1Wagging: A learning approach which allows single layer perceptrons to outperform morecomplex learning algorithmsTim AndersenTony Martinez Brigham Young University Brigham Young UniverstiyProvo, Utah Provo, UtahAbstract:Despite the well known inability of single layer perceptrons (SLPs) to learn arbitrary functions, SLPs often exhibitreasonable generalization performance on many problems of interest. However, because of the limitations of SLPsvery little effort has been made to improve their performance. In this paper we examine a method for improving theperformance of SLPs which we call "wagging" (weight averaging). This method involves training several differentSLPs on the same training data, and then averaging their weights to obtain a single SLP. We compare theperformance of the wagged SLP with other more complex learning algorithms on several data sets from real worldproblem domains. Surprisingly, the wagged SLP has better average generalization performance than any of theother learning algorithms on the problems tested. We provide analysis and explanations for this result. The analysisincludes looking at the performance characteristics of the standard delta rule training algorithm for SLPs and thecorrelation between training and test set scores as training progresses.1. IntroductionFor any given d dimensional classification problem a single layer perceptron (SLP) is limited to generating a d-1 dimensional decision surface (hyperplane). For example, in a 2 dimensional input space an SLP is limited topartitioning the input space with a single line. Therefore, any problem which can be completely solved by an SLP isreferred to as being linearly separable. The general consensus is that SLPs are not sufficiently powerful to performwell on most types of classification problems (20). It is difficult to argue with this notion for two reasons. First, theratio of linearly separable problems to all possible problems quickly approaches zero as the problem dimensionincreases. This would seem to indicate that an SLP is only applicable to an extremely small subset of the possibleproblems. Second, most real world problems do not exhibit the characteristic of linear separability, and these are theproblems of primary interest. These two observations have motivated the development of learning algorithms whichare capable of generating more complex decision surfaces.Unfortunately, coupled with an algorithm�s ability to generate more complex hypotheses is a higher likelihoodthat the algorithm will overfit the data. So, utilizing a more complex learning algorithm, while perhaps guaranteeing

2the ability to generate the solution we are looking for, does not necessarily guarantee that it will in fact generate agood solution (one that performs well on unseen data). There are many methods available to help guard against theproblem of overfitting ([23], [15]), all of which are based upon either a complexity-accuracy tradeoff or the use of aholdout set. However, overfitting avoidance is an enormously difficult problem, and no method for guarding againstoverfitting has been shown to work well on all types of learning problems. The main difficulty lies in the proveablefact that it is impossible to determine solely from the data what level of complexity is acceptable ([33], [26]). Thismeans that when testing a complex learning algorithm on a large variety of applications there will often be at least afew applications which the algorithm performs poorly on due to overfitting. This tendency for a complex learningalgorithm to perform poorly on a few applications tends to counteract any exceptional performance that thealgorithm may have on other applications.For example, in ([14]) the performance of c4.5 was compared against a very simple learning algorithm called"1-rules", which is essentially a decision tree limited to 1 node. The paper showed that on many of the applicationswhich are commonly used in the machine learning community to test learning algorithms, 1-rules performsequivalently to c4.5. And over all of the data sets tested the average generalization performance of c4.5 was notsignificantly better than that of 1-rules.In this paper we test and analyze a method for improving the performance of an SLP. In so doing we comparetwo methods for improving this performance, bagging and weight averaging (wagging), against each other andagainst other more complex machine learning methods on several real world problem domains. We make twosimple modifications to the standard perceptron training algorithm which significantly improves the generalizationperformance of the SLP. The first modification is to save the best weight vector (in terms of training set accuracy)produced during training, and the second is to average the weight vectors obtained from several different trainingruns. Wagging is an attempt to average out the overfitting which occurs when using the most accurate weight vectoron the training set. These two modifications result in an average increase in generalization accuracy ofapproximately four percent for an SLP on the data sets tested in this paper. This improvement is enough to boost theperformance of the SLP so that its average test set results are significantly better than all of the other machinelearning and neural network algorithms tested in this paper. The other learning algorithms include an MLP trainedwith backpropogation, c4.5, id3, ib1, cn2, and others. These other algorithms are briefly described in section 2.

3This is a surprising result, since the modifications which we make to the SLP only affect the final weight vectorgenerated by the training cycle, and do not actually increase the number of possible hypotheses which the SLP cangenerate. There are several reasons for this dramatic improvement in generalization accuracy, which we discuss indetail in section 4. As part of our analysis we look at the fluctuations in training and test errors as trainingprogresses, and across different training runs on the same training set. There are other papers which have exploredthe learning and generalization traits of perceptrons [10, 3, 16, 12], but most of these use artificial data sets (learningfrom a �teacher� perceptron) and limiting assumptions such as spherical weight constraints to obtain their results.With this paper we concentrate on examining and improving the performance of SLPs on real world problems,including problems which have varying amounts of noise and which are generally not linearly separable, and weprovide explanation and analysis of these improvements. We show empirically that picking the best weight vectorin terms of training set accuracy does not maximize test set accuracy.Section 2 introduces the data sets and discusses the various machine learning and neural network algorithmswhich are used in this paper for comparison purposes. Section 3 explores ways to improve the performance of SLPs.Section 4 looks at the performance characteristics of the standard approach used to train SLPs, and why waggingimproves this performance. Section 5 discusses why a wagged SLP performs so well in comparison with otherlearning algorithms. The conclusion and future work is given in section 6.2. Algorithms and Data tagfull nameattributesinstancesproblem descriptionbcbreast cancer9286recurrence of breast cancer in treated patientsbcwbreast cancer wisconsin10699malignancy/nonmalignancy of breast tissue lumpbupabupa liver disorders7345blood tests thought to be sensitive to liver disorderscreditcredit approval15690credit card application approval dataechoechocardiogram13132survival of heart attack victims after 1 yearsickeusick-euthyroid263163presence/absence of sick-euthyroid in patienthypothhypothyroid263123presence/absence of hypothyroidism in patientionionosphere35351classifcation of radar returns from ionosphere as "good" or "bad"promotpromoter gene sequences57106identification of promoter gene sequences in E. colisicksick303772presence/absence of thyroid disease in patientsonarsonar61208identifying rocks and mines via reflected sonar signalsstgergerman credit numeric241000good/bad credit risk assesment of individualssthearstatlog heart13270presence/absence of heart disease in patienttictic tac toe endgame9958prediction of win/loss for x from all possible end game positionsvotinghouse votes 198416435predict party affiliation from house voting records

Table 1. Data sets.Table 1 lists the data sets used in this paper. The first column gives the name (or tag) used to identify the data

4set throughout the rest of this paper. The total number of attributes is listed in the third column, and the fourthcolumn gives the total number of examples contained in the data set. The last column describes the problemdomain. For the sake of simplicity we limited the data sets used in this paper to those with two output classes.These data sets were obtained from the UCI machine learning database repository. All of these data sets, with theexception of the tic-tac-toe data set, are based upon real world problem domains, and are more or less representativeof the types of classification problems that occur in the real world.The scores we report throughout the rest of this paper for the other learning algorithms are taken from [34],which is a comprehensive case study comparing the results of several machine learning algorithms across a largevariety of data sets. The results from this case study are averages obtained using 10-fold cross validation.Generally, the various learning algorithms were tested using their default parameter settings. The exception to this iswith the multilayer network (which has no default parameter settings), which was run with several differentarchitectures and parameter settings and a performance measure was used to select between them.All of the algorithms we test in this paper are trained/tested using 10-fold cross validation on the same datasplits that were used in [34]. This allows us to use the student t-test to calculate confidence levels and directlycompare the results of different learning algorithms on each data set. We then use the Wilcoxon statistical test tocalculate the confidence that one learning algorithm is better than another across all data sets and data splits.

TagFull NameReferencesbpmultilayer perceptron[@17]perlinear threshold perceptron[@13, @14, @15, @16]c4c4[@8,@9]c4.5rc4.5 rules[@10]c4.5tc4.5 tree[@10]c4.5tpc4.5 tree pruned[@10]ib1instance based 1[@11, @12]id3id3[@10]mmlIND v2.1[@8,@9]smmlIND v2.1[@8,@9]cn2oordered cn2[@6, @7]cn2uunordered cn2[@6, @7]

Table 2. Learning algorithms.The learning algorithms we compare against are summarized in table 2. The first column lists the name whichwe will use to refer to the corresponding learning algorithm throughout the rest of this paper. The second columngives the usual name which people use to refer to the learning algorithm, and the last column lists some references

5for each learning algorithm. A brief description of each type of learning algorithm follows.A multilayer network is generally composed of multiple layers of nonlinear perceptrons. This type of networkis generally referred to as an MLP for multi-layer perceptron. Given enough nodes and layers, an MLP istheoretically capable of learning any functional mapping by adjusting its weights. The major difficulty lies in thesetting of the large number of user defined parameters, such as the number of nodes, layers, interconnectionsbetween nodes, learning rate, momentum, and so forth. In practice, it may be extremely difficult or even impossibleto determine optimal settings for all of the network parameters. Even with an optimal network architecture one muststill have enough training examples in order to properly constrain the network weights, and thus have a good chanceof the training process generating the desired (optimal) weight settings.Decision trees are a well known learning model which have been extensively studied by many differentscientists in the machine learning community. Decision tree algorithms include c4.5, id3, and IND v2.1. A decisiontree is composed of possibly many decision nodes, all of which are connected by some path to the root node of thetree. All examples enter the tree at the root decision node, which makes a decision, based upon the examplesattributes, about which branch to send the example on down the tree. The example is then passed down to the nextnode on that branch, which makes a decision on which sub-branch to send the example down. This procedurecontinues until the example reaches a leaf node of the tree, at which point a decision is made on the example’sclassification.Instance based learning algorithms are variants of the nearest neighbor classification algorithm. With a nearestneighbor approach an example of an unknown class is classified the same as the closest example or set of closestexamples (where distance is generally measured in Euclidean terms) of known classification. The instance basedlearning algorithms seek to decrease the amount of storage required by the standard nearest neighbor approach,which normally saves the entire training set, while at the same time improving upon classification performance.There are several variants to this approach. Due to space constraints we report only the results for ib1 since ib1exhibited better overall performance than any of the other instance based learning algorithms on the data sets testedin this paper .The rule based learning algorithms are cn2 and c4.5r. c4.5r induces a decision tree as a precursor to generatingthe rule list. The cn2 rule induction algorithm uses a modified search technique based on the AQ beam search

6method. The original version of cn2 uses entropy as a search heuristic. With this heuristic cn2 performsequivalently to id3 if the beam width is limited to 1. One of the advantages of rules is that they are generallythought to be comprehensible by a human. However, this characteristic is only evident when the number of rules isrelatively small.All of these learning algorithms are capable of generating hypotheses which are more complex than thosepossible with an SLP. More complexity does not necessarily imply better generalization performance, however, aswe show with our results in the next section.3 Improving the performance of an SLPThe output o of a perceptron for the kth input pattern is defined as

o = 1 if w^a x^{ak} +θ > 0

a∑_{0 otherwise}

(e1)Where wa is the weight on input attribute axak is the value of attribute a for example kq is an adjustable thresholdThe standard training or weight update formula for a perceptron is the well known delta rule ([19]), which is

Δwa = c(tk − o)xak

(3)Where c is the learning ratetk is the target classification for example kThere are a few interesting things that one notices when running the standard delta rule training algorithm onseveral different real world data sets. One of these observations is that on many of the data sets an SLP hasgeneralization performance which compares favorably to other, more complex learning algorithms. This is true evenon data sets which are not linearly separable. Even on many of the data sets where an SLP does not perform as wellas more complex methods, the main problem might not be that an SLP is inherently incapable of comparablegeneralization performance, but that the training algorithm didn�t pick the best weight vector for generalization. Forexample, it is possible for an SLP to achieve 100 percent accuracy on the promoter data set (table 12), but actualgeneralization accuracy is usually much lower than this at around 87 percent. However, in section 4.3 we show that,with a smarter choice for the weight vector, we are able to improve generalization accuracy to 91.55 percent on thepromoter data set.

7Another interesting observation is that the best weight vector for one training run can differ significantly, atleast with a few of its weights, from the best weight vector from another training run, even if the training accuraciesof the two weight vectors are the same. This difference can be so significant that corresponding weights from thetwo weight vectors can be of different sign. There will also generally be a few weights that are relatively stableacross multiple training runs on the same training set. The important question that one must answer when givenseveral different but equivalently performing (on the training set) weight vectors is which weight vector should onechoose?Well, one should choose the best weight vector. Unfortuneately, it is impossible to say for certain which will bethe best, but a good choice might be the weight vector that, given the data and the training algorithm, is the mostprobable. Since it is impossible to calculate the true probability of a weight vector, we must turn to ways that willapproximate its performance.3.1 BaggingOne way to circumvent the problem of having to choose the single best weight vector is to train several differentSLP and use them all by having them vote for the output classification. This approach, termed �bagging�, has beenused with good success (5, 28, 18, 11). The standard bagging approach is defined as follows. Let B be the numberof predictors j we wish to generate. First, B training sets are formed from the available training set T by takingrepeated random samples from T, then each of these training sets Tk is used to train a predictor jk. The output o ofthe aggregation jB of all the jk predictors on input x is then

o = lj|∀ i(i ≠ j → δk=1B∑ (lj ,φ k(x)) > δk=1B∑ (li,φ k(x)))

(4)where li is the label for the ith output classd is the Kronecker delta functionFor two output classes, it is possible to avoid the case where there does not exist a class lj for which equation 4 holds(in other words the case where there is a tie in the voting) by using an odd number of predictors. For more than twooutput classes some method for resolving ties must be implemented. This can be arbitrary, based upon the priorprobabilities for each output class, or some other reasonable method.It can be shown that the aggregate classifier jB will tend to have generalization performance which is at least as

8good as the average performance of all the jk, assuming that the jk are reasonably good (better than random)classifiers. The key to obtaining actual performance improvements with bagging is the degree of instability in thejk. In other words, the jk must differ somewhat in the errors they exhibit for jB to improve classification over theaverage classification performance.When using random training set permutation between training iterations, there is no need to randomly resampleT to produce different jk for perceptrons trained with the standard delta rule method. Randomly permuting the datawith the perceptron training technique essentially guarantees that different training runs will produce differentsolutions with correspondingly different errors. Bagging is therefore a natural fit for dealing with the many differentweight vectors that can be produced from multiple training runs on the same data for an SLP.3.2 WaggingThe output of a linear perceptron on input x is defined as

o = wixi i∑

(5)where xi is the ith element of x.Define wki to be the ith weight of the kth perceptron. The output of an aggregation of B linear perceptrons usingbagging is then

o = 1B wkixi i∑k∑ = 1Bwkik∑ xi i∑

(6)Bagging multiple linear perceptrons is therefore equivalent to averaging their weights to obtain a single linearperceptron. We term this approach �wagging� forweight averaging.Taking the average of all the available weight vectors is also one way to estimate the most probable weightvector, since the average weight vector is a reasonable approximation to the most probable weight vector (given thetraining algorithm and data). This approach has been tested with multilayer networks and been shown to work well([29]).Like wagging linear perceptrons, wagging multiple non-linear perceptrons is a form of bagging where only asingle weight vector, the average, need be stored. There are a number of different (but ultimately equivalent) ways

9to view wagging of nonlinear perceptrons (hereafter referred to as just perceptrons) and its relation to bagging.These are:¥Wagging with perceptrons is the same as bagging linear perceptrons, except that the final average output of thelinear perceptrons is thresholded to produce a discrete classification/output.¥Wagging with perceptrons is bagging where each network�s vote is weighted according to its activation,whereas in the standard bagging approach for perceptrons each network�s vote has a weight of 1.¥Wagging is bagging where, instead of each unit voting for an output, each unit votes for the input weights.There are two disadvantages to bagging. The main disadvantage of bagging is that it must store and run manydifferent predictors. Wagging solves this problem by requiring that only a single predictor/weight vector, theaverage, be stored and run.Another possible disadvantage of bagging for classification problems is that it does not take into account theconfidence of each predictor. With neural networks the activation of the net can loosely be viewed as the confidencethat the network has in its prediction. By using a single vote per predictor, it is possible for situations to arise whereseveral weak predictors outvote a few strong ones, which may not be desirable. Since wagging is equivalent tobagging where each network votes its activation, wagging could improve generalization performance in cases wherenetwork activation is correlated with confidence.3.3 Bagging vs waggingTable 3 compares the performance of bagging and wagging on 15 real world data sets. These results areaverages obtained using 10-fold cross validation on the available data. For each training set we generated 100different SLPs by retraining 100 times using random permutations of the training set between each training iteration.Weights were initially set to zero, and the maximum number of training iterations was set at 10,000 due to timeconstraints. The best weight vector (BWV) was used from each training run as the final weight setting for eachSLP. The BWV was determined by pausing at the end of each training iteration and testing the SLP on the entiretraining set and then saving the highest scoring weight vector. The rationale behind using the BWV rather than themost recent weight vector will be explained in section 4. Equation 4 was used to obtain the estimated output for thebagged SLPs. For the wagged SLP we used equation 7, which is derived from equation 6, to obtain the estimated

10output of a single SLP with averaged weights.

o = 1 if w^{ki}x^ii∑ > 0

k∑_{0 otherwise}

(7)The column labeled �high� reports the highest test set accuracy (averaged over the 10 cross validations) of the100 SLPs, the �low� column reports the lowest test set accuracy, and the �avg� column reports the average test setaccuracy of the 100 SLPs. The last column gives the confidence using the student t-test that wagging is better thanbagging for each data set. If bagging is better than wagging then the confidence is reported as a negative number.Bolded numbers indicate the high score between the two algorithms. The last row reports the averages of eachcolumn.

wagbaghighlowavgt-testbcw97.0096.7198.0094.5796.610.92bc73.1472.8079.0861.5871.470.70bupa69.2669.2878.2657.3867.61-0.51credit84.9385.3690.0079.7185.19-0.78echo89.3489.3494.6780.1687.90-0.50sickeu96.5296.3697.2894.3795.950.89hypoth98.2998.2998.9697.4498.220.50ion88.6288.3394.0380.0887.840.71promot91.5590.55100.0060.3684.510.72sick96.8796.8797.6495.5296.690.50sonar77.3875.9086.0064.3675.420.91stger76.4075.7080.5068.0074.650.88sthear83.3383.7090.0071.4882.42-0.83tic98.3398.2299.0695.7297.850.83voting95.1995.1997.0291.2694.820.82avg87.7487.5192.0379.4786.48

Table 3. Bagging vs wagging using 100 SLPs.The difference between the high and the low test set scores is striking, over 12 percent on average, especiallywhen one considers that the high and low training set scores of the 100 SLPs generally differ by at most 1 or 2percent. Wagging outperforms bagging on 8 of the data sets, while bagging betters wagging 3 times. But only 2 ofthe scores have an associated confidence level which is better than 90 percent (sonar and bcw). In fact, while it canbe said with greater than 95 percent confidence that both bagging and wagging are better than the average scores ofthe 100 SLPs, overall it cannot be said with confidence that wagging is better than bagging (or visa versa) on thesedata sets.If wagging’s generalization perofrmance is equivalent to bagging, then it is better to use wagging since it

11reduces the amount of storage and the amount of computation required during execution. It is also easier for ahuman to analyze and understand a system composed of a single node, rather than one composed of a hundrednodes.3.4 Wagging vs other learning algorithmsOne of the most surprising things about wagging�s generalization performance is how well it does incomparison with other well-know machine learning and neural network algorithms. Table 4 compares waggings testset results with the results of several machine learning algorithms (see section 2 for a more in depth discussion ofthese algorithms and how they were tested). High scores are bolded.

wagbpperc4c45rc45trc45tpib1id3mmlsmmlcn2ocn2ubcw97.0096.3093.0095.1086.7093.7094.7096.3094.3094.8094.7095.2093.00bc73.1473.5066.5071.4069.7067.2073.9071.8066.2075.3071.7066.1070.70bupa69.2669.0066.4064.4059.1061.5062.6062.3065.2067.5066.4058.0058.00credit84.9385.1083.6083.2083.5082.3083.5081.3080.0084.5083.2083.0082.60echo89.3489.3087.0090.1090.0087.0090.1084.0086.2092.4092.4083.2071.70sickeu96.5293.1093.8097.8095.0096.9097.8092.8097.6097.8097.9090.5090.70hypoth98.2997.5098.0099.2099.2099.2099.2097.0098.7099.2099.2095.2095.30ion88.6292.0082.0090.6091.7090.6090.9086.3088.3088.3090.0082.6082.60promot91.5587.9075.9076.3081.9070.3077.3082.1074.5079.1069.5087.8073.40sick96.8795.3096.6098.4094.2098.7098.8095.8098.8098.9098.6093.6093.90sonar77.3876.4073.2071.6070.1072.5073.0086.5074.0072.6067.8055.4055.30stger76.4071.6074.2072.4070.7070.7073.5067.8071.5072.3072.3067.4072.10sthear83.3382.6080.8076.7060.4073.0073.4079.6077.1081.9076.3078.6082.60tic98.3398.9097.0090.1065.4084.3085.6098.9083.9086.5079.7098.0098.50voting95.1995.0094.5096.8095.9095.9096.8092.4094.5097.3095.6093.8094.70Average87.7486.9084.1784.9480.9082.9284.7484.9983.3985.8983.6981.8981.01

Table 4. Wagging vs other machine learning algorithms.Wagging�s average generalization results are higher than any of the other machine learning algorithms on thedata sets tested in this paper. While having a high average generalization accuracy across several data sets isdesireable, one could argue that it is more desirable for a learning algorithm to be able to outperform several otheralgorithms on at least a few data sets. For example, if we had three learning algorithms, one of which had thehighest average generalization accuracy across several data sets but never actually outperformed both of the othertwo on any given data set, then we could ignore it and only use the other two algorithms (assuming that we coulddetect the high performer).The wagged SLP appears to have both of these characteristics, since in addition to having good average results,

12it also scores higher than any of the other algorithms on 5 of the 15 data sets. The only other algorithm to have 5high scores is mml. This shows that a wagged SLP has both the desirable property of high average generalizationaccuracy, and the ability to produce excellent results on specific data sets.Table 5 shows a head to head comparison with the next highest average performer (bp). Wagging outscores amultilayer network on 11 of the 15 data sets. Of the data sets that have at least a 90 percent confidence level (ascalculated using the student t test), wagging outscores bp 5 to 2, and at the 95 percent confidence level waggingoutscores bp 4 data sets to 1.

wagbpt testbcw97.0096.300.88bc73.1473.50-0.57bupa69.2669.000.56credit84.9385.10-0.54echo89.3489.300.51sickeu96.5293.100.99hypoth98.2997.500.93ion88.6292.00-0.98promot91.5587.900.98sick96.8795.300.97sonar77.3876.400.57stger76.4071.600.99sthear83.3382.600.61tic98.3398.90-0.91voting95.1995.000.66

Table 5. Wagging vs backpropagation with confidence levels.Table 6 shows the statistical confidence (calculated using the Wilcoxon statistical test) that wagging is betterthan the other learning algorithms on the data sets tested in this paper. There is a 99 percent confidence thatwagging has better generalization performance than all but two of the learning algorithms (bp and mml). Theconfidence that wagging is better than bp is approximately 93%, and the confidence that wagging is better than mmlis 88%. The reason that mml has a lower confidence level than bp despite having a lower average accuracy is in partdue to the fact that mml has 5 high scores while bp is able to achieve only 3 high scores.

bp0.928c45r0.995c45t0.995c45tp0.989cn2o0.995cn2u0.995ib10.995c40.995id30.995mml0.879smml0.995per0.995Table 6. Wagging�s wilcoxon confidence levels.4. Why does wagging BWVs improve generalization performance?A few traits that we would like to see with any iterative network training procedure are:1. More training should in general lead to better performance on the training set. This does not mean that eachsuccessive iteration of the training algorithm should produce better performance than all previous iterations, but thatthe general trend should be towards better performance.2. Performance of the network should become more stable as training progresses. This is especially desirable whenit is no longer possible to improve training set accuracy through more training. In this case, it would be nice if thetraining procedure would stabilize and focus on a weight vector which maximizes training set performance, ratherthan having training set accuracy continue to vary greatly from one training iteration to the next.3. There should be a strong positive correlation between training and test set performance, particularly as trainingset scores approach their maximum.In this section, we test the delta rule training procedure (19) for an SLP on real world problems to see how wellit conforms to the above goals for a network training procedure. We show empirically why the BWV is better thanthe most recent weight vector in terms of generalization performance. We also show that the BWV, while betterthan the most recent weight vector, does not in general exhibit the best generalization performance of all the weightvectors produced during the training procedure. This implies that using the BWV, while better than the most recentweight vector, generally leads to overfitting, and that wagging several BWVs from different training runs is a way tosmooth or average out the areas of the weight vector which are causing the SLP to overfit the data.4.1. The delta rule training procedureThe usual procedure for training an SLP is to apply the delta rule training algorithm until either the network has

14converged to a solution or a maximum number of iterations has been reached. We say that a network has convergedto a solution when there is no longer any error on the training set, or when the total sum squared error (TSSE) on thetraining set has dropped below a user defined threshold, where the total sum square error is defined as

tk − ok ( ) k∑ 2

(8)Where ok is defined to be the output of the network for example kThe threshold is generally set to zero for binary output classes. Whether the training algorithm halts due toreaching the maximum number of iterations or because the error has dropped below the threshold, the most recentweight vector is used by the network for classification of novel examples.There are some inherent problems with this approach, as we will show with the results later in this section.Generally, the training instances are randomly permuted at each iteration of the delta rule algorithm.Letwi = weight vector produced after training iteration iP(wi,data) = accuracy of wi on a set of dataDue to the randomness of the training procedure, and also due to the cyclical nature of the delta rule algorithm,it is often observed thatfor i > j, P(wi,train) < P(wj,train)In other words, there is no guarantee that the current weight vector produced by the delta rule algorithm is better(more accuracte on the training set) than some previously produced weight vector. One might hope that P(wi,train)will be nearly as good as P(wj,train), or that as training progresses their will be a high probability that P(wi,train) willbe as good as (or nearly as good as) P(wj,train). But for most of the real world problems tested in this paper this typeof asymptotic, stable performance is not observed.Another problem is the degree of correlation between P(wi,train) and P(wi,test). While this correlation is nearlyalways positive when taken across all training iterations, the correlation can be negative if we restrict the calculationto, say, the set of wi which corresponds to the top n training set scores. This means that choosing the single mostaccurate weight vector will often not maximize test set performance.4.2. Experiments and Results

15All of the results in this section were obtained using the standard delta rule training algorithm. The learning ratewas set to 1, network weights were updated after the presentation of each pattern, and patterns were randomlypermuted for each iteration. Training was halted at 100,000 iterations or when the TSSE reached zero, whicheveroccured first. The results reported in section 2.2.1 are from individual training runs. The results reported in section3.2.2 are averages from 10 runs using 10-fold cross validation.This first item we examine is the variability in training accuracy as the training procedure progresses. Eventhough there is no guarantee that the most recent weight vector is the best so far, we would like to see the variabilityin training set accuracy decrease, and the average training set score increase with the number of training epochs.This would lead to a high likelihood that the most current weight vector is as accurate, or nearly as accuracte, as themost accurate weight vector generated during training.4.2.1 Training set performance

16last 1000 iterations30405060708011012013014015016017018019011001

first 1000 iterations30405060708011012013014015016017018019011001

Figure 1. Breast cancer training set accuracy.Figure 1 shows the training set accuracy of an SLP for both the first and last 1000 epochs of a single trainingrun on the breast-cancer data set. This training run is typical of what occurs when training an SLP on the breast-cancer data set. The most striking thing about these two training segments is the lack of any significant visualfeature which we might use to distinguish between them. Focusing in on the first 100 and last 100 epochs (figure 2)also reveals more similarities than dissimilarities, with each training segment containing several sharp downwardspikes to around 30% accuracy, separated by plateaus where the accuracy hovers at just above 70%.

first 100 iterations3040506070801112131415161718191101

last 100 iterations3040506070801112131415161718191101

Figure 2. Breast cancer training set accuracy.Table 7 gives the average, standard deviation, maximum score, and minimum score for each of the trainingsegments. The average training set score for the first 1000 epochs is slightly better than the average score for thelast 1000 epochs. The scores for the last 1000 epochs seem to have de stabilized somewhat with a higher standarddeviation, but the last 1000 epochs do produce the better training set score of the two segments. The best training setscore achieved during this training run is 77.43, which occurred once at the 89,878th epoch. On average, stopping atsome arbitrary point during the last 1000 epochs will produce a weight vector which is over 12 percentage pointsless accurate on the training set than the best weight vector generated during the training run.

1st 100last 1001st 1000last 1000average63.8764.1665.5265.24stdev12.5413.8511.8412.19max75.1075.4975.8876.65min29.5729.5729.5729.57

Table 7. Breast cancer training statistics.

18The breast cancer data set is one of the more difficult ones for an SLP to achieve high training accuracy on, witha maximum possible training accuracy of less than 80 percent, and we would expect training set scores to showsome variability from one epoch to the next. But the degree of variability in training set scores is still surprising, andthis kind of variability is not atypical, even for data sets which are easier for the perceptron to learn.

first 100 iterations406080100121416181101 last 100 iterations406080100121416181101 first 1000 iterations40608010012515017511001 last 1000 iterations40608010012515017511001Figure 3. Echocardiogram training set accuracy.Figure 3 shows the training set scores for a typical training run with an SLP on the echocardiogram data set, andtable 8 shows the statistics for this training run. It is not possible for an SLP to converge to 100 percent trainingaccuracy on this data set, but maximum training accuracy is relatively high, generally above 95 percent. Overall,training performance is more stable from one epoch to the next for this data set than for the breast cancer data set,but is not as stable as one would like with a standard deviation of 5.8 for the last 1000 iterations. The first 100epochs do have one extremely low training set score of 41.88. But the training set results appear to have stabilizedonly slightly for the last 1000 epochs, with the average and standard deviations of the first and last 1000 epochsnearly equal. The best training set score of 95.73 occurred 40 times during the 100,000 training epochs, with thefirst occurrence at the 4260th epoch.

1st 100last 1001st 1000last 1000average88.1889.6988.8989.21stdev7.505.286.045.79max94.8794.8794.8795.73min41.8864.9641.8858.97Table 8. Echocardiogram training statistics.

1st 100 iterations406080100121416181101 last 100 iterations406080100121416181101 last 1000 iterations40608010012515017511001

1st 1000 iterations40608010012515017511001Figure 4. Ionosphere training set accuracy.

1st 100last 1001st 1000last 1000average86.6692.3290.5292.05stdev10.682.816.473.17max94.9295.2495.5695.56min36.1979.0536.1967.30

Table 9. Ionosphere training statistics.There are, of course, data sets which exhibit more pronounced stability as the training progresses. Figure 4 andtable 9 show the training scores for the ionosphere data set. This data set exhibited the most stability of the data setswhich did not converge to 100 percent accuracy on the training set. However, it is still possible to get extremelypoor network performance (67.3 percent worst case training accuracy) if training is not stopped at the right pointduring the last 1000 epochs. On average, stopping at some arbitrary point during the last 1000 epochs produces atraining set score which is 3.8 points worse than the best score. The best training set score for this training run is

2095.87, which occurred at the 9623rd epoch. This score was repeated 3 times during the 100,000 training epochs.

first 100 iterations5075100121416181101 last 100 iterations5075100121416181101 last 1000 iterations507510012515017511001 first 1000 iterations507510012515017511001Figure 5. Sonar training set accuracy.Even when convergence is possible there can still be a great deal of variance in training set accuracy right upuntil the epoch at which convergence takes place. Figure 5 and table 10 show data from a typical training run on thesonar data set. It can take several thousand epochs for this data set to converge to 100 percent accuracy on thetraining set (for this run convergence occurred at the 42,769th epoch). During the training cycle, the averagetraining set score slowly increases, and the standard deviation slowly decreases, until convergence takes place.However, even during the last 100 iterations before convergence there can be a great deal of variance in the trainingaccuracy, and it is possible to get extremely low scores at the end of a training epoch. For example, for this trainingrun the lowest score during the last 100 epochs was 83.96, over 14 points lower than the final score.

1st 100last 1001st 1000last 1000average76.8793.6682.3893.53stdev7.724.225.774.09max88.24100.0091.44100.00min47.0683.9647.0681.82

Table 10. Sonar training statistics.It is apparent there can be a large amount of variability in training set scores from one training iteration to the

21next with the 4 example data sets shown in this section. The variability of training set scores exhibited by these datasets is typical for the real world data sets tested in this paper. Assuming that these results hold for general real worldproblems, this means that using the most recent weight vector (after stopping at a maximum iteration count) willgenerally lead to a network with subpar performance in terms of training set accuracy. The goal, however, is toproduce a network with high test set accuracy, which will not necessarily be the network with the highest training setaccuracy. We examine this issue in the next section.4.2.2 The correlation between training and test set accuracyIt is relatively simple to solve the problem of variable end-of-epoch training set scores by testing the network atthe end of each epoch and saving the weight settings which produce the highest accuracy on the training set. Thiscan continue as long as the best weight vector is improving or until some set number of iterations has been reached.The penalty that is incurred by this procedure is an approximate two-fold increase in computational complexity.Instead of one pass through the training set, two passes through the training set are required for each trainingiteration. The first pass adjusts the weight vector, and the second pass determines the accuracy of the new weightvector on the training set.One would save the best weight vector on the assumption that high training accuracy correlates well with hightest set accuracy. We show that while this assumption is not reasonable, it is still better to use the weight vectorwhich produced the highest training set accuracy during the training phase than it is to use the most recent weightvector produced at the end of the training phase.We use Pearsons correlation, which measures the degree of correlation between two variables, to calculate thecorrelation between the training and test set scores. The formula for calculating Pearson�s correlation is

r = XY− X Y∑∑ N ∑ X2 − X∑( )2N ∑ Y2 − Y∑( )2N ∑

(1)Where N = the number of samplesX, Y = the paired valuesWith this measure, a 1 indicates a complete positive linear correlation of training and test set scores, a 0indicates no correlation, and a -1 indicates a perfect negative linear correlation.

22Table 11 shows the correlation, calculated with Pearson�s formula, of training and test set scores for the 15 datasets tested in this paper. These scores are calculated from statistics gathered during 10 training runs using 10 foldcross validation on the original data sets. The maximum number of iterations was set at 100,000.

bc0.86bcw0.77bupa0.73credit0.83echo0.48hypo0.93ion0.48promo0.77sick0.96euth0.93sonar0.18stger0.90sthear0.67tic0.46vote-0.40average0.64

Table 11. Correlation between training and test set scores.While most of the data sets have a high positive correlation between the training and test set accuracies at theend of each epoch, there are a few data sets which have a weak correlation. Ironically, the voting data set is the onlydata set which has a negative correlation between the training and test set scores generated by the delta rule trainingalgorithm (some would say that this counter intuitive result is an indication that voting in the House ofRepresentatives is as illogical as everyone suspects it to be). We will discuss why this data set exhibits a negativecorrelation shortly.The fact that all of the data sets (with one exception) exhibited a positive correlation between their training andtest set scores does not imply that there is a tendency for test set scores to continue to increase as the training setscore nears its maximum. Figure 6 shows the average performance (top 20 training scores and associated averagetest set scores) for all of the data sets except the voting data set. Even for these data sets, which all exhibited apositive training-test correlation, the test accuracy peaks (on average) at the 4th highest training set score, andthereafter decreases. So most of the data sets would exhibit a negative correlation if the calculation was restricted touse only the top 3 or 4 training set scores and associated test set scores. Of the 15 data sets, only 4 of the sets had anaverage test set accuracy which peaked at the highest training set score. What this means is that, at least with thedata sets tested in this paper, selecting the most accurate weight vector for the SLP will in general lead to overfitting.

2383858789915101520 traintestFigure 6. Averages over all the data sets of the top 20 training set scores.

82879297 traintestFigure 7. Average associated test accuracy of the top 20 training set scores for the voting data set.It may seem strange that the voting data set has a negative correlation between training and test set scores.Figure 7, which is a graph of the top 20 training set scores for the voting data set along with their associated averagetest set scores, shows that the test set scores begin to dip downward (become negatively correlated with the trainingset scores) at about the seventh highest training set score. In spite of these two curves diverging at this point, itwould appear that there is an overall positive correlation between them. However, unlike the other data sets tested inthis paper, the highest training set scores, or the scores in the area of the graph which are negatively correlated, occurby far the most frequently as shown in figure 8. For example, the 10th highest training set score occured less than15,000 times, while the 15th highest training set score occured over 150,000 total times during the 10 training runs.This leads to an overall negative correlation between the training and test set scores for this particular data set, sincethe number of scores in the negatively correlated area of the graph dominate the number of scores in the positivelycorrelated area. Unlike the voting data set, for most of the other data sets the higher training set scores occur muchless frequently than the lower training set scores, and so the other data sets have a positive correlation betweentraining and test set scores.

24Score frequencies050000100000150000200000Figure 8. Frequency of the top 20 training set scores for voting data.Even though the weight vector which has the highest training set score tends to lead to overfitting, it stillproduces better test results than using the most recent weight vector as shown in table 12. The first column (SDR orstandard delta rule) reports average test set accuracy when using the most recent weight vector (the one produced atthe end of the 100,000th epoch), and the second column (BWV or best weight vector) reports the test set results forusing the weight vector which scored the best on the training set. If the best training set score occurred more thanonce during a training run the weight vector corresponding to the first occurrence is used.The third and fourth columns in table 12 are labeled BTR for �best test result�, and EDS for �entire data set�.BTR reports the average of the best test set results produced during training. EDS reports the accuracy achievableon the entire data set if the entire data set is used as the training set. Essentially these two columns, along with the"high" column from table 3, estimate an upper bound on how well an SLP could do if we had a smarter algorithmthat would stop training when test set results were at a maximum. Interestingly, the "high" column from table 3 hasan average test set accuracy which agrees very closely with the EDS upper bound on maximum possible test setperformance from table 12. In practice, this upper bound will likely be higher than can actually be achieved by asingle layer network on the entire problem domain, but it is still a useful measure to look at when attempting todetermine how much room there is for improvement in the selection of which weight vector to use for the network.

SDRBWVBTREDSbcw96.1496.5799.0097.85bc66.0667.9184.6477.27bupa58.2069.6082.6173.62credit80.1485.9493.0488.41echo86.2187.8098.4694.66euth92.6496.2197.7296.78hypo94.6298.1099.2798.69ion88.3588.0693.4695.44promo84.6486.8292.27100.00sick95.2896.7498.0497.35sonar77.3676.8889.36100.00stger70.0075.2084.3078.90sthear77.4181.1194.0788.52tic97.2997.4999.7998.64vote94.2794.7398.3998.16Avg83.9186.6193.6392.29Table 12. Standard delta rule vs saving the best weight vectorThe performance of the BWV in table 12 is slightly higher than the average performance of the 100 BWV SLPsreported in table 3. The difference is, however, negligible, and probably due to the maximum iterations being anorder of magnitude higher. BWV outperforms SDR by an average increase in generalization accuracy of 2.7 percenton these data sets. BWV is in turn outperformed by wagging by 1.2 percent on average.Due to the instability in the standard perceptron training procedure, it is possible to significantly improvegeneralization accuracy by saving the most accurate (on the training set) weight vector. Since this incurs only atwofold increase in computational complexity when the weight vector is evaluated once per training iteration, savingthe most accurate weight vector, or some other such method for picking the optimal weight vector, should beimplemented whenever convergence on the training set is not possible.

5 Why does a wagged SLP do so well?It is, perhaps, surprising that an SLP with wagged BWVs has better average generalization performance thanall of the other learning algorithms tested in this paper. It is even more surprising that an SLP actually outperformsall of the other �more capable� learning algorithms on 5 of the 15 real world data sets tested in this paper.There are a number of possible explanations for this result, which we will list here and then go over in detailbelow.1All learning algorithms have equal generalization performance when averaged across all possible problemdomains.

262There are no (or very few) high order correlations in the data.3The high order correlations in the data are difficult to find.4Wagging removes overfitting through averaging.1. There is some indication that it is difficult for a single learning algorithm to outperform all other learningalgorithms on a large variety of problems [27, 33]. While there have been some interesting theoretical resultsdeveloped in an attempt to make it possible to prove that one learning algorithm is better than another [30, 4, 31, 32,], all of these results are based on determining the probability of error given the data and the function from whichthe data are drawn, or P(E|d,f). However, learning algorithms are usually only presented with the data, so for thegeneral real world case we are concerned only with P(E|d). But if all we are given is the data, then it is impossible toprove that one learning algorithm is better than another. In fact it is worse than this, since it is possible to prove thatif all we are given is the data (observations) then no machine learning algorithm will outperform any otheralgorithm. In other words, the sum total generalization performance of all learning algorithms is equal and no betterthan random across all problem domains.For the most part we are interested in real world problems, not in all problem domains, and so it may be thatsome learning algorithm will outperform all others for the real world problems. Still, there are a large variety ofproblems that fall under this categorization, and the more problems that one tests on, the more likely it is that a morecomplex learning algorithm will have a difficult time beating the average performance of a simple learningalgorithm, or visa versa. The fact that the SLP outperforms the other algorithms may only mean that the data setstested in this paper are well suited to the SLP, and that there are other real world problems which the SLP willperform poorly on.2. Whether or not one algorithm will be able to perform better than all others on real world problems dependson what types of characteristics real world problems have, their tendencies and so forth. It is possible that the betterperformance of an SLP on the problems tested in this paper is due to none of the data sets having any high ordercorrelations between inputs and output classification. Evidence of this lack of higher order correlations in real worlddata sets can be seen in the relatively good performance of the extremely simple 1-rules learning algorithm ([14]),and in the performance of the wagged SLP. When choosing features to use with a real world classification problem,people tend to choose features which they feel are correlated with the output data. More often than not, the features

27that people choose will be those which exhibit first order correlations with the output classification, and potentiallylittle if any higher order correlation’s. Otherwise, had the person designing the data set known of some higher ordercorrelation in the data, they probably would have incorporated it into the data set as a single input feature.Learning algorithms that look for, or are capable of handling higher order correlations will tend not to performas well on data sets which have no such correlations, since any higher order correlations that they �find� will not bevalid. This problem is exacerbated if the first order correlations which the features exhibit are not sufficient tocorrectly classify all of the examples in the training set. In this case, learning algorithms such as bp will be pushedto find higher order correlations (which do not really exist) in order to correctly classify all training examples. Werefer to this problem as overfitting. It is also often referred to as over learning or memorization of the training set.Any higher order correlations which are found in such case are invalid, and will hurt generalization performance.3. Even when there are higher order correlations in the data this does not mean that an algorithm which can findsuch correlations will do any better than one which cannot. The problem is that the learning algorithm must find theright higher order correlations, or nearly the right ones, and not just ones that match the training data in order forthem to be of benefit, and it may have to do so without enough data to properly constrain the hypothesis searchspace for the learning algorithm. The learning algorithm that one chooses will bias the type of higher ordercorrelations which are most likely to be discovered, and the correlations it tends to discover may or may not beappropriate for particular problem domains. When they are not appropriate (do not fit naturally with the actualhigher order correlation from the problem domain) generalization performance will suffer.For example, a higher order network (HON) is a network which uses multiplication (usually, but can use anynonlinear function) to combine original input features into higher order features. If the right set of higher orderfeatures are chosen a HON is theoretically capable of correctly classifying any consistent training set. In fact, thereis a polynomial algorithm which, given any data set, will choose just such a feature set for a HON (22). However,while the higher order features may be �right� for the training set, there is no guarantee that they will closely matchthe higher order correlations that exist in the problem domain. The probability that the HON features will match theactual higher order features (and thus lead to better generalization performance) will in part be related to the size ofthe training set, the search algorithm, how many higher order correlations there are, and how well multiplicationmatches the true nonlinear, higher order correlations from the problem domain. For many real world data sets this

28probability can be vanishingly small, and depending upon how small it is, one may be better off sticking with alearning algorithm that ignores the possibility of such higher order correlations.4. In the case where there are no high order correlations in the data, or when the high order correlations areunlikely to be identified by a more complex learning algorithm, it makes sense to use a learning algorithm whichignores such possibilities, such as an SLP. Wagging several SLPs averages out any overfitting that may occur in asingle training run, and thus can produce an SLP with better average generalization performance than a single un-wagged SLP.Of course, it is always possible to design a data set which will fit a particular type of learning algorithm welland expose the weaknesses of other learning algorithms. The two spirals problem is an example of a problem whichis impossible for an SLP to do well on, no matter what method is used to select a weight vector for the SLP. Table13 compares the average test set results for a wagged SLP with ib1 and bp.

wagbpib136.0056.8099.70

Table 13. Two spirals results.With an infinitely large spiral we would expect the generalization performance of the SLP to approach 50percent with increasing numbers of test cases. But with a finite sized training and test set an SLP can do worse than50 percent, as seen in table 13. The instance based learning algorithm does quite well on this problem because it isnaturally suited to it, since nearness in Euclidean space is a good indication of classification. However, the MLPtrainined with backpropogation, while theoretically capable of performing well on this problem, has a difficult timedetermining the proper higher order correlations which would allow it to do so.6. Conclusion and future workUsing the BWV significantly improves generalization performance over using the most recent weight vector onthe data sets tested in this paper. Further significant improvement in generalization accuracy can be made bywagging or averaging BWVs from several different runs on the same training data. The weights in the BWV whichare responsible for overfitting will generally not be strongly supported by elements in the training set, and so willtend to have high variance between separate training runs on the same training data. Wagging can be viewed as anattempt to average out these weights so that their effect will be minimized. The improvement in test set accuracy

29that wagging makes on the data sets used in this paper is slightly better than that gained from bagging, with theadvantage over bagging that only a single weight vector need be stored. In addition, wagging produced test setscores which are on average better than any of the other learning algorithms compared in this paper.6.1 Future workIt should be possible to further improve the generalization results for an SLP. We did not implement anyprocedure (other than limiting the maximum number of training iterations) to keep weight magnitudes relativelyequal across separate training runs. When averaging weights, if one of the SLPs has extremely large weights incomparison with the other SLPs then it will tend to dominate the average. By not implementing a procedure to keepweight magnitudes in line, this could lead to a situation where the average weights perform no differently than theSLP that has the largest weights. So, it may be possible to improve the generalization results of the wagged SLPeven further by normalizing the weight vectors before averaging them, or perhaps by using some form of weightdecay to keep weights from having overly large magnitude.Another area where improvements can be made is in the training procedure itself. A more stable, asymptotictraining method might lead to better weight vector estimates and thus a better average weight vector. We have donesome experiments where we have tried to smooth the transition from one weight vector to the next during training byusing a local windowed averaging scheme. By combining this smoothing technique with a momentum term we havebeen able to improve convergence times by an order of magnitude on the sonar data set (from over 40,000 iterationsdown to about 2,000).Currently we are focusing our research on using wagging with multi-layer networks. Work which has alreadybeen done on this prebiases the weight vector to be in a certain area of the weight space through an initial trainingrun that uses all of the available training data, and then creates multiple copies of this weight vector and continuestraining each on a different portion of the training data [29]. By so doing, the corresponding weights from differentcopies of the network will be slightly different but still tend to perform the same function, and it therefore makessense to average them. This technique leads to improved generalization performance, at least on the few data setstested.One of the drawbacks of this approach is that the weights are prebiased to be in a single area of the weight spacebased only upon a single training run using a single network. It could be advantageous to explore more areas of the

30weight space by training multiple independent network copies. Another drawback is that the multiple networkcopies are only trained on a portion of the available training data. We will focus on strategies which always use allof the available data and explore a larger area in weight space, and then slowly force or urge weights to functionallycorrespond across multiple network copies, and finally average these weights to obtain a single averaged network.We will also look at constraining the network architecture so that weights are guaranteed to functionally correspondacross different networks and training runs. We expect that in general a wagged network will exhibit bettergeneralization performance than a non-wagged network.