for Machine Learning. San Mateo: Morgan KaufmannPublishers, Inc., 1993.Raedt, L. D. and Maurice Bruynooghe. Interactive Concept-Learning and ConstructiveInduction by Analogy. Machine Learning, vol 8, pp 107-150, 1992.Redding, N. J., A. Kowalczyk and T. Downs. Constructive Higher-Order NetworkAlgorithm That Is Polynomial Time. Neural Networks, 6:997-1010, 1993.Romaniuk, S. G. and L. O. Hall. Divde and Conquer Neural Networks. NeuralNetworks, 6:1105-1116, 1993.Rosenblatt, F. The Perceptron: A probabilistic Model for Information Storage andOrganization in the Brain. Psychological Review, Vol. 65, No. 6, 1958.Schaffer, Cullen. A Conservation Law for Generalization Performance.Schalkoff, Robert. Pattern Recognition: Statistical, Structural, and NeuralApproaches. New York: John Wiley & Sons, Inc., 1992.

102Van Horn, Kevin S and Tony R. Martinez. The BBG Rule Induction Algorithm.Proceedings of the 6th Autstralian Joint Conference on Artificial Intelligence.World Scientific Publishing Co., Singapore 1993.Van Horn, Kevin S and Tony R. Martinez. The Minimum Feature Set Problem. NeuralNetworks, vol 7, no 3, pp 491-494, 1994.Weiss, Sholom and Ioannis Kapouleas. An Empirical Comparison of Pattern Recognition,Neural Nets, and Machine Learning Classification Methods. Proceedings of theTenth International Joint Conference on Artificial INtelligence. MorganKaufmann, San Mateo, CA, 1989.Weiss, Sholom and N. Indurkhya. Optimized Rule Induction. IEEE Expert, December1993, 61-69.Wnek, Janusz and Ryszard S. Michalski. Hypothesis-Driven Constructive Induction inAQ17-HCI: A Method and Experiments. Machine Learning, vol 14, pp 139-168,1994.Wolpert, David H. Combining Generalizers Using Partitions of the Learning Set.Lectures in Complex Systems. Addison-Wesley, 1993.

Learning and Generalization with Bounded Order Rule SetsTim AndersenDepartment of Computer ScienceM.S. Degree, April 1995ABSTRACTThis thesis deals with the problem of inducing useful rules, or extracting critical,higher-order conjunctions of attributes, from a set of preclassified examples, where little ornothing is known about the underlying functional form of the distribution from which theexamples were taken. The approach taken in this thesis differs from that normally used inthat it does not limit the size of the rule search space. Rather, every possible conjunction ofinput attributes is considered by the learning algorithm as a potential rule component. In sodoing, this thesis is attempting to determine (mainly from an empirical standpoint) howgeneralization performance is affected when certain areas of the search space are ignored,as compared to when the entire search space is considered. In dealing with the abovequestion, this thesis studies several methods for inducing rules and using them forclassification of novel examples. This thesis also uses results obtained with the C4.5 rule-induction method for comparison purposes, and to support the main points of the thesis.The results show that higher-order rules are not required to approximate many real worldlearning problems. In addition, the difficulty of generating optimal rule sets is discussed,where the measure of optimality is the complexity or size of the rule set and/or the degree ofpredictive accuracy, and the problem of NP-completeness is discussed in relation to thesetwo optimality measures.COMMITTEE APPROVAL:

Tony R. Martinez, Committee Chairman

Theodore A. Norman, Committee Member

William A. Barrett, Committee Member

David W. Embley, Graduate Coordinator