Preprint submitted to the Journal of Artificial Intelligence Research, July 10 1998A Quantum Computational Learning AlgorithmDan Ventura and Tony MartinezNeural Networks and Machine Learning Laboratory (http://axon.cs.byu.edu)Department of Computer ScienceBrigham Young Universitydan@axon.cs.byu.edu, martinez@cs.byu.eduAbstract An interesting classical result due to Jackson allows polynomial-timelearning of the function class DNF using membership queries. Since in mostpractical learning situations access to a membership oracle is unrealistic, this paperexplores the possibility that quantum computation might allow a learning algorithmfor DNF that relies only on example queries. A natural extension of Fourier-basedlearning into the quantum domain is presented. The algorithm requires only anexample oracle, and it runs in O(

2n

) time, a result that appears to be classicallyimpossible. The algorithm is unique among quantum algorithms in that it does notassume a priori knowledge of a function and does not operate on a superpositionthat includes all possible basis states.1. IntroductionThe field of computational learning theory (COLT) attempts to formalize the process ofinductive learning and to develop bounds for classes of functions that are learnable in some formalsense. One particular function class that has received a great deal of attention is the class of binaryfunctions that are representable in disjunctive normal form (DNF). This function class is veryexpressive and has resisted attempts to produce an algorithm for learning it under the rigorousPAC-learning model often used in computational learning theory. Recently, however, Jackson hasproduced an algorithm that learns DNF under the uniform distribution in polynomial time withaccess to a membership oracle (these terms will be defined shortly). This is an impressivetheoretical result that relies on two key assumptions: uniform distribution of the function examplesand access to a membership oracle. While the assumption of a uniform distribution is oftenreasonable in practice, access to a membership oracle usually is not.The field of quantum computation (QC) investigates the power of the unique characteristicsof quantum systems used as computational machines. Early quantum computational successeshave been impressive, yielding results that are classically impossible [Sho97] [Gro96] [Hog96][Ter98]. Thus, in an attempt to extend Jackson�s result so that it does not rely on a membershiporacle, this paper presents a Fourier-based quantum learning algorithm. Specifically, the algorithmis designed to find the large Fourier coefficients of boolean functions in polynomial time withaccess to only a classical example oracle. The algorithm is not completely successful because itfails to guarantee learning in polynomial time. However, it can be shown to learn in time O(

2n

).In contrast, classically estimating the Fourier coefficients requires O(2n)time.Therefore,althoughwe have failed to accomplish the ultimate goal of polynomial-time learning using only an example

2oracle, we have nevertheless discovered a result that is both theoretically interesting (since itaccomplishes something that seems classically impossible) and to some extent useful in a practicalsense (since it extends the size of problems to which we can practically apply a Fourier-basedlearning scheme. We have, in essence, traded Jackson�s impressive theoretical polynomial timebound for a practical assumption and a more modest time bound. It is also interesting to note thatGrover�s well-known quantum searching algorithm also provides the same O(

2n

) improvementover its classical equivalent [Gro96].Section 2 provides a simplified overview of computational learning theory and brieflydiscusses work in COLT related to our results. Section 3 introduces quantum computation andsome of its basic ideas and early successes. Since a familiarity with basic ideas fromcomputational learning theory is assumed, only a few necessary remarks on the subject areprovided here; quantum computation, on the other hand, is treated more carefully as it is likely thatreaders will be less familiar with it. Since neither of these subjects can be properly covered here,references for further study are also provided. Section 4 discusses Fourier-based learning methodsin some detail. A Fourier-based, inductive quantum learning algorithm that only requires access toan example oracle is presented in section 5. Section 5 also discusses why the algorithm will notlearn the function class DNF in polynomial time and then shows that it will learn in O(

2n

) time.The paper concludes with final remarks and directions for further research in section 6.2. Computational Learning TheoryA rigorous approach to machine learning is traditionally traced back to Valiant [Val84], andthe resulting computational learning theory has provided a formal basis for machine learning. Inparticular, the PAC (Probably Approximately Correct) model has yielded some nice theoreticalresults proving learnability of various function classes. Under this model an example oracle E fora function f may be queried for a random example of the form x fi f(x) from f according to adistribution D that governs the frequency of the examples (basically this is equivalent to havingaccess to a �large enough� training set). A function class F is termed strongly PAC-learnable ifthere exists an algorithm A such that for any f ˛ F and for any D, A produces a hypothesis h suchthat P(|h(x)-f(x)| > e) < d, and A requires at most m (where m is polynomial in the size of theinput) queries of E and runs in time polynomial in m, 1/d and 1/e. Here e is called the error and dthe confidence. In other words, a function class is strongly PAC-learnable if there exists a learningalgorithm that with high probability will produce a relatively accurate hypothesis in a polynomialamount of time. Another type of learning that may be defined is weak learning. A function class Fis weakly PAC-learnable if F is PAC-learnable for e = 1/2 - 1/p(n,r), where p is a fixed polynomialand r is the size of f. That is, a function class is weakly PAC-learnable if there exists a learningalgorithm that with high probability will produce a hypothesis that is at least slightly more accuratethan random guessing.However, the class DNF (disjunctive normal form) in which functions are expressed as adisjunction of clauses, each of which consists of a conjunction of literals (binary variables or theirnegation), has resisted efforts to develop provably efficient algorithms for its learnability. This isunfortunate because DNF is an extremely expressive class of functions, and it would therefore besignificant to prove its learnability. Until recently, DNF as a general function class has resisted all

3attempts to find an algorithm that will learn it in the PAC sense; however, much work has beendone regarding its learnability, and some encouraging results have been obtained for restrictedsubclasses of DNF [Aiz91] [Blu92] [Bsh93] [Kea87]. Currently, a particularly promisingapproach to the unrestricted class DNF is the use of discrete Fourier analysis in the development ofmachine learning algorithms, including work by Goldreich and Levin [Gol89], Kushilevitz andMansour [Kus93], and Jackson [Jac94]. Jackson�s work has yielded the most encouraging resultsso far concerning DNF, as he is able to produce the first positive learning results for the class ofunrestricted DNF. Jackson�s basic approach is to first note that binary functions may berepresented as a discrete Fourier expansion and that all DNF functions may be at least weaklyapproximated using a single Fourier basis function whose coefficient is �large.� His idea is to findthose large coefficients by approximating the function using examples and to combine them in sucha way as to produce a good hypothesis for the function. Jackson�s learning algorithm, which hecalls the Harmonic Sieve, combines techniques from discrete Fourier analysis due to Goldreich andLevin [Gol89] and Kushilevitz and Mansour [Kus93] with the boosting ideas of Shapire [Sha90]and Freund [Fre90] [Fre92]. The Harmonic Sieve guarantees strong learnability of DNF with twocaveats: first, the function distribution D must be uniform (actually this is relaxed somewhat, but itis still restrictive) and second, access to a membership oracle M rather than to an example oracle Eis required. A membership oracle is like a black box version of the function to be learned, so thatwhile an example oracle simply returns a random example upon being queried, a membershiporacle can be queried for specific examples. In other words, when queried with x, the membershiporacle must return f(x). This characteristic makes a membership oracle strictly more powerful thanan example oracle, and the Harmonic Sieve�s dependence upon such an oracle, along with itsrestrictions on the distribution D, eliminates it from consideration as an algorithm for learning DNFin the PAC sense. Further, although Jackson�s results are extremely impressive from a theoreticalstandpoint, they will likely yield very few practical results because, in general, access to amembership oracle is not realistic. On the other hand, access to an example oracle is much morerealistic as this is basically equivalent to having access to a large training set.Bshouty and Jackson [Bsh95] realized this and investigated using quantum computation toimprove Jackson�s work, just as is proposed here. The result was an extension to the HarmonicSieve that depended upon a quantum example oracle rather than upon a classical membershiporacle. Since the quantum example oracle is strictly less powerful than the classical membershiporacle, this is a positive theoretical result. However, as the authors point out, it is unclear how toconstruct a quantum example oracle (other than perhaps by utilizing a classical membership oracle),and therefore their approach is again not useful in a practical sense. In contrast, the algorithmpresented here goes one step further by depending only upon a classical example oracle, thusproviding the possibility of practical algorithms for learning the class DNF.3. Quantum ComputationQuantum computation is based upon physical principles from the theory of quantummechanics (QM), which is in many ways counterintuitive. Yet it has provided us with perhaps themost accurate physical theory (in terms of predicting experimental results) ever devised by science.The theory is well-established and is covered in its basic form by many textbooks (see for example

4[Fey65]). Several necessary ideas that form the basis for the study of quantum computation arebriefly reviewed here.3.1 Linear SuperpositionLinear superposition is closely related to the familiar mathematical principle of linearcombination of vectors. Quantum systems are described by a wave function y that exists in aHilbert space [You88]. The Hilbert space has a set of states,

ϕ i

, that form a basis, and thesystem is described by a quantum state

ψ

,

ψ = cii∑ ϕ i

.(1)

ψ

is said to be in a linear superposition of the basis states

ϕ i

, and in the general case, thecoefficients ci may be complex. Use is made here of the Dirac bracket notation, where the ket

⋅

isanalogous to a column vector, and the bra

⋅

is analogous to the complex conjugate transpose ofthe ket. In quantum mechanics the Hilbert space and its basis have a physical interpretation, andthis leads directly to perhaps the most counterintuitive aspect of the theory. The counter intuition isthis -- at the microscopic or quantum level, the state of the system is described by the wavefunction y, that is, as a linear superposition of all basis states (i.e. in some sense the system is inall basis states at once). However, at the macroscopic or classical level the system can be in only asingle basis state. For example, at the quantum level an electron can be in a superposition of manydifferent energies; however, in the classical realm this obviously cannot be.3.2 Coherence and decoherenceCoherence and decoherence are closely related to the idea of linear superposition. Aquantum system is said to be coherent if it is in a linear superposition of its basis states. A result ofquantum mechanics is that if a system that is in a linear superposition of states interacts in any waywith its environment, the superposition is destroyed. This loss of coherence is called decoherenceand is governed by the wave function y. The coefficients ci are called probability amplitudes, and

ci 2

gives the probability of

ψ

collapsing into state

ϕ i

if it decoheres. Note that the wavefunction y describes a real physical system that must collapse to exactly one basis state.Therefore, the probabilities governed by the amplitudes ci must sum to unity. This necessaryconstraintisexpressedastheunitaritycondition

i∑ =1

.(2)In the Dirac notation, the probability that a quantum state

ψ

will collapse into an eigenstate

ϕ i

is written

ϕ i ψ 2

and is analogous to the dot product (projection) of two vectors. Consider, forexample, a discrete physical variable called spin. The simplest spin system is a two-state system,called a spin-1/2 system, whose basis states are usually represented as

↑

(spin up) and

↓

(spindown). In this simple system the wave function y is a distribution over two values (up and down)and a coherent state

ψ

is a linear superposition of

↑

and

↓

. One such state might be

ψ = 25 ↑ + 15 ↓

.(3)

5As long as the system maintains its quantum coherence it cannot be said to be either spin up or spindown. It is in some sense both at once. Classically, of course, it must be one or the other, andwhen this system decoheres the result is, for example, the

↑

state with probability

↑ ψ 2 = 25 2 =.8

.(4)A simple two-state quantum system, such as the spin-1/2 system just introduced, is used asthe basic unit of quantum computation. Such a system is referred to as a quantum bit or qubit, andrenaming the two states

0

and

1

it is easy to see why this is so.3.3 OperatorsOperators on a Hilbert space describe how one wave function is changed into another.Here they will be denoted by a capital letter with a hat, such as

Â

, and they may be represented asmatrices acting on vectors. Using operators, an eigenvalue equation can be written

Âϕ i = ai ϕ i

,where aiistheeigenvalue.Thesolutions

ϕ i

to such an equation are called eigenstates and can beused to construct the basis of a Hilbert space as discussed in section 3.1. In the quantumformalism, all properties are represented as operators whose eigenstates are the basis for theHilbert space associated with that property and whose eigenvalues are the quantum allowed valuesfor that property. It is important to note that operators in quantum mechanics must be linearoperators and further that they must be unitary so that

Â†Â= ÂÂ† = Î

, where

Î

is the identityoperator, and

Â†

is the complex conjugate transpose, or adjoint, of

Â

.3.4 InterferenceInterference is a familiar wave phenomenon. Wave peaks that are in phase interfereconstructively (magnify each other�s amplitude) while those that are out of phase interferedestructively (decrease or eliminate each other�s amplitude). This is a phenomenon common to allkinds of wave mechanics from water waves to optics. The well-known double slit experimentdemonstrates empirically that at the quantum level interference also applies to the probability wavesof quantum mechanics. As a simple example, suppose that the wave function described in (3) isrepresented in vector form as

ψ = 15 21

(5)and suppose that it is operated upon by an operator

Ô

described by the following matrix,

Ô = 12 1 11 − 1

.(6)The result is

Ô ψ = 12 1 11 − 1 15 21 = 10 31

(7)and therefore now

ψ = 310 ↑ + 10 ↓

.(8)

6Notice that the amplitude of the

↑

state has increased while the amplitude of the

↓

state hasdecreased. This is due to the wave function interfering with itself through the action of theoperator -- the different parts of the wave function interfere constructively or destructivelyaccording to their relative phases just like any other kind of wave.3.5 EntanglementEntanglement is the potential for quantum states to exhibit correlations that cannot beaccounted for classically. From a computational standpoint, entanglement seems intuitive enough-- it is simply the fact that correlations can exist between different qubits -- for example if one qubitis in the

1

state, another will be in the

1

state. However, from a physical standpoint,entanglement is little understood. The questions of what exactly it is and how it works are still notresolved. What makes it so powerful (and so little understood) is the fact that since quantum statesexist as superpositions, these correlations somehow exist in superposition as well. When thesuperposition is destroyed, the proper correlation is somehow communicated between the qubits,and it is this �communication� that is the crux of entanglement. There are different degrees ofentanglement and much work has been done on better understanding and quantifying it [Joz97][Ved97]. It is interesting to note from a computational standpoint that quantum states that aresuperpositions of only basis states that are maximally far apart in terms of Hamming distance arethose states with the greatest entanglement. For example, a superposition of only the states

00

and

11

, which have a maximum Hamming spread, is maximally entangled. Finally, it should bementioned that while interference is a quantum property that has a classical cousin, entanglement isa completely quantum phenomenon for which there is no classical analog.3.6 Quantum AlgorithmsThe field of quantum computation, which applies ideas from quantum mechanics to thestudy of computation, was introduced in the mid 1980’s [Fey86] [Ben82]. For a readableintroduction to quantum computation see [Bar96]; for a more rigorous treatment see for example[Deu85]. The field is still in its infancy and very theoretical but offers exciting possibilities for thefield of computer science -- the most important quantum algorithms discovered to date all performtasks for which there are no classical equivalents. For example, Deutsch�s algorithm [Deu92] isdesigned to solve the problem of identifying whether a binary function is constant (function valuesare either all 1 or all 0) or balanced (the function takes an equal number of 0 and 1 values).Deutsch�s algorithm accomplishes the task in order O(1) time, while classical methods requireO(2n) time, where n is the number of binary inputs to the function. Simon�s algorithm [Sim97] isconstructed to solve the following promise problem. A function f:{0,1}nfi{0,1}n˚is guaranteedto be either a random 1-1 function or a periodic 2-1 function such that f(x ) = f(x¯s) for all x forsome n-bit string s (where ¯ denotes the bitwise exclusive OR). Here again an exponentialspeedup is achieved; however, admittedly, both these algorithms have been designed for artificial,somewhat contrived problems. Grover�s algorithm [Gro96], on the other hand, provides a methodfor searching an unordered quantum database in time O(

2n

), compared to the classical lowerbound of O(2 n ) . H e r e i s a r e a l - w o r l d p r o b l e m f o r w h i c h q u a n t u m c o m p u t a t i o n p r o v i d e s performance that is classically impossible (though the speedup is less dramatic than exponential).

7Finally, the most well-known and perhaps the most important quantum algorithm discovered so faris Shor�s algorithm for prime factorization [Sho97]. This algorithm finds the prime factors of verylarge numbers in polynomial time, whereas the best known classical algorithms require exponentialtime. The implications for the field of cryptography are profound because many cryptographicsystems, including the well-known RSA system [Riv78], depend upon the problem of primefactorization requiring exponential time. These quantum algorithms take advantage of the uniquefeatures of quantum systems to provide significant speedup over classical approaches.It is worth mentioning that very recently several different groups have succeeded inphysically realizing small-scale quantum computers and implementing some of the abovementioned algorithms with them [Jon98] [Chu98]. Also, work on quantum error correction hasmade impressive advances [Sho95] [Cor98] crucial to the construction of larger scale quantumcomputers. Therefore, although some formidable technological hurdles still exist, it is notunreasonable to suggest that quantum computational systems that perform nontrivial computationare much closer to realization than was thought possible even as recently as two or three years ago.In the mean time, it is important to develop a theory of quantum computation so that when thetechnology does become available, it may be exploited. Further, techniques and ideas that resultfrom developing quantum algorithms may be useful in the development of new classicalalgorithms. Finally, the process of understanding and developing a theory of quantumcomputation provides insight and contributes to a furthering of our understanding and developmentof a general theory of computation.4. Fourier-Based LearningHere is given a brief description of Fourier-based learning as it applies to our approach. Inwhat follows, the general Fourier-based learning approach used by Kushilevitz, Mansour, Jacksonand others will for simplicity be referred to as KMJ. The subject of discrete Fourier analysis iswell developed and is treated only very briefly here. For a more in depth presentation see anybook on Fourier analysis, for example [Mor94].4.1 Some ideas from Fourier analysisA bipolar-valued binary function f: {0,1}n fi { - 1 , 1 } c a n b e r e p r e s e n t e d a s a F o u r i e r expansion (the expansion used here is actually a simplified Fourier expansion called a Walshtransform)

f(rx) = f̂(ra)χ ra (rx) ra∈ 0,1{ }n∑

,(9) where the Fourier basis functions

χ ra (rx)

are defined as

χ ra (rx) = (− 1)ra T rx

(10)and the Fourier coefficients being given by

f̂(ra) = 12n f(rb)χ rb(ra) rb∈ 0,1{ }n∑

.(11)Actually, in the general case (11) should use c* ( c o m p l e x c o n j u g a t e o f c ) ; h o w e v e r , i n t h e simplified case considered here (bipolar rather than complex output), c* = c . The KMJ method

8learns f in polynomial time by approximating a polynomial number of large Fourier coefficients inthe context of a boosting algorithm due to Freund [Fre90] [Fre92]. In order to determine the set Aof large coefficients, the method requires access to a membership oracle. The large coefficients,

f̂(ra) (for ra ∈ A)

are then approximated by

^̃f(ra) = 1m f(rx)χ rx(ra) rx∈T∑

,(12)with T being a set of m carefully chosen examples of the form

rx → f(rx)

with

rx ∈ 0,1{ }n

and

f(rx)∈{− 1,1}

. Finally, using the fact that the function can be at least weakly approximated with apolynomial number of large coefficients (the set A) and using (12) to approximate thosecoefficients, the function f˚may be approximated by

f̃(rx) = ^̃f(ra)χ ra (rx) ra∈A∑

.(13)We propose here a quantum algorithm that determines the set A using only an example oracle (i.e.a training set) rather than the membership oracle required by KMJ. In other words, the KMJapproach requires the ability to choose which examples will be used to learn the function (which intypical learning problems we can not do); on the other hand, the method that is proposed heremakes no such requirement -- a standard training set suffices.4.1.1 A Fourier exampleA simple example will help illustrate the concept of a Fourier expansion. Let n = 2 and

f = 00011011 → 1− 1

.To calculate the Fourier basis functions use (10) and for example,

χ 00(00) = − 1 00( ) 0( ) = − 10 =1

and

χ 01(11) = − 1 01( ) 1( ) = − 11 = − 1

.The other 14 values for the 4 Fourier functions are calculated similarly. Next, calculate the Fouriercoefficients using (11). For example,

f̂(11) = 14 f(00)χ 00(11)+ f(01)χ 01(11)+ f(10)χ10(11)+ f(11)χ11(11) ( )

.That is,

f̂(11) = 14 1( ) 1( )+ 1( ) − 1( )+ − 1( ) − 1( )+ 1( ) 1( ) ( ) = 12

,and the other coefficients are found in the same manner. Finally, the Fourier expansion of f can bewritten using (9),

f(rx) = f̂(00)χ 00(rx)+ f̂(01)χ 01(rx)+ f̂(10)χ10(rx)+ f̂(11)χ11(rx)

.Which in this example evaluates to

f( r x) = 1 2 χ^{00}( r x)− 1 2 χ^{01}( r x)+ 1 2 χ^{10}( r x)+ 1 2 χ^{11}( r x)

,and solving for any of the values 00, 01, 10, or 11 will result in the appropriate output for f. Nowif instead of knowing f, we only have a training set such as

T = 000110→ 1− 1

,then the coefficients are approximated using (12) instead of (11). For example now

^̃f(11) = 13 f(00)χ 00(11)+ f(01)χ 01(11)+ f(10)χ10(11) ( )

,which simplifies to

^̃f(11) = 13 1( ) 1( )+ 1( ) − 1( )+ − 1( ) − 1( ) ( ) = 13

.The Fourier expansion is now approximated using (13) instead of (9).

f̃(rx) = ^̃f(00)χ 00(rx)+ ^̃f(01)χ 01(rx)+ ^̃f(10)χ10(rx)+ ^̃f(11)χ11(rx)

,which simplifies to

f̃(rx) = 13χ 00(rx)− 13χ 01(rx)+ 3χ10(rx)+ 13χ11(rx)

.Now solving for 00, 01, or 10 will give 4/3, 4/3, and -4/3 respectively. While these are not thecorrect values, they are definitely the correct sign. On the other hand, solving for 11 results in 0,which is equivalent to �don�t know�.4.2 Matrix formulationThe first step is to reformulate the Fourier equations in matrix form. Note that the

χ ra

canbe considered vectors in a 2n - d i m e n s i o n a l s p a c e i n d e x e d b y

rx ∈ 0,1{ }n

. These

form anorthonormal basis for the function space with inner product

χ ra,χ rb = Ex χ ra (rx)χ rb(rx)

[ ]= 1 if ra = rb

0 otherwise

.(14)Again, in the general case one of the c in (14) should be c* , but for the special case of bipolaroutputs c* = c. Now let B be the matrix formed by taking the

χ ra

as the rows. Because of theorthonormality of the basis, the columns are also formed by the

. Also, define f as a vector inan 2n-dimensionalspaceindexedby

rx ∈ 0,1{ }n

such that

frx = f(rx)

.(15)Then

12n Bf = f̂

(16)gives the Fourier coefficients as a vector in a 2n-dimensionalspaceindexedby

ra ∈ 0,1{ }n

so that

f̂ra = f̂(ra)

.(17)To evaluate

χ ra (rx)

, define y as the 2n-vector indexed by

rb ∈ 0,1{ }n

such that

yr^b = 1 if rb = rx

0 otherwise

(18)and calculate

By = χ

.(19)Now

χ

is a vector in a 2n-dimensional space indexed by

rb ∈ 0,1{ }n

, the

ra

th element of which isequal to

χ ra (rx)

. Finally, the Fourier representation of f is given as

f(rx) = (By)†( 12n Bf)

.(20)Following the thinking of KMJ, f may be approximated by approximating the Fourier coefficientsusing a set of m examples, T. Define

f̃

as a 2n-vectorindexedby

rx ∈ 0,1{ }n

such that

f̃rx = f(rx) if rx ∈T

0 otherwise

.(21)Then the Fourier representation of the approximate function is

f̃(rx) = (By)†( 1mBf̃)

.(22)Now, using linear algebra gives

f̃(rx) = (By)†( 1mBf̃) = 1my†B†Bf̃ = 2nm y†f̃ = 2nm f(rx) if rx ∈T

0 otherwise

.(23)Recall that

f(rx)

= {-1,1} and can never equal 0. Therefore, approximating f by approximating all2n Fourier coefficients results in memorization of the training set (up to the sign of the output) andn o g e n e r a l i z a t i o n w h a t s o e v e r o n n e w i n p u t s . A s a c o n s e q u e n c e o f t h i s , i t i s c l e a r t h a t t h e generalization inherent in Fourier-based learning methods is due at least in part to the fact that notalltheFouriercoefficientsareusedintheapproximation.4.2.1AmatrixversionoftheexampleFor clarity, the example of section 4.1.1 is repeated here using the matrix formulation.Accordingto(15)thefunctionf is now written as a vector,

frx = 1− 1

.The matrix B is

B = 1 1 1 1 1 − 1 1 − 1

1 1 − 1 − 1

1 − 1 − 1 1

and using (16) the Fourier expansion of f is now written

1

4 Bf = 1

4

1 1 1 1

1 − 1 1 − 1

1 1 − 1 − 1

1 − 1 − 1 1

1

1

− 1

1

= 1

2

1

− 1

1

1

.Now considering the case where the function is unknown but a training set is available, theapproximate function represented by the training set is written as a vector using (21),

f̃rx = 1− 10

,and the approximate Fourier transform is obtained from (22),

13 Bf̃ = 13 1 1 1 1 1 − 1 1 − 1

1 1 − 1 − 1

1 − 1 − 1 1 1− 10 = 13 1− 131

.Actually, (22) gives not just the approximate Fourier transform for f, but the method for calculatingthe individual values for the approximate expansion. For example, to calculate the approximatevalue for 11, use (18) to get

y = 01

.Then by (22)

f(rx) = 1 1 1 1 1 − 1 1 − 1

1 1 − 1 − 1

1 − 1 − 1 1 01 † 13 1 1 1 1 1 − 1 1 − 1

1 1 − 1 − 1

1 − 1 − 1 1 1− 10 = 1 − 1 − 1 1 ( )13 1− 131 = 0

,just as in example 4.1.1 and as proved in (23).4.3 Quantum formulationThe next step is to extend the vector representation into the quantum domain. Given a setof n (where n is the length of the binary input

rx

to f) qubits whose basis states,

rx

, correspond toall the different values for

, define

f = crx rx rx∈ 0,1{ }n∑

,(24)where the amplitudes

crx = f(rx) = − 1,1{ }

(25)

12are properly normalized according to (2), as a quantum state of the n qubits that describes thefunction f. The domain of f is encoded in the state labels and the range of the function in thephases of the amplitudes. Similarly, given a set of examples T, define

f̃ = crx rx rx∈T∑

,(26)where again the amplitudes are defined as in (25). This quantum state of the n qubits describes thepartial function

f̃

. Next, define the operator

B̂

as the matrix B and note that it acts on a quantumstate, transforming it from the

rx

basis to the Fourier basis,

χ ra

. Now that transformation takesthe form

B̂ f = f̂

,(27)or

B̂ f̃ = ^̃f

,(28)slightly abusing the hat notation by using it to symbolize both an operator and the quantum statevector associated with the Fourier expansion of f. Similar to (19)

B̂ rx = χ

(29)results in a quantum state that contains in its amplitudes the values of all Fourier basis functions forthe input

. Finally,

f(rx) = B̂rx B̂f

(30)represents the full function and

f̃(rx) = B̂rx B̂f̃

(31)represents an approximation of the function from T. Notice that we are still dealing with quantumamplitudes, and therefore the result of the calculation is not directly available to us. As it turns out,the quantum system will not be used to calculate

f(rx)

but only to determine the relative amplitudesof the Fourier coefficients -- those coefficients that are large will have �large� amplitudes.4.3.1 A quantum exampleFinally, the example of section 4.1.1 is repeated using the quantum formulation. Thisexample is particularly interesting in that it emphasizes the difference of this quantum formulationfrom the previous two, indicating that we can carry the analogy only so far. According to (24) thefunction f is now written as a quantum superposition,

f = 12 00 + 12 01 − 12 10 + 12 11

.The operator

B̂

is

B̂= 12 1 1 1 1 1 − 1 1 − 1

1 1 − 1 − 1

1 − 1 − 1 1

and using (27) the Fourier expansion of f is now written

^ B f = 1

2

1 1 1 1

1 − 1 1 − 1

1 1 − 1 − 1

1 − 1 − 1 1

1

2

1

1

− 1

1

= 1

2 00 − 1

2 01 + 1

2 10 + 1

2 11

.Now considering the case where the function is unknown but a training set is available, theapproximate function represented by the training set is written as a quantum superposition using(26),

f = 13 00 + 13 01 − 13 10

,and the approximate Fourier transform is obtained from (28),

B̂ f̃ = 12 1 1 1 1 1 − 1 1 − 1

1 1 − 1 − 1

1 − 1 − 1 1 13 1− 10 = 12 3 00 − 12 3 01 + 32 3 10 + 12 3 11

.Note that the amplitudes are not the exact Fourier coefficients now, but are instead proportional tothem. This is because of the unique statistical nature of quantum systems. It is also important tomention a subtle point here about using quantum computation to approximate the Fouriercoefficients. Because of the normalization condition (2) we can not use the appropriate 1/mnormalization of equations (12) and (22). The result of this is that equation (31) is not reallyapproximating the Fourier coefficients of the original 2-valued function f:{0,1}nfi {-1,1} butrather is computingtheFouriercoefficientsofa3-valuedfunction

f̃

:{0,1} n fi {-1,0,1}, which hasthe same �large� coefficients as f , e x c e p t t h a t t h e y a r e n o r m a l i z e d b y a n e x p o n e n t i a l f a c t o r . Fortunately, we will not need to use the quantum system to approximate the large coefficients butonly to indicate which are the large coefficients. Still, this important difference will affect theefficiency of the algorithm, and we will address the problem it creates in section 5.1. Finally,using (30) and (31) gives us the ability to calculate function values and approximate functionvalues, respectively. For example, to calculate the value for the binary string 11, use (30) to get

f(rx) = B̂rx B̂f = 12 1 − 1 − 1 1 ( )12 1− 1 =1

,and use (31) to get

f̃(rx) = B̂rx B̂f̃ = 12 1 − 1 − 1 1 ( ) 12 3 1− 131 = 0

just as in the previous examples and as proved in (23). We might also mention here that althoughmathematically these equations yield the correct values, from a physical standpoint, they are

14impossible to implement. Fortunately again, we do not need to be able to implement (30) or (31),but instead just need to be able to implement (28), which is physically realizable.In the KMJ algorithm, the large coefficients are approximated using the instances in T as in(12) but recall that deciding which are the large coefficients first requires a membership oracle.The goal of the quantum formulation of the approximate Fourier expansion in (31) is to determinewhich are the large coefficients using only the training set T instead of using a membership oracle.The approach is to construct and observe the quantum system of equation (28). The intuitive ideais that since the large Fourier coefficients will be represented in this quantum state as amplitudeswith �large� magnitude, they will have a �large� probability of being observed. Since observingthe system will cause it to collapse to a single basis state corresponding to a single Fourier basisfunction, the process must be repeated and statistics kept for each basis state until a statisticallysignificant measure of the relative amplitudes of the coefficients is achieved. How many times thisobservation process must be repeated to find a large coefficient will depend on how many largecoefficients there are and on their relative magnitudes. This turns out to be the catch. Asmentioned in 4.3.1, because of the nature of quantum systems, it is impossible to directly calculateequation (12). Instead, when using a quantum system the results of (12) are in essence multipliedby a normalization constant.5. Finding a Large Coefficient by Quantum Fourier SamplingBlum et al. have shown that under the uniform distribution, there exists a Fourier basisfunction that weakly approximates any DNF function f [Blu94]. In other words, there exists aFourier basis function,

f̂W

, that agrees with f on at least 1-e inputs, where

ε = 12 − 1p(n,s)

(32)with p being some fixed polynomial, n being the number of inputs to f, and s being the size of therepresentation of f. This implies that the magnitude of the Fourier coefficient for the weakapproximator is

f̂W

= O(

1p(n,s)

),(33)and using Chernoff bounds [Hag89] this can be closely approximated using a polynomial numberm of examples drawn randomly from an example oracle, if we know which of the 2n b a s i s functions it is. In other words, since this coefficient is relatively large, if we had some way ofsampling the Fourier coefficient distribution, it should be readily identifiable with a polynomialnumber of samples. Following this line of thinking, the results developed in section 4 suggest asimplealgorithmforfindingthislargeFouriercoefficientwhichispresentedinfigure1.

15Repeat until confidence > d

form

f̃

, a quantum superposition representing the training set compute the Fourier transform on the superposition using the operator

B̂

observe the system to produce a random sample of the coefficient distribution

Approximate the most commonly observed coefficient classically

Figure 1. Algorithm for finding large Fourier coefficientsThere are four ingredients for the algorithm, the first three of which are performed on a quantumcomputer while the fourth is performed on a classical computer . In order for the algorithm to runin polynomial time, all of them must be shown to be polynomial. Specifically, we must address:1) The construction of the state

f̃

; 2) The implementation of the operator

B̂

; 3) The number oftimes this process must be repeated in order to identify a large coeffient; and 4) The classicalapproximation of that coefficient. Constructing the state

f̃

is nontrivial and a method for doingso in O(mn) time is detailed in [Ven98]. Implementing

B̂

turns out to be extremely easy on aquantum computer, and it is in fact the basis of most quantum algorithms discovered to date.Computing the Walsh transform of a quantum state is accomplished simply by applying theelementary quantum operator

Ĥ = 12 1 11 − 1

(34)to each qubit in parallel (see for example [Gro96]). In other words,

B̂= Ĥ⊗ L ⊗ Ĥ

, where ~ isthe tensor product (direct matrix product) and

Ĥ

appears in the product n times, one for eachinput. Approximating a coefficient is easy on a classical computer and can be accomplished usingequation(12)andapolynomialnumberoffunctionexamples.5.1 A Quantum Quirk in Estimating CoefficientsThis leaves the question of how many times we must repeat the Fourier sampling processin order to find, with high probability, a large coefficient, and in fact, this is a difficult point. Tosee why, consider the following. The unitarity condition of equation (2) requires that the sum ofthe squares of the coefficients in a quantum state be equal to 1. For convenience we reproduce theequation here, recalling that the quantum coefficients ciarewithinamultiplicativeconstantofbeingequaltotheFouriercoefficients

f̂(ra)

.

ci 2 i∑ =1

.(35)As mentioned in 4.3.1, what the Fourier sampling algorithm is really doing is not approximatingthe Fourier coefficients of

f:{0,1}n → {− 1,1}

but rather is calculating the Fourier coefficients of

f̃:{0,1}n → {− 1,0,1}

. Another way to look at this is to say that the Fourier sampling algorithm isapproximating the coefficients of

but with a normalization constant of

1 2n

rather than the

1 m

required by equation (12). (Either viewpoint will produce the same result.)

16Because of this, in contrast to the nice polynomial sized Fourier coefficient given in (33), the sizeof the corresponding quantum coefficient cW,iscW = O

m 2n p(n,s)

= O

m2n

,(36)and its square is thus(cW)2 = O

m 2n p2(n,s)

= O

m2n

.(37)Therefore equations (35-37) require that the number C of nonzero coefficients be at least

1= C O m2n 2 ⇒ C = O 2nm

.(38)Also, the smallest possible quantum coefficient, cSiscS =

12n

.(39)Therefore, if the number of examples m is significantly less than 2n, which will be the case if werequire a polynomial-time algorithm, then there are an exponential number of nonzero coefficientsin the quantum state with the largest only a factor of

m

larger than the smallest. (When thesystem is observed, this difference is magnified to a factor of m; however this is not significant inthe end result.) This means that O(2 n ) s a m p l e s o f t h e a m p l i t u d e d i s t r i b u t i o n ( o b t a i n e d b y observing the quantum system) will be required to discriminate the �large� coefficients from the�small� ones.Anotherwaytolookatthisistosaythatthevectorrepresentingthefunctionisverysparse.As a result, it correlates well with almost every Fourier basis function and therefore, the �large�coefficients are not very much larger than the �small� ones. In fact, as mentioned above, this isu n a v o i d a b l e i n a q u a n t u m s y s t e m b e c a u s e o f t h e r e q u i r e m e n t t h a t a l l o p e r a t o r s b e u n i t a r y . Therefore,thequantumsystemisattemptingtocalculateinformationaboutanexponentialnumberof Fourier coefficients using only a polynomial number of function examples. Because of theunitarity requirement this polynomial amount of information gets normalized by an exponentialinstead of the polynomial necessary for closely approximating the coefficients as in (12). Becauseof the normalization inherent in unitary quantum processes, it is unlikely that a quantum algorithmcan be developed to overcome this problem. However, this is certainly not a proof that it isimpossible.ThereisanequallyvalidclassicalanalysisbaseduponParseval�sidentitythatwillyieldthesameresult,thoughsomeoftheintermediateresultsaredifferentbyO(

⋅

).5.2 A NonClassical Result -- Finding Large Coefficients in O (

2n

) TimeIf the quantum algorithm of figure 1 requires exponential time to identify the large quantumcoefficients, it is certainly no better than a classical algorithm that simply approximates eachFourier coefficient using equation (12) and thus also requires O(

2n

) time. However, the algorithmactually requires only O(

2n

) steps in order to identify the large quantum coefficients and thus

17still represents a significant improvement over the classical approach. To see why, choose thenumber of examples m drawn from an example oracle to bem =

2n

.(40)Then by equation (36) the quantum coefficient cW which corresponds to the Fourier function thatweaklyapproximatesf iscW = O

m 2n p(n,s)

= O

2n 2n p(n,s)

= O

12n 4

,(41)and using equation (37) its square is(cW)2 = O

m 2n p2(n,s)

= O

2n 2n

= O

12n

.(42)Using equation (38) the number C of nonzero coefficients is now at least

1= C O 12n 4 2 ⇒ C = O 12n

.(43)Since the smallest possible quantum coefficient cS is still give by equation (39), we now have asituation in which there are still an exponential number of nonzero coefficients in the quantumstate,butnowthelargestisafactorof

2n 4

larger than the smallest. When the system is observed,this difference is magnified to a factor of

2n

, and therefore O (

) samples of the amplitudedistribution will suffice to identify the large coefficient.5.3 Analysis and discussionUsing some concrete numbers, assume that n = 30 and that therefore m =

230

= 21 5 =32768, numbers which can represent a very non-trivial learning task. Then the algorithm requiresO(215) < 105 operations. For comparison, [Bar96] gives estimates of how many operations mightbeperformedbeforedecoherenceforvariouspossiblephysicalimplementationtechnologiesforthequbit. These estimates range from as low as 103 (electron GaAs and electron quantum dots) to ashigh as 1013 (trapped ions), so our example falls comfortably into this range, even near the lowend of it. Further, the algorithm would require only 61 qubits. (Although it appears that thea l g o r i t h m p r e s e n t e d h e r e r e q u i r e s o n l y n qubits, the algorithm depends on a method forrepresenting the training set as a quantum state. As mentioned before, an explicit algorithm forconstructing such a quantum state exists [Ven98]; however it requires 2n+1 qubits.)In contrast, Shor�s algorithm requires hundreds or thousands of qubits to perform aninteresting factorization. For example, [Ved96] gives estimates for the number of qubits neededfor modular exponentiation, which dominates Shor�s algorithm -- anywhere from 7n+1 down to4n+3. For a 512 bit number (which RSA actually claims may not be large enough to be safeanymore, even classically), this translates into anywhere from 3585 down to 2051 qubits. As forelementary operations, they claim O(n3 ), which would be in this case O ( 1 0 8 ). Therefore, thealgorithm presented here requires orders of magnitude fewer operations and qubits than Shor�s ino r d e r t o p e r f o r m s i g n i f i c a n t c o m p u t a t i o n a l t a s k s . T h i s i s a n i m p o r t a n t r e s u l t s i n c e q u a n t u m c o m p u t a t i o n a l t e c h n o l o g y i s s t i l l i m m a t u r e , a n d m a i n t a i n i n g a n d m a n i p u l a t i n g t h e c o h e r e n t

18superposition of a quantum system of 60 qubits should be attainable sooner than doing so for asystem of 2000 qubits. In this sense, the algorithm compares nicely with other quantumalgorithms.As mentioned earlier, the algorithm also compares favorably with classical approaches tofinding large coefficients. Jackson�s Harmonic Sieve runs in polynomial time; however, asdiscussed in section 2 this algorithm requires a membership oracle, or black box access to thefunction f that we are trying to learn, in order to find the large coefficients. In cases where this isnot realistic, the algorithm presented here provides an alternative that requires only an exampleoracle. There are no known classical algorithms for finding large coefficients that use only anexample oracle and run any faster than O(2n), so again the algorithm presented here represents asignificantimprovement.6. Concluding CommentsThis paper presents a quantum computational learning algorithm that takes advantage of theunique capabilities of quantum computation to produce a significant result in both the field ofcomputational learning and the field of quantum computation. The main result of the paper is aquantum computational learning algorithm for learning the function class DNF over the uniformdistribution using only an example oracle in time significantly faster than any known classicalalgorithm operating under the same constraints. In other words, the paper makes an importantcontribution to both the field of computational learning theory and to the field of quantumcomputation -- producing both a new learning theoretic result and a new quantum algorithm thataccomplishes something that no classical algorithm has been able to do. Further, the algorithm isunique among quantum computational algorithms as it does not assume a priori knowledge of afunction f and does not operate on a quantum supersposition that includes all possible basis states.Further, the paper introduces a promising new field to which quantum computation may beapplied to advantage -- that of computational learning. In fact, it is the authors� opinion that thisapplication of quantum computation will, in general, demonstrate much greater returns than itsapplication to more traditional computational tasks (though Shor�s algorithm is an obviousexception). We make this conjecture because results in both quantum computation andcomputational learning are by nature probabilistic and inexact, whereas most traditionalcomputational tasks require precise and deterministic outcomes.One obvious area for future work is, of course, the physical implementation of thealgorithm in a real quantum system. As mentioned in sections 3.6 and 5.3, the fact that thisalgorithm requires very few qubits for non-trivial problems combined with the recent advances inquantum technology suggests that the realization of quantum computers performing usefulcomputation may be possible in the near future. A second important topic for future work is todetermine whether or not the improvement obtained here over classical methods is optimal. If it isnot, future work may produce further gains. In the mean time, a simulation of the quantumalgorithm is being developed to run on a classical computer at the cost of an exponential slowdownin the size of the learning problem. Thus, learning problems that are non-trivial and yet small insize will provide interesting study in simulation. Various methods of using and combining thelarge Fourier coefficients are currently being investigated. One method, of course, is to use the

19boosting method that Jackson uses in his Harmonic Sieve, and we are considering other methodsof combination as well. We are also investigating using higher spin systems for learningnonbinary problems. Another obvious and important area for future research is investigatingfurther the application of quantum computational ideas to the fields of computational learningtheory and machine learning -- the discovery of other quantum computational learning algorithms.As a final comment, Grover�s well-known algorithm for quantum search also provides aO(

2n

) improvement over classical approaches to the same problem. Grover�s result isparticularly important because in the case of searching an unordered database, the O(2n) bound forclassical approaches is tight -- there is no classical way to do better. In the case of learning DNFusing only an example oracle, it is still an open problem whether or not a classical algorithm existsthat is better than O(2n ); however, it is generally suspected that no such algorithm exists. Thisprovides fuel for speculation that perhaps there exists a quantum information theoretic law thatboundstheimprovementofquantumalgorithmsoverclassicalalgorithmsbyO(

). Accordingto Shor�s paper, the best classical algorithm for prime factorization of an integer that can berepresented in n bits runs in time O(g), where g =

en1 3(logn)2 3

[Len93]. Since g = O(

2n

) but g „Q(

), Shor�s algorithm in some sense does not achieve as much of a speedup as do Grover�salgorithm and the algorithm presented here.References[Aiz91]Aizenstein, H. and L. Pitt, �Exact Learning of Read-Twice DNF formulas�,Proceedings of the 32nd Annual Symposium on Foundations of Computer Science, pp.170-9, 1991.[Bar96]Barenco, Adriano, �Quantum Physics and Computers�, Contemporary Physics, vol.37 no. 5, pp. 375-89, 1996.[Ben82]Benioff, Paul, �Quantum Mechanical Hamiltonian Models of Turing Machines�,Journal of Statistical Physics, vol. 29 no. 3, pp. 515-546, 1982.[Blu94]Blum, A., M. Furst, J. Jackson, M. Kearns, Y. Mansour and S. Rudich, �WeaklyLearning DNF and Characterizing Statistical Query Learning Using Fourier Analysis�,Proceedings of the 26th Annual ACM Symposium on Theory of Computing, pp. 253-62, 1994.[Blu92]Blum, A. and S. Rudich, �Fast Learning of k-term DNF formulas with Queries�,Proceedings of the 24th Annual ACM Symposium on Theory of Computing, pp. 382-9, 1992.[Bsh95]Bshouty, Nader H. and Jeffrey Jackson, �Learning DNF Over the UniformDistribution Using A Quantum Example Oracle�, Proceedings of the 8th AnnualConference on Computational Learning Theory (COLT�95), Santa Cruz, California,pp. 118-127, 1995.[Bsh93]Bshouty, Nader H., �Exact Learning via the Monotone Theory�, Proceedings of the34th Annual Symposium on Foundations of Computer Science, pp. 302-11, 1993.

20[Chu98]Chuang, Isaac, Neil Gershenfeld and Mark Kubinec, �Experimental Implementation ofFast Quantum Searching�, Physical Review Letters, vol. 80 no. 15, pp. 3408-11, April13, 1998.[Cor98]Cory, David G. et al., �Experimental Quantum Error Correction�, LANL e-printarchive, quant-ph/9802018, http://xxx.lanl.gov, 1998.[Deu92]Deutsch, David and Richard Jozsa, �Rapid Solution of Problems by QuantumComputation�, Proceedings of the Royal Society, London A, vol. 439, pp. 553-8,1992.[Deu85]Deutsch, David, �Quantum Theory, The Church-Turing Principle and the UniversalQuantum Computer�, Proceedings of the Royal Society, London A, vol. 400, pp. 97-117, 1985.[Fey86]Feynman, Richard P., �Quantum Mechanical Computers�, Foundations of Physics,vol. 16 no. 6, pp. 507-531, 1986.[Fey65]Feynman, Richard P., R. B. Leighton and Mark Sands, The Feynman Lectures onPhysics, vol. 3, Addison-Wesley Publishing Company, Reading Massachusetts, 1965.[Fre92]Freund, Y., �An Improved Boosting Algorithm and its Implications on LearningComplexity�, Proceedings of the 5rd Annual Workshop on Computational LearningTheory, pp. 391-98, 1992.[Fre90]Freund, Y., �Boosting a Weak Learning Algorithm by Majority Voting�, Proceedingsof the 3rd Annual Workshop on Computational Learning Theory, pp. 202-216, 1990.[Gol89]Goldreich, O. and L. A. Levin, �A Hard-Core Predicate for All One-Way Functions�,Proceedings of the 21st Annual ACM Symposium on Theory of Computing, pp. 25-32, 1989.[Gro96]Grover, L., �A Fast Quantum Mechanical Algorithm for Database Search�,Proceedings of the 28th Annual ACM Symposium on the Theory of Computing,ACM, New York, pp. 212-19, 1996.[Hag89]Hagerup, Torben and Christine Rub, �A Guided Tour to Chernoff Bounds�,Information Processing Letters, vol. 33, pp. 305-8, 1989.[Hog96]Hogg, Tad, �Quantum Computing and Phase Transitions in Combinatorial Search�Journal of Artificial Intelligence Research, vol. 4, pp. 91-128, 1996.[Jac94]Jackson, Jeff, �An Efficient Membership-Query Algorithm for Learning DNF withRespect to the Uniform Distribution�, Proceedings of the 35th Symposium on theFoundations of Computer Science, pp. 42-53, 1994. An extended version will appearin the Journal of Computer and System Sciences.[Jon98]Jones, J. A. and M. Mosca, �Implementation of a Quantum Algorithm to SolveDeutsch�s Problem on a Nuclear Magnetic Resonance Quantum Computer�, Journal ofChemical Physics, to appear, 1998.[Joz97]Jozsa, Richard, �Entanglement and Quantum Computation�, Geometric Issues in theFoundations of Science, eds. S. Hugget, L. Mason, K. P. Tod, S. T. Tsou and N. M.J. Woodhouse, Oxford University Press, 1997.

21[Kea87]Kearns, M., M. Li, L. Pitt and L. Valiant, �On the Learnability of Boolean Formula�,Proceedings of the 19th Annual ACM Symposium on Theory of Computing, pp. 285-95, 1987.[Kus93]Kushilevitz, Eyal and Yishay Mansour, �Learning Decision Trees Using the FourierSpectrum�, SIAM Journal of Computing, vol. 22 no. 6, pp. 1331-48, 1993.[Len93]Lenstra, A. K. and H. W. Lenstra, Jr., eds., �The Development of the Number FieldSieve�, Lecture Notes in Mathematics, vol. 1554, 1993.[Mor94]Morrison, Norman, Introduction to Fourier Analysis, Wiley, New York, 1994.[Riv78]Rivest, R. L., A. Shamir and L. Adleman, �A Method of Obtaining Digital Signaturesand Public-key Cryptosystems�, Communications of the ACM, vol. 21, pp. 120-6,1978.[Sha90]Shapire, R. E., �The Strength of Weak Learnability�, Machine Learning, vol. 5, pp.197-227, 1990.[Sho97]Shor, Peter, �Polynomial-Time Algorithms for Prime Factorization and DiscreteLogarithms on a Quantum Computer�, SIAM Journal of Computing, vol. 26 no. 5, pp.1484-1509, 1997.[Sho95]Shor, Peter, �Scheme for Reducing Decoherence in Quantum Computer Memory�,Physical Review A, vol. 52 no. 4, pp. 2493-6, pp. 1995.[Sim97]Simon, D., �On the Power of Quantum Computation�, SIAM Journal of Computation,vol. 26 no. 5, pp. 1474-83, 1997.[Ter98]Terhal, Barbara. M. and John. A. Smolin, �Single Quantum Querying of a Database�,Physical Review A , to appear, September 1998.[Val84]Valiant, L. G., �A Theory of the Learnable�, Communications of the ACM, vol. 27 no.11, pp. 1134-42, 1984.[Ved97]Vedral, V., M. B. Plenio, M. A. Rippin and P. L. Knight, �QuantifyingEntanglement�, Physical Review Letters, vol. 78 no. 12, pp. 2275-9, 1997.[Ved96]Vedral, Vlatko, Adriano Barenco, and Artur Ekert, �Quantum Networks for ElementaryArithmetic Operations�, Physical Review A, vol. 54 no. 1, pp. 147-53, 1996.[Ven98]Ventura, Dan and Tony Martinez, �Initializing the Amplitude Distribution of a QuantumState�, submitted to Physical Review Letters, June 1998.[You88]Young, Nicholas, An Introduction to Hilbert Space, Cambridge University Press,Cambridge, England, 1988.