�This research was partially funded by grants from WordPerfect Corporation and Novell Inc.Proceedings of the AI ’93 Australian Joint Conference on Artificial Intelligence, pp. 450, 1993.Learning and Generalization withBounded Order Critical Feature Sets�Timothy L. Andersen and Tony R. MartinezDepartment of Computer Science, Brigham Young University, Provo, UTe-mail: tim@axon.cs.byu.edu, martinez@cs.byu.eduAbstractIt is the case that many real world learning problems exhibit a great deal of regularity. It is likelythat the solutions to learning problems which exhibit such regularity can be approximated utilizingonly simple (low-order) features gathered from analysis of pre-classified examples. However,little specific work has been done to demonstrate the utility of low-order features. This paperpresents methods for gathering low order features from an existing data set of preclassifiedexamples, and using these features for classification of novel patterns from the problem domain. Itthen conducts experiments using the methods presented on several real world classificationproblems and reports the results. The results show that pattern classification methods involvinglow-order feature sets have promise and warrant further research.I. IntroductionMany of the problems that fall into the area of computerized pattern recognition, such asspeech and handwriting recognition, have proven inherently difficult to solve with traditionalcomputing methods. Because of this, several neural, statistical, and machine learning methods havebeen proposed as solutions to the problems of machine learning and pattern recognition.The statistical methods used for pattern recognition and classification include nearestneighbor techniques, bayesian estimation techniques, and parametric and nonparametric clustering techniques (Afifi and Clark 1990; Dasarathy 1991; Fukun 1990; McLachlan 1992; Schalkoff1992). Machine learning methods include incremental version space merging, decision trees, andother methods that incorporate meta-knowledge in the learning algorithm (Brazdil 1990; Quinlan1986; Hirsh 1990). Neural methods are designed to use simple algorithms which are applied overand over again in parallel until the network has successfully learned the problem. In general,neural networks do not require a priori knowledge about problems which they are intended tosolve, but rather learn about the problem through the presentation of pre-classified examples fromthe problem domain. Processing in the net has inherent parallelism, and most nets are capable ofvarying degrees of self organization (Beale 1990; McCLelland and Rumelhart 1986; Schalkoff1992).This paper utilizes a learning method which extracts critical features from an existing dataset through direct analysis of the examples contained in that data set. The features are then used toclassify novel examples from the problem domain. Since the number of potential features for agiven data set can be quite large (it grows exponentially with the number of inputs), it is notfeasible to search the entire feature space for critical features. The method proposed in this paperto prune the search space is to limit the order of considered features. In other words, the searchthrough the feature space encompasses only lower-order features. There are a number ofadvantages to low-order features. Low-order features have a more compact representation thanhigh-order features. Also, low-order features cover more of the input space than high-orderfeatures. Because of this, low-order features generally occur more often in the training set thanhigh-order features. It is therefore easier to assess their strength or reliability, and they are lesssusceptible to noise. On the other hand, high-order features occur less often in the training set (andwill therefore be used less often during generalization), are more susceptible to noise, and theamount of search required to discover them can be very large.The major goal of this paper is to show whether or not satisfactory learning can beaccomplished on real world problem domains if the order of stored critical features is bounded. Ifthis can be shown, then it would allow for a large reduction in the size of the search space required to find critical features. In order to do this, this paper first proposes methods which utilizebounded order critical features to perform learning and generalization, then applies these methodsto several data sets and analyzes the results. This paper attempts to demonstrate how limiting theorder of stored critical features affects the ability of the proposed methods to learn and generalizecorrectly. In so doing, an assessment of the viability of learning using only low-order features ismade.II. Background A common approach used in the field of pattern recognition is to try learn about a particularproblem by analyzing an existing data set that contains pre-classified examples from the problemdomain (called a training set). Each example in this data set has associated with it characteristicsor attributes (inputs), and the class to which the example belongs (outputs). The goal then is tofind a function which reasonably approximates the correct mapping of inputs to outputs for allpossible examples in the problem domain through direct analysis of the examples in the data set.One approach to this problem has been to search through the possible input pattern space forcombinations of input attribute values (or features) which, from examination of the examples in thetraining set, appear to be strongly correlated with a particular output attribute value (or patternclass), then store these features for future reference. Novel examples are classified by findingmatching features and utilizing them to predict an appropriate classification. An example ismatched by a feature if the example contains the same combination of input attribute values as thestored feature. Obviously, conflicts between matched critical features can arise. A conflict ariseswhenever the set of features which an example matches are not all correlated with the same patternclass. Therefor, some method for resolving these conflicts must be implemented. The criticalfeatures such a system discovers, the metric it assigns to these features, and the way it resolvesconflicts between matched critical features are all integral to how accurately the system will beable to generalize on novel inputs.

The first problem that needs to be addressed in any system which utilizes search to discovercritical features is how to perform that search. One possible search method that could be used togather critical features with such a system would be to perform an exhaustive analysis of allpossible combinations of attributes which occur in the training set. First order features could betested by considering the state of only one of the input variables and how strongly that variablecorrelates with the expected output, while disregarding all other inputs. Second order featureswould consider the states of only two of the input variables, and so on. Unfortunately, using anexhaustive search to find critical features is in general an unrealistic approach to feature extraction,since the number of possible features is bounded by Sk, where k is the number of input variablesand S is the number of possible states for each input variable (this formula holds if each of the kinput variables has the same number of possible states). If a learning problem requires higherorder features to be solved, then exhaustively searching the entire input space of that problem isimpractical, and the search space must somehow be pruned.However, if the order of the features searched for is limited to a low number k (i.e. 2 or 3),the time required to complete an exhaustive search of the resultant search space is thenpolynomialy bounded by k. But if the search space is bounded by placing a restriction on theorder of possible features, the main question that arises is whether or not the set of featuresconsidered by the learning algorithm will allow the system to learn and generalize upon theproblem with a sufficient degree of accuracy? In the arbitrary case the answer to this question iscertainly no. If we restrict the order of considered features to k, then we can always come up withan artificial problem that requires features of order k+1 (or higher) to solve it. However, due tothe high degree of regularity found in many real world learning problems, it is the case that manyof these problems do not require the use of higher order features to be solved. If it is true that alarge number of real world learning problems can be solved with lower order features, then it ispossible to vastly reduce the search space which would otherwise be required to find these criticalfeatures.

Besides reducing the search space, there are several other advantages to using lower orderfeatures. The first advantage is that they are by nature more general. That is, in general lowerorder features cover more of the input space (they match more of the possible examples in theproblem domain) than higher order features. One of the main goals in any learning problem is tobe able to accurately predict classification for examples which have not been seen before. Sincelower order features have a higher probability of matching a novel example due to the fact thatthey cover more of the potential input space, it would appear that they will be matched more often,and will therefore be more useful in predicting classification for novel examples. The secondadvantage of lower order features is due to the tendency they have of occurring more often in thetraining set than higher order features. Since lower order features occur more often, it is easier totell if the correlation’s they exhibit with particular pattern classes are valid. If a higher orderfeature only occurs once or twice in a relatively large training set, it is impossible to tell if theoccurrence of that feature is merely a statistical aberration, or a valid predictor of patternclassification.This paper examines the learning and generalization capabilities of lower order features. Inso doing, it describes an algorithm for gathering bounded order features and using them for patternclassification, and it explores three different methods for assigning metrics to extracted features.III. MethodsFeatures are gathered through a bounded search of the possible features in each training set.Since the method used for feature extraction is currently designed to handle only multi-statevariables, analog inputs contained in the data sets were discretized utilizing a simple histogramequalization technique. The search space is bounded by limiting the order of gathered features to alow number k. For this paper, k equal to 1, k equal to 2, and k equal to 3 were tried. Other thanplacing an upper bound on the order of stored critical features, no attempt is made to minimize thesize of the critical features set.

Each feature is associated with a single output state or pattern classification for a particularoutput variable. The output state or pattern classification that the feature is associated with is theone with which it has the highest degree of correlation for that output variable. The degree ofcorrelation is determined by analyzing the examples in the training set. This is done as follows:Each feature has a set of counters associated with it. The number of counters that the feature hasassociated with it is equal to the number of states that the output variable can take. These countersare initially set to zero. The examples in the training set are then examined, and for each examplein the training set that matches the feature, the counter which corresponds to the matchedexample’s output state is incremented by 1. Then the output state that has the highest count is saidto be the one with which the feature has the highest degree of correlation.Each feature is also assigned a metric that indicates the relative strength or predictive powerof that feature in relation to other features. In other words, the metric indicates how well thatfeature predicts the output state with which it is associated. While there are a number of possiblealternatives for resolving conflicts between matched critical features, this paper uses a simplevoting method which works as follows. Each of the matched features is allowed to vote accordingto the strength of its metric. When a new example is presented to the system, the metrics of all ofthe features which match the example are summed for each of the possible output states, afterwhich the output state with the highest sum is chosen as that examples most likely classification. Three different methods are used to calculate each feature’s metric The first method is[1]m = P[y/x]where m is the metric value, x is the feature, y is the output state associated with that feature, andP[y/x] is the probability of y occurring given that x has occurred. This metric does not considerthe probability of x (the feature itself) and is therefore likely to find correlation’s that exist in thetraining set that do not exist in the overall data set due to noise and singular events.

The second method for metric calculation is similar to the first, and uses the followingformula[2]m = P[y/x] P[x]where m is the metric value, x is the feature, y is the output state associated with that features,P[y/x] is the probability of y occurring given that x has occurred, and P[x] is the probability of xoccurring. This method takes into account the probability of the feature x occurring, which canalso be viewed as a measure of that feature’s generality, and thus favors features which occur moreoften in the training set over those that occur less frequently.The first two metric assignment methods assume independence of matched critical features.In order to overcome the problems associated with this assumption, the third method utilizes asimple training algorithm to calculate a metric for each feature. The algorithm utilized to calculatethe metrics is in essence the perceptron algorithm developed in the late 1950s (Rosenblat 1958).The algorithm works as follows:[3]Until convergence (total error < e)Punish matching features that are causing an instance to beincorrectly classified by decrementing their metric.Reward matching features that could help an instance to becorrectly classified by incrementing their metric.The main drawback of the perceptron algorithm is that it is unable to solve problems which are notlinearly separable. However, by considering features of order greater than 1, the input patternspace of an initially non-linearly separable problem can be transformed into a higher-dimensional space in which the problem is linearly separable. Then, by incrementing several times through thetraining set, the algorithm can find a metric for each feature in the critical feature set that willsatisfy a number of simultaneous constraints or inter-dependencies, thus overcoming theassumption of independence of matched critical features. As long as the critical feature set issufficient and the training set has no inconsistencies, this algorithm will find a metric for eachfeature which allows the features to correctly predict the output of each training example (that is,the algorithm will converge to a solution). If this is not the case, the perceptron algorithm will notbe able to converge to a perfect solution, but will in general still come up with a reasonableapproximation to the solution.IV. Data Sets And MethodsThe goal of this paper being to determine the learning and generalization traits of boundedorder feature sets, several data sets taken from real world problems, as well as three artificial datasets, are selected to conduct experiments upon. Each data set is randomly divided into two equalparts, a training set and a test set. The data in the training set is used during the training phase ofthe algorithm to obtain critical features and for metric calculation, while the data in the test set isused to test the generalization capabilities of the extracted features.Five data sets which have previously been used to test other learning methods were chosenfrom real world problem domains. The real-valued attributes found in some of the data sets werediscretized by performing a histogram equalization of the real-valued attributes and thenpartitioning the result into a discrete number of equal segments. The data sets chosen were asfollows: The breast cancer data set contains 699 examples of cases of breast tumors discovered atUniversity of Wisconsin Hospitals; the credit application (690 examples); the image segmentationdata (420 examples); the iris data set (150 examples); and the tic-tac-toe data set (958 examples).

In addition to the five data sets listed above, the three Monk data sets supplied by SebastionThrun were also used. For each of these data sets, the training sets used in this paper are identicalto the ones supplied by Professor Thrun.During the training phase of the algorithm a search bounded by feature order for criticalfeatures contained in the training set is conducted, and each discovered feature is assigned a metric.After the training phase the test set is used to determine how well the algorithm is able togeneralize (predicted classification) on novel patterns, utilizing only those features and featuremetrics extracted during the training phase.For each run the data for each data set is randomly divided into two equal parts. Sinceselection of the training set can affect the results, 5 runs using different training sets wereconducted for each metric on each data set, and the average accuracy for the 5 runs was calculated.V. ResultsThe results of the experiment are listed in tables 1 through 8. Each table is divided into 5columns. The first column headed by "Metric" displays the metric calculation method used for thethree rows associated it. The "Order" column displays the upper bound on feature order for thatrow. The third, fourth, and fifth columns display the percentage of examples correctly categorizedby the algorithm for the training set, test set, and total data set respectively. Due to timeconstraints, the "Trained" or perceptron metric calculation method was limited to 500 iterationsthrough the training set (some data sets that converged to a solution with second order featureswould not converge with third order features even after 2000 iterations, and going beyond 500iterations did not appear to improve the results for these data sets).

MetricOrderTrainTestTotal

196.1795.2495.71

P[y/x]298.8696.4597.65

399.8396.2298.03

177.7776.9177.34

P[y/x]P[x]285.8382.6984.26

389.3184.3686.84

1100.0094.5097.25

Trained2100.0095.8797.94

3100.0095.5997.80

Table 1. Breast cancer results.MetricOrderTrainTestTotal

174.2073.8074.00

P[y/x]283.1381.1682.14

389.8685.7487.80

168.2369.5768.90

P[y/x]P[x]279.4279.6579.54

382.3281.9782.14

186.8481.8084.32

Trained299.2583.0791.16

394.6186.6790.64

Table 2. Credit application results.

MetricOrderTrainTestTotal

164.0064.9564.48

P[y/x]275.4973.0074.34

394.3384.1389.33

161.4361.5261.48

P[y/x]P[x]267.0064.5065.85

365.9763.2464.50

173.9066.0069.95

Trained299.9088.6594.28

392.5784.5788.57

Table 3. Image segmentation results.MetricOrderTrainTestTotal

194.1392.4093.27

P[y/x]299.0788.8093.93

3100.0092.5396.27

192.1390.8091.47

P[y/x]P[x]295.7387.2091.47

396.2789.3392.80

1100.0091.3395.67

Trained2100.0087.3393.47

3100.0090.6795.33

Table 4. Iris results.

MetricOrderTrainTestTotal

173.3964.2966.90

P[y/x]282.2669.1672.92

388.7172.4077.08

164.5252.6056.02

P[y/x]P[x]278.2361.6966.44

384.6863.9669.91

170.9765.9167.36

Trained2100.0091.9594.26

399.8491.1793.66

Table 5. Monk 1 results.MetricOrderTrainTestTotal

162.1370.3467.13

P[y/x]262.1370.3467.13

363.9170.3467.82

P[y/x]P[x]262.1370.3467.13

362.1370.3467.13

Trained2100.0086.0191.48

3100.0059.8575.56

Table 6. Monk 2 results.

MetricOrderTrainTestTotal

186.0782.5883.56

P[y/x]291.8087.1088.43

399.1895.1696.30

178.6967.1070.37

P[y/x]P[x]283.6178.7180.09

387.7080.6582.64

1100.0098.5298.94

Trained2100.0097.2398.01

3100.0096.8497.73

Table 7. Monk 3 results.MetricOrderTrainTestTotal

165.9764.8465.34

P[y/x]264.9465.7165.37

370.3068.2869.19

P[y/x]P[x]264.9465.6765.34

365.8366.4766.18

189.6590.2890.00

Trained2100.0093.6996.51

3100.0094.3796.89

Table 8. Tic-tac-toe results.VI. DiscussionIn almost every case the trained metric more accurately predicted classification than theother two metric assignment methods. It would appear from this that the assumption ofindependence of matched critical features is generally invalid. However, with the less complexdata sets even the simple metric assignment method P[y/x] did relatively well. The other metricassignment method, P[y/x]P[x], fared the poorest in almost every case. From analyzing the data, itappeared that the quantity P[x] was relatively large with some of the more general but less highly predictive features, creating a situation where feature generality overpowered feature/outputcorrelation. This metric could probably be improved by decreasing the importance of P[x] insome fashion (or discarding it altogether for some other measure of generality), and in any casewould probably do better in comparison on data sets that contained more noise than the ones usedfor this paper.The first two metric assignment methods were often benefited somewhat by the addition ofthird order features. It is even possible that the continued addition of higher-order features wouldallow for greater classification accuracy with these two metric assignment methods. However,empirical evidence gathered from simulations with a few of the data sets used in this papersuggests that going to higher order features will at best bring diminishing returns or no return at all.Since the effort required to gather higher order features grows exponentially, the small increase inaccuracy which might be gained by going to higher order features is usually not justified.It is interesting to note that the trained metric, which was in general the most accurate atpredicting classification, did not benefit appreciably from the addition of third order features. Infact, with five out of the six data sets the accuracy of the trained metric dropped markedly with theaddition of third order features. One possible reason for this is that the algorithm for findingfeatures does not yet make any attempt to minimize the feature list to only those features that areneeded to solve the problem. Rather, all possible features bounded by the upper bound on featureorder are saved and used by the algorithm. Some of these features are likely to lead the trainingalgorithm astray, causing it to "memorize" the training set rather than learn the desired generalconcept description.Although the first two metric assignment methods often did better with the addition of thirdorder features, the best results obtained with these two methods did not significantly surpass theresults obtained with the trained metric method on any of the data sets used in this paper. Whilethe trained metric exhibited the best performance, its general lack of benefit from the addition ofthird order features leads to the conclusion that higher-order features are not necessarily required inorder to find a satisfactory solution to many learning problems. And, depending upon the problem to be solved and the learning and generalization methods used, the use of higher order features canactually be detrimental to classification accuracy.Using the trained metric, and limited to first and second order features, satisfactory solutionswere obtained for all of the learning problems studied in this paper. It is likely that even betterresults could be obtained with feature sets limited to first and second order features by makingimprovements to the methods for metric assignment and conflict resolution, and by discardingfeatures which are not needed.VII. ConclusionThe results of the experiments were encouraging. It would appear that the use of lower orderfeature sets has potential for application in many real world problem domains and warrants furtherresearch. Although relatively simple methods were used for feature extraction and metricassignment, surprisingly good results were obtained even on the comparatively more complexproblems such as the credit, image segmentation, and monk 2 data sets. The results alsodemonstrate the large amount of regularity that can be found in real world problems. While it isunlikely that all learning problems found in the real world will exhibit this kind of regularity, it isexpected that a great many of them will. If this is indeed the case, then an approach to patternrecognition that limits itself (or highly favors) lower order features is not unreasonable.Current research is focusing on the following:• Different methods for feature set minimization.• More efficient methods for feature extraction.• Metric assignment methods.• Other methods for conflict resolution.VIII. Acknowledgments

The authors would like to thank the following people for supplying the data sets used in thispaper: William H. Wolberg for the breast cancer data collected from the University of WisconsinHospitals; J. R. Quinlan for the credit application data; The Vision Group, University ofMassachusetts for the image segmentation data; R. A. Fisher and Michael Marshall for the iris dataset; Sebastion Thrun for the Monk data set; and David Aha for the tic-tac-toe data set.IX. BibliographyAfifi, A. A. and Virginia Clark. Computer Aided Multivariate Analysis. New York: VanNostrand Reinhold Company, 1990.Beale, Russell and Tom Jackson. Neural Computing. Bristol: IOP Publishing Ltd, 1990.Brazdil, Pavel B. and Kurt Konolige. eds. Machine Learning, Meta-Reasoning and Logics. :Kluwer Academic Publishers, 1990.Dasarathy, Belur V. ed. Nearest Neighbor Norms: NN Pattern Classification Techniques. LosAlamitos: IEEE Computer Society Press, 1991.Fukun ga, Keinosuke. Introduction to Statistical Pattern Recognition. San Diego: AcademicPress, Inc., 1990.Hirsh, Haym. Incremental Version-Space Merging: A General Framework for Concept Learning.Boston: Kluwer Academic Publishers, 1990.McClelland, James L. and David E. Rumelhart. Parallel Distributed Processing. Cambridge:The MIT Press, 1986.

McLachlan, Geoffrey J. Discriminant Analysis and Statistical Pattern Recognition. New York:John Wiley & Sons, Inc., 1992.Quinlan, J. R. Induction of Decision Trees. Machine Learning, 1:81-106, 1986.Rosenblatt, F. The Perceptron: A probabilistic Model for Information Storage and Organization inthe Brain. Psychological Review, Vol. 65, No. 6, 1958.Schalkoff, Robert. Pattern Recognition: Statistical, Structural, and Neural Approaches. NewYork: John Wiley & Sons, Inc., 1992.